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To the memory of my father.



Preface

Analytic inequalities are widely acknowledged as one of the major driving forces behind the

development of various branches of mathematics and many applied sciences. The study of

inequalities has increased enormously over recent decades as it has been demonstrated that

they have applications in many diverse fields of mathematics. There exists, for example,

a very rich literature related to the Čebyšev, Grüss, Trapezoid, Ostrowski, Hadamard and

Jensen inequalities. This monograph is an attempt to organize recent progress related to

these in the hope that it will further broaden developments and the scope of applications. It

does not intend to be comprehensive, but rather it is meant to be a representative overview

of the recent research related to the fundamental inequalities noted above.

A large part of the material included in the book can only be found in the research literature

although it should be understandable to any reader with a reasonable background in real

analysis and its related areas. It will be a valuable source of reference in the field for a long

time to come. All results are presented in an elementary way and it could also serve as a

textbook for an advanced graduate course.

The author is grateful to Professor Jan van Mill and Arjen Sevenster for the opportunity to

publish this book and their invaluable professional cooperation for the work reported here.

I am also indebted to the editorial and production staff of the publisher for the care they

have taken with this book. I would like to thank my family members for providing their

strong support and constant encouragement during the writing of this monograph.

B.G. Pachpatte
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Publisher’s Note

Unfortunately the author passed away during the last phase of the manuscript preparation

and was therefore unable to see the final realization of this topical and interesting work.
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1.7 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

1.8 Miscellaneous inequalities . . . . . . . . . . . . . . . . . . . . . . . . . 61

1.9 Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
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Introduction

Mathematical inequalities have played an important role since the time of A.L. Cauchy, P.L.

Čebyšev, C.F. Gauss and many others in establishing the foundations for methods of ap-

proximation. Around the end of the nineteenth and the beginning of the twentieth century,

numerous inequalities were investigated and used in almost all branches of mathematics

as well in other areas of science and engineering. The pioneering work Inequalities by

Hardy, Littlewood and Polya [68] appeared in 1934, transformed the field of inequalities

from a collection of isolated formulas into a systematic discipline. This work presents fun-

damental ideas, results and techniques and it has had much influence on research in various

branches of analysis. Since 1934, a considerable variety of inequalities have been proposed

and studied in the literature. Excellent surveys of the work done up to the years of their

publications, together with many references can be found in the books by Beckenbach and

Bellman [10] and Mitrinović [78]. These three major books serve as mere stepping-stones

to the recent vast literature in the subject.

The study of various types of inequalities has been the focus of great attention for well

over a century by many researchers, interested both in theory and applications. Various

approaches are developed by different researchers for handling a variety of analytic in-

equalities. There are several classical and notable books that introduce new researchers to

the basic results, methods and applications and at the same time, serve the dual purpose of

textbooks for graduate students in many different fields of mathematics.

Over the past two decades or so, the field of inequalities has undergone explosive growth.

Concerning numerous analytic inequalities, in particular a great many research papers have

been written related to the inequalities associated to the names of Čebyšev, Grüss, Trape-

zoid, Ostrowski, Hadamard and Jensen. A number of surveys and monographs published

during the past few years described much of the progress. However, these expositions are

1
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still far from being a complete picture of this fast developing field. The literature related to

the above mentioned inequalities is now very extensive, it is scattered in various journals

encompassing different subject areas. There is thus an urgent need for a book that brings

readers to the forefront of current research in this prosperous field. The rapid development

of this area and the variety of applications drawn from various fields motivated and inspired

us to write the present monograph.

The subject of inequalities being so vast, most recent books on this subject cover only a

certain class of inequalities and either try to be encyclopedic within that class or bring the

rapidly expanding field of inequalities up-to-date in some area. The present monograph

is an attempt to provide its readers with a representative overview related to the above

noted inequalities and it is not the intention to attempt to survey this voluminous literature.

We mostly focus on certain advances, particularly not covered in the recent surveys and

monographs. Below, we briefly summarize some fundamental inequalities, which grately

stimulated the present work. By doing this, we hope to help the reader to prepare for more

recent results that will be considered in subsequent chapters.

One of the many fundamental mathematical discoveries of P.L. Čebyšev [13] is the follow-

ing classical integral inequality:

|T ( f ,g)| � 1
12

(b−a)2‖ f ′‖∞‖g′‖∞, (1)

where f , g : [a,b]→ R are absolutely continuous functions, with first derivatives of which,

f ′, g′ are bounded and

T ( f ,g) =
1

b−a

∫ b

a
f (x)g(x)dx−

(
1

b−a

∫ b

a
f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)
, (2)

provided the involved integrals in (2) exist. The representation (2) is known in the literature

as the Čebyšev functional. The inequality (1) which first appeared in 1882 is now known

in the literature as Čebyšev’s inequality. Over the years, this inequality has evoked the

interest of numerous researchers and a large number of results related to the inequality (1)

have been published, see [79,144] and the references given therein.

In 1935, G. Grüss [61] proved an interesting integral inequality that gives an estimate of

the difference between the integral of the product of two functions and the product of their

integrals, as follows:

|T ( f ,g)| � 1
4
(Φ−φ)(Γ− γ), (3)

where f , g : [a,b] → R are integrable on [a,b] and satisfy the condition

φ � f (x) � Φ, γ � g(x) � Γ,
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for each x ∈ [a,b], where φ , Φ, γ, Γ are given real constants and T ( f ,g) is given by (2). For

a simple proof of (3) as well as some other integral and discrete inequalities of the Grüss

type, see the book [79] by Mitrinović, Pečarić and Fink.

The following inequality is well known in the literature as the Trapezoid inequality:∣∣∣∣
∫ b

a
f (x)dx− b−a

2
[ f (a)+ f (b)]

∣∣∣∣� 1
12

(b−a)3‖ f ′′‖∞, (4)

where the mapping f : [a,b]→R is assumed to be twice differentiable on the interval (a,b),

with the second derivative bounded on (a,b), that is,

‖ f ′′‖∞ = sup
x∈(a,b)

| f ′′(x)| < ∞.

The inequality (4) has received a considerable attention and many results related to this

inequality have appeared in the literature. A detailed discussion related to the inequality

(4) can be found in a recent paper [17] by Cerone and Dragomir, see also [3,58,140].

Now if we assume that In : a = x0 < x1 < · · · < xn−1 < xn = b is a partition of the interval

[a,b] and the function f is as above, then we can approximate the integral
∫ b

a f (x)dx by the

trapezoidal quadrature formula AT ( f , In), having an error given by RT ( f , In), where

AT ( f , In) =
1
2

n−1

∑
i=1

[ f (xi)+ f (xi+1)]hi, (5)

and the remainder satisfies the estimation

|RT ( f , In)| �
1

12
‖ f ′′‖∞

n−1

∑
i=0

h3
i , (6)

with hi = xi+1 −xi for i = 0,1, . . . ,n−1. Expression (5) is known as the trapezoidal rule, if

n = 1, and as the composite trapezoidal rule for n > 1. The trapezoidal rule is widely used

in practice since it is easy to implement in an efficient fashion, especially if the partitioning

is done in a uniform manner.

In 1938, A.M. Ostrowski [81] proved the following useful inequality (see also [80]).

Let f : [a,b] → R be continuous on [a,b] and differentiable on (a,b) with derivative f ′ :

(a,b) → R being bounded on (a,b), that is, ‖ f ′‖∞ = supx∈(a,b) | f ′(x)| < ∞. Then
∣∣∣∣ f (x)− 1

b−a

∫ b

a
f (t)dt

∣∣∣∣�
[

1
4

+

(
x− a+b

2

)2

(b−a)2

]
(b−a)‖ f ′‖∞, (7)

for all x ∈ [a,b].

The inequality (7) gives an upper bound for the approximation of the integral average
1

b−a

∫ b

a
f (t)dt
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by the value f (x) at the point x ∈ [a,b]. In the last decade a great number of important

results on this topic have been appeared in the literature. An excellent survey of the work

on Ostrowski type inequalities together with many references are contained in the recent

book [50] edited by Dragomir and Rassias.

Among numerous inequalities involving convex functions, the following inequality (see

[45,108]):

f
(

a+b
2

)
� 1

b−a

∫ b

a
f (x)dx � f (a)+ f (b)

2
, (8)

which holds for all convex functions f : [a,b]→R is known in the literature as Hadamard’s

inequality. The inequality (8) is remarkable in terms of its simplicity, the large number of

results to which it leads, and the variety of applications which can be related to it. Due to

its importance in various applications, this result has attracted a great deal of attention over

the years and a number of papers related to it have appeared in the literature.

The following inequality is well known in the literature as Jensen’s inequality (see

[78,108,144]):

f

(
1
Pn

n

∑
i=1

pixi

)
� 1

Pn

n

∑
i=1

pi f (xi), (9)

where f : X → R be a convex mapping defined on the linear space X and xi ∈ X , pi � 0

(i = 1, . . . ,n) with Pn = ∑n
i=1 pi > 0.

There are many well known inequalities which are particular cases of inequality (9), such

as the weighted Arithmetic mean-Geometric mean-Harmonic mean inequality, the Ky-Fan

inequality, the Hölder inequality etc. For a comprehensive list of recent results on Jensen’s

inequality, see the book [108] where further references are also given.

A large number of results related to the above inequalities have recently appeared in the

literature. Indeed, a particular feature that makes these inequalities so fascinating arises

from the numerous fields of applications. The literature related to the above inequalities is

vast and rapidly growing vaster. The part of this growth is due to the fact that the subject is

genuinely rich and lends itself to many different approaches and applications. Some of the

results, recently discovered in the literature provide simple and elegant extensions, general-

izations and variants of the above inequalities and thus have a wider scope of applicability.

Taking into account the great variety of results related to the above inequalities, the choice

of material for a book is a difficult task. The selection of the material is largely influenced

with a view to provide basic tools for researchers working in mathematical analysis and
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applications. The material it presents is new and never appeared in the book form before,

and will be a valuable source to both experts and non-experts in the field.

A brief description of the organization of the book is as follows.

The work is arranged in five chapters and references. Chapters 1 and 2 presents a large

number of new basic results related to Grüss, Čebyšev, Trapezoid type inequalities involv-

ing functions of one and many independent variables investigated by various researchers.

These results offers a representative overview of the major recent advances in the field as

well as the diversity of the subject. Chapters 3 and 4 are devoted to present most recent

results on Ostrowski type inequalities involving functions of one and several independent

variables. These results reflect some of the major recent advances in the field. Chapter 5

contains some basic inequalities involving convex functions investigated by various re-

searchers during the past few years. We hope that these results will provide new directions

of thinking besides extremely important inequalities due to Hadamard and Jensen. Each

chapter contains sections on applications and miscellaneous inequalities for further study

and notes on bibliographies. A list of references does not include titles related to the top-

ics, which we have not covered in this book. Without any intention of being complete, here

only those references used in the text are given.

Throughout, we let R, C, Z and N denote the set of real, complex, integers and natural

numbers respectively. Let R+ = [0,∞), [a,b] ⊂ R (a < b), N0 = {0,1,2, . . .}, Nα,β =

{α,α +1, . . . ,α +n = β} for n ∈ N, α, β ∈ N0. The derivatives of a function u(t), t ∈ R

are denoted by u(I)(t) for i = 1, . . . ,n. The function u : [a,b] → R is said to be bounded on

[a,b], if ‖u‖∞ = sup
x∈[a,b]

|u(x)|< ∞. The notation, definitions and symbols used in the text are

standard or otherwise explained.

The book is largely self-contained. It thus should be useful for those who are interested in

learning or applying inequalities in their studies regardless of their specific subject focus.

It will be an invaluable reading for mathematicians, physicists and engineers and also for

graduate students, scientists and scholars wishing to keep abreast of this important area

of research. Most of the inequalities included in the book are recent innovations and it is

hoped that they will provide motivation for future research work.





Chapter 1

Grüss-and Čebyšev-type inequalities

1.1 Introduction

In 1882, P.L. Čebyšev [13] proved the remarkable inequality given in (1). In a celebrated

paper of 1935, G. Grüss [61] proved the well-known inequality given in (3). Applications

of these inequalities have been found in statistics, coding theory, numerical analysis and

various other branches of mathematics. Over the years, a multitude of papers related to the

classical inequalities (1) and (3) have been published, see the books by Mitrinović, Pečarić

and Fink [79] and Pećarič, Pochan and Tong [144], where further references are also given.

In the past few years, an enormous amount of attention has been given to these inequalities

and numerous generalizations, extensions and variants have appeared in the literature. The

main goal of this chapter is to present a number of new and basic inequalities related to (1)

and (3) involving functions of one independent variables, recently investigated by various

researchers. Applications of some of the inequalities are also given.

1.2 Grüss-type inequalities

In this section we present some Grüss-type inequalities established by different investiga-

tors in [34,72,96,105]. In what follows we shall make use of the notation set to define

Čebyšev functional T ( f ,g) in (2).

We start with the following Grüss-type inequality proved by Matić, Pećarić and Ujević in

[72].

Theorem 1.2.1. Let f , g : [a,b] → R be two integrable functions and γ � g(x) � Γ, for

all x ∈ [a,b], where γ, Γ ∈ R are constants. Then

|T ( f ,g)| � 1
2
(Γ− γ)

√
T ( f , f ). (1.2.1)

7
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Proof. By direct computation it is easy to observe that the following Korkine’s identity

holds (see [79, p. 242]):

T ( f ,g) =
1

2(b−a)2

∫ b

a

∫ b

a
( f (t)− f (s))(g(t)−g(s))dtds. (1.2.2)

From (1.2.2) we observe that

T ( f , f ) =
1

b−a

∫ b

a
f 2(x)dx−

(∫ b

a
f (x)dx

)2

. (1.2.3)

Furthermore, by using the Cauchy-Schwarz integral inequality, it is easy to observe that

T ( f , f ) � 0. Similarly, T (g,g) � 0. From (1.2.2) and using Cauchy-Schwarz integral in-

equality for double integrals, we have

|T ( f ,g)|2 =
{

1
2(b−a)2

∫ b

a

∫ b

a
( f (t)− f (s))(g(t)−g(s))dtds

}2

�
{

1
2(b−a)2

∫ b

a

∫ b

a
( f (t)− f (s))2dtds

}{
1

2(b−a)2

∫ b

a

∫ b

a
(g(t)−g(s))2dtds

}

= T ( f , f )T (g,g). (1.2.4)

It is easy to observe that the following identity also holds:

T (g,g) =
(

Γ− 1
b−a

∫ b

a
g(x)dx

)(
1

b−a

∫ b

a
g(x)dx− γ

)

− 1
b−a

∫ b

a
(Γ−g(x))(g(x)− γ)dx. (1.2.5)

Using the fact that (Γ−g(x))(g(x)− γ) � 0 in (1.2.5) and then the elementary inequality

cd �
(

c+d
2

)2

; c, d ∈ R,

we observe that

T (g,g) �
(

Γ− 1
b−a

∫ b

a
g(x)dx

)(
1

b−a

∫ b

a
g(x)dx− γ

)
�
(

Γ− γ
2

)2

. (1.2.6)

The required inequality in (1.2.1) follows from (1.2.4) and (1.2.6). The proof is complete.

Remark 1.2.1. We note that the inequality (1.2.1) is called a premature Grüss inequality

(see [72]). The term premature is used to denote the fact that the result is obtained from

not completing the proof of the Grüss inequality if one of the functions is known explicitly.

In [72], it is observed that (1.2.1) provides a sharper bound than the Grüss inequality (3).

The following Theorem deals with a Grüss-type inequality proved by Dragomir and McAn-

drew in [34], which can be used in certain applications.



Grüss-and Čebyšev-type inequalities 9

Theorem 1.2.2. Let f , g : [a,b] → R be two integrable functions. Then

|T ( f ,g)| � 1
b−a

∫ b

a

∣∣∣∣
(

f (x)− 1
b−a

∫ b

a
f (y)dy

)

×
(

g(x)− 1
b−a

∫ b

a
g(y)dy

)∣∣∣∣dx. (1.2.7)

The inequality (1.2.7) is sharp.

Proof. First we observe that
1

b−a

∫ b

a

(
f (x)− 1

b−a

∫ b

a
f (y)dy

)(
g(x)− 1

b−a

∫ b

a
g(y)dy

)
dx

=
1

b−a

∫ b

a

(
f (x)g(x)−g(x)

1
b−a

∫ b

a
f (y)dy

− f (x)
1

b−a

∫ b

a
g(y)dy+

1
b−a

∫ b

a
f (y)dy

1
b−a

∫ b

a
g(y)dy

)
dx

=
1

b−a

∫ b

a
f (x)g(x)dx− 1

b−a

∫ b

a
g(x)dx

1
b−a

∫ b

a
f (y)dy

− 1
b−a

∫ b

a
f (x)dx

1
b−a

∫ b

a
g(y)dy+(b−a)

1
b−a

∫ b

a
f (y)dy

1
b−a

∫ b

a
g(y)dy

=
1

b−a

∫ b

a
f (x)g(x)dx−

(
1

b−a

∫ b

a
f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)

= T ( f ,g). (1.2.8)

From (1.2.8) and using the properties of modulus, we have

|T ( f ,g)| � 1
b−a

∫ b

a

∣∣∣∣
(

f (x)− 1
b−a

∫ b

a
f (y)dy

)
×
(

g(x)− 1
b−a

∫ b

a
g(y)dy

)∣∣∣∣dx,

and the inequality in (1.2.7) is proved.

Choosing f (x) = g(x) = sgn
(
x− a+b

2

)
, the equality is satisfied in (1.2.7).

In [96], Pachpatte proved the following Grüss-type inequality, which bounds T ( f ,g) in

terms of integral involving inherent functions and their derivatives.

Theorem 1.2.3. Let f , g : [a,b] → R be continuous on [a,b] and differentiable on (a,b)

with derivatives f ′, g′ : (a,b) → R being bounded on (a,b). Then

|T ( f ,g)| � 1
2(b−a)2

∫ b

a

[
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

]
E(x)dx, (1.2.9)

where

E(x) =
1
4
(b−a)2 +

(
x− a+b

2

)2

, (1.2.10)

for x ∈ [a,b].
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Proof. Define the mapping

p(x, t) =

{
t −a if t ∈ [a,x]

t −b if t ∈ (x,b]
(1.2.11)

Integrating by parts, we have
∫ b

a
p(x, t) f ′(t)dt =

∫ x

a
(t −a) f ′(t)dt +

∫ b

x
(t −b) f ′(t)dt

= (t −a) f (t)
∣∣x
a −
∫ x

a
f (t)dt +(t −b)

∣∣b
x −
∫ b

x
f (t)dt

= (x−a) f (x)+(b− x) f (x)−
∫ b

a
f (t)dt

= (b−a) f (x)−
∫ b

a
f (t)dt.

From this, we obtain

f (x)− 1
b−a

∫ b

a
f (t)dt =

1
b−a

∫ b

a
p(x, t) f ′(t)dt, (1.2.12)

for (x, t) ∈ [a,b]2. The representation (1.2.12) is known as Montgomery’s identity (see

[50,80]). Similarly, we obtain

g(x)− 1
b−a

∫ b

a
g(t)dt =

1
b−a

∫ b

a
p(x, t)g′(t)dt, (1.2.13)

for (x, t) ∈ [a,b]2. Multiplying both sides of (1.2.12) and (1.2.13) by g(x) and f (x) respec-

tively, adding and then integrating the resulting identity with respect to x from a to b, we

have

2
∫ b

a
f (x)g(x)dx =

2
b−a

(∫ b

a
f (x)dx

)(∫ b

a
g(x)dx

)

+
1

b−a

∫ b

a

[
g(x)

∫ b

a
p(x, t) f ′(t)dt + f (x)

∫ b

a
p(x, t)g′(t)dt

]
dx. (1.2.14)

From (1.2.14) and using the properties of modulus, we observe that

|T ( f ,g)| � 1
2(b−a)2

∫ b

a

[
|g(x)|

∫ b

a
|p(x, t)|| f ′(t)|dt + | f (x)|

∫ b

a
|p(x, t)||g′(t)|dt

]
dx

� 1
2(b−a)2

∫ b

a

[
‖ f ′‖∞|g(x)|+‖g′‖∞| f (x)|

]
E(x)dx,

and the inequality (1.2.9) is proved.

Next, we give the following Grüss-type inequality established by Pachpatte in [105].
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Theorem 1.2.4. Let f , g, h : [a,b] → R be continuous functions on [a,b] and differen-

tiable on (a,b) with derivatives f ′, g′, h′ : (a,b) → R being bounded on (a,b). Then∣∣∣∣ 1
b−a

∫ b

a
f (x)g(x)h(x)dx− 1

3

[(
1

b−a

∫ b

a
g(x)h(x)dx

)

×
(

1
b−a

∫ b

a
f (x)dx

)
+
(

1
b−a

∫ b

a
h(x) f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)

+
(

1
b−a

∫ b

a
f (x)g(x)dx

)(
1

b−a

∫ b

a
h(x)dx

)]∣∣∣∣

� 1
3(b−a)

∫ b

a

[
|g(x)||h(x)|‖ f ′‖∞ + |h(x)|| f (x)|‖g′‖∞

+| f (x)||g(x)|‖h′‖∞
]

A(x)dx, (1.2.15)

where

A(x) =

[
1
4

+

(
x− a+b

2

)2

(b−a)2

]
(b−a). (1.2.16)

Proof. From the hypotheses, for any x, y ∈ [a,b], we have the following identities:

f (x)− f (y) =
∫ x

y
f ′(t)dt, (1.2.17)

g(x)−g(y) =
∫ x

y
g′(t)dt, (1.2.18)

h(x)−h(y) =
∫ x

y
h′(t)dt. (1.2.19)

Multiplying both sides of (1.2.17), (1.2.18) and (1.2.19) by g(x)h(x), h(x) f (x) and f (x)g(x)

respectively and adding the resulting identities, we have

3 f (x)g(x)h(x)− [g(x)h(x) f (y)+h(x) f (x)g(y)+ f (x)g(x)h(y)]

= g(x)h(x)
∫ x

y
f ′(t)dt +h(x) f (x)

∫ x

y
g′(t)dt + f (x)g(x)

∫ x

y
h′(t)dt. (1.2.20)

Integrating both sides of (1.2.20) with respect to y over [a,b] and rewriting, we have

f (x)g(x)h(x)− 1
3(b−a)

[
g(x)h(x)

∫ b

a
f (y)dy+h(x) f (x)

∫ b

a
g(y)dy+ f (x)g(x)

∫ b

a
h(y)dy

]

=
1

3(b−a)

[
g(x)h(x)

∫ b

a

(∫ x

y
f ′(t)dt

)
dy

+h(x) f (x)
∫ b

a

(∫ x

y
g′(t)dt

)
dy + f (x)g(x)

∫ b

a

(∫ x

y
h′(t)dt

)
dy
]
. (1.2.21)
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Integrating both sides of (1.2.21) with respect to x from a to b and rewriting, we have

1
b−a

∫ b

a
f (x)g(x)h(x)dx− 1

3

[(
1

b−a

∫ b

a
g(x)h(x)dx

) (
1

b−a

∫ b

a
f (y)dy

)

+
(

1
b−a

∫ b

a
h(x) f (x)dx

)(
1

b−a

∫ b

a
g(y)dy

)

+
(

1
b−a

∫ b

a
f (x)g(x)dx

)(
1

b−a

∫ b

a
h(y)dy

)]

=
1

3(b−a)2

∫ b

a

[
g(x)h(x)

∫ b

a

(∫ x

y
f ′(t)dt

)
dy

+h(x) f (x)
∫ b

a

(∫ x

y
g′(t)dt

)
dy + f (x)g(x)

∫ b

a

(∫ x

y
h′(t)dt

)
dy
]

dx. (1.2.22)

From (1.2.22) and using the properties of modulus, we have∣∣∣∣ 1
b−a

∫ b

a
f (x)g(x)h(x)dx− 1

3

[(
1

b−a

∫ b

a
g(x)h(x)dx

) (
1

b−a

∫ b

a
f (x)dx

)

+
(

1
b−a

∫ b

a
h(x) f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)

+
(

1
b−a

∫ b

a
f (x)g(x)dx

)(
1

b−a

∫ b

a
h(x)dx

)]∣∣∣∣

� 1
3(b−a)2

∫ b

a

[[
|g(x)||h(x)|‖ f ′‖∞ + |h(x)|| f (x)|‖g′‖∞

+ | f (x)||g(x)|‖h′‖∞
]∫ b

a
|x− y|dy

]
dx. (1.2.23)

It is easy to observe that
∫ b

a
|x− y|dy =

(x−a)2 +(b− x)2

2
, (1.2.24)

and

(x−a)2 +(b− x)2

2(b−a)
=

[
1
4

+

(
x− a+b

2

)2

(b−a)2

]
(b−a) = A(x). (1.2.25)

Using (1.2.24) and (1.2.25) in (1.2.23), we get the required inequality in (1.2.15) and the

proof is complete.
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Remark 1.2.2. In the special case, when h(x) = 1 and hence h′(x) = 0, it is easy to

observe that the inequality (1.2.15) reduces to

|T ( f ,g)| � 1
2(b−a)

∫ b

a

[
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

]
A(x)dx. (1.2.26)

We note that the bound obtained in (1.2.26) is the same as the bound in (1.2.9).

Another Grüss-type inequality established by Pachpatte in [96] is embodied in the follow-

ing theorem.

Theorem 1.2.5. Let f , g : [a,b] → R be continuous on [a,b] and twice differentiable on

(a,b), with second derivatives f ′′, g′′ : (a,b) → R being bounded on (a,b). Then∣∣∣∣T ( f ,g)− 1
2(b−a)

∫ b

a

(
x− a+b

2

)
( f g)′(x)dx

∣∣∣∣

� 1
2(b−a)2

∫ b

a

[
|g(x)|‖ f ′′‖∞ + | f (x)|‖g′′‖∞

]
B(x)dx, (1.2.27)

where

B(x) =
∫ b

a
|k(x, t)|dt,

for x ∈ [a,b], in which

k(x, t) =

⎧⎪⎨
⎪⎩

(t −a)2

2
if t ∈ [a,x]

(t −b)2

2
if t ∈ (x,b]

(1.2.28)

Proof. Integrating by parts, we have successively
∫ b

a
k(x, t) f ′′(t)dt =

∫ x

a

(t −a)2

2
f ′′(t)dt+

∫ b

x

(t −b)2

2
f ′′(t)dt

=
(t −a)2

2
f ′(t)
∣∣∣∣
x

a
−
∫ x

a
(t −a) f ′(t)dt +

(t −b)2

2
f ′(t)
∣∣∣∣
b

x
−
∫ b

x
(t −b) f ′(t)dt

=
(x−a)2

2
f ′(x)−

⎡
⎣(t −a) f (t)

∣∣x
a −

x∫

a

f (t)dt

⎤
⎦− (b− x)2

2
f ′(x)−

⎡
⎣(t −b) f (t)

∣∣b
x −

b∫

x

f (t)dt

⎤
⎦

=
1
2
[
(x−a)2 − (b− x)2] f ′(x)− (x−a) f (x)+

∫ x

a
f (t)dt +(x−b) f (x)+

∫ b

x
f (t)dt

= (b−a)
(

x− a+b
2

)
f ′(x)− (b−a) f (x)+

∫ b

a
f (t)dt,
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from which, we get the integral identity

f (x) =
1

b−a

∫ b

a
f (t)dt +

(
x− a+b

2

)
f ′(x)− 1

b−a

∫ b

a
k(x, t) f ′′(t)dt, (1.2.29)

for x ∈ [a,b]. Similarly

g(x) =
1

b−a

∫ b

a
g(t)dt +

(
x− a+b

2

)
g′(x)− 1

b−a

∫ b

a
k(x, t)g′′(t)dt, (1.2.30)

for x ∈ [a,b]. Multiplying both sides of (1.2.29) and (1.2.30) by g(x) and f (x) respectively,

adding and then integrating the resulting identity with respect to x from a to b and rewriting,

we have
1

b−a

∫ b

a
f (x)g(x)dx =

1
2

[(
1

b−a

∫ b

a
f (t)dt

) (
1

b−a

∫ b

a
g(x)dx

)

+
(

1
b−a

∫ b

a
g(t)dt

)(
1

b−a

∫ b

a
f (x)dx

)]
+

1
2(b−a)

∫ b

a

(
x− a+b

2

)
( f (x)g(x))′ dx

− 1
2(b−a)2

∫ b

a

[
g(x)

∫ b

a
k(x, t) f ′′(t)dt+ f (x)

∫ b

a
k(x, t)g′′(t)dt

]
dx,

i.e.,

T ( f ,g)− 1
2(b−a)

∫ b

a

(
x− a+b

2

)
( f g)′ (x)dx

= − 1
2(b−a)2

∫ b

a

[
g(x)

∫ b

a
k(x, t) f ′′(t)dt + f (x)

∫ b

a
k(x, t)g′′(t)dt

]
dx. (1.2.31)

From (1.2.31) and using the properties of modulus, we have∣∣∣∣T ( f ,g)− 1
2(b−a)

∫ b

a

(
x− a+b

2

)
( f g)′ (x)dx

∣∣∣∣

� 1
2(b−a)2

∫ b

a

[
|g(x)|

∫ b

a
|k(x, t)|| f ′′(t)|dt + | f (x)|

∫ b

a
|k(x, t)||g′′(t)|dt

]
dx

� 1
2(b−a)2

∫ b

a

[
|g(x)|‖ f ′′‖∞ + | f (x)|‖g′′‖∞

]
B(x)dx,

and the inequality (1.2.27) is proved.

1.3 Čebyšev-type inequalities

In this section we offer some Čebyšev-type inequalities established in [42,72,112,113]. We

shall make use of the notation set to define Čebyšev functional T ( f ,g) in (2).

In [72], Matić, Pećarić and Ujević proved the following Čebyšev-type inequality.
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Theorem 1.3.1. Let f , g : [a,b] → R be two absolutely continuous functions on [a,b].

Let f ′ : [a,b] → R belong to L∞[a,b]. Then

|T ( f ,g)| � (b−a)
2
√

3
‖ f ′‖∞

√
T (g,g). (1.3.1)

Proof. For the functions f , g the Korkine’s identity (1.2.2) holds. Following the proof of

Theorem 1.2.1, we get (1.2.4). For any s, t ∈ [a,b], we have

f (t)− f (s) =
∫ t

s
f ′(ξ )dξ .

Using this fact in (1.2.2), we observe that

|T ( f , f )| = 1
2(b−a)2

∣∣∣∣
∫ b

a

∫ b

a
( f (t)− f (s))2dtds

∣∣∣∣
=

1
2(b−a)2

∣∣∣∣∣
∫ b

a

∫ b

a

(∫ t

s
f ′(ξ )dξ

)2

dtds

∣∣∣∣∣
� 1

2(b−a)2

∫ b

a

∫ b

a

(∫ t

s
| f ′(ξ )|dξ

)2

dtds

� 1
2(b−a)2 ‖ f ′‖2

∞

∫ b

a

∫ b

a
(t − s)2dtds

=
(b−a)2

12
‖ f ′‖2

∞. (1.3.2)

Using (1.3.2) in (1.2.4), we deduce the desired inequality in (1.3.1).

Remark 1.3.1. From the identity (1.2.2), it is easy to observe that

T (g,g) =
1

b−a

∫ b

a
g2(t)dt −

(
1

b−a

∫ b

a
g(t)dt

)2

,

and using this, (1.3.1) can be written as

|T ( f ,g)| � b−a
2
√

3
‖ f ′‖∞

[
1

b−a

∫ b

a
g2(t)dt −

(
1

b−a

∫ b

a
g(t)dt

)2
] 1

2

. (1.3.3)

As noted in [72], the inequality (1.3.1) (or (1.3.3)) is called the pre-Čebyšev inequality.

A natural generalization of the Čebyšev inequality (1) established by Dragomir in [42] is

given in the following theorem.

Theorem 1.3.2. Let f , g : [a,b]→R be two Lipschitzian functions with constants L1 > 0

and L2 > 0, i.e.

| f (x)− f (y)| � L1|x− y|, |g(x)−g(y)| � L2|x− y|, (1.3.4)

for all x, y ∈ [a,b]. Then

|T ( f ,g)| � L1L2

12
(b−a)2. (1.3.5)

The constant 1
12 is the best possible.
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Proof. From (1.3.4), we have

|( f (x)− f (y))(g(x)−g(y))| � L1L2(x− y)2, (1.3.6)

for all x, y ∈ [a,b]. For the functions f , g the following Korkine’s identity holds:

T ( f ,g) =
1

2(b−a)2

∫ b

a

∫ b

a
( f (x)− f (y))(g(x)−g(y))dxdy. (1.3.7)

From (1.3.7) and (1.3.6), we have

|T ( f ,g)| � 1
2(b−a)2

∫ b

a

∫ b

a
|( f (x)− f (y))(g(x)−g(y))|dxdy

� 1
2(b−a)2

∫ b

a

∫ b

a
L1L2(x− y)2dxdy

=
L1L2

12
(b−a)2,

and the inequality (1.3.5) is proved. Now, if we choose f (x) = L1x, g(x) = L2x, then f

is L1-Lipschitzian, g is L2-Lipschitzian and the equality in (1.3.5) holds. The proof is

complete.

Remark 1.3.2. We note that, if f , g : [a,b] → R are two differentiable functions with

derivatives of which are bounded on (a,b), then we get the Čebyšev inequality (1). For an

interesting discussion to show that sometimes the estimation on T ( f ,g) given by the Grüss

inequality (3) is better than the estimation on T ( f ,g) given by the Čebyšev inequality

obtained in (1) and sometimes the other way around, see [42].

In [113], Pachpatte has established the following inequality similar to that of Čebyšev in

(1).

Theorem 1.3.3. Let f , g : [a,b] → R be absolutely continuous functions with derivatives

f ′, g′ ∈ Lq[a,b], q > 1, then

|T ( f ,g)| � 1
(b−a)3 ‖ f ′‖q‖g′‖q

∫ b

a
(B(x))

2
r dx, (1.3.8)

where

B(x) =
1

r +1
[
(x−a)r+1 +(b− x)r+1] , (1.3.9)

for x ∈ [a,b] and 1
q + 1

r = 1.
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Proof. As in the proof of Theorem 1.2.3, we have the following identities:

f (x)− 1
b−a

∫ b

a
f (t)dt =

1
b−a

∫ b

a
p(x, t) f ′(t)dt, (1.3.10)

g(x)− 1
b−a

∫ b

a
g(t)dt =

1
b−a

∫ b

a
p(x, t)g′(t)dt, (1.3.11)

for x ∈ [a,b], where p(x, t) is given by (1.2.11). Multiplying the left hand sides and right

hand sides of (1.3.10) and (1.3.11), we have

f (x)g(x)− f (x)
(

1
b−a

∫ b

a
g(t)dt

)
−g(x)

(
1

b−a

∫ b

a
f (t)dt

)

+
(

1
b−a

∫ b

a
f (t)dt

)(
1

b−a

∫ b

a
g(t)dt

)

=
1

(b−a)2

(∫ b

a
p(x, t) f ′(t)dt

)(∫ b

a
p(x, t)g′(t)dt

)
. (1.3.12)

Integrating both sides of (1.3.12) with respect to x from a to b and dividing both sides of

the resulting identity by (b−a), we get

T ( f ,g) =
1

(b−a)3

∫ b

a

(∫ b

a
p(x, t) f ′(t)dt

)(∫ b

a
p(x, t)g′(t)dt

)
dx. (1.3.13)

From (1.3.13) and using the properties of modulus and Hölder’s integral inequality, we

have

|T ( f ,g)| � 1
(b−a)3

∫ b

a

(∫ b

a
|p(x, t)|| f ′(t)|dt

)(∫ b

a
|p(x, t)||g′(t)|dt

)
dx

� 1
(b−a)3

∫ b

a

({∫ b

a
|p(x, t)|rdt

} 1
r
{∫ b

a
| f ′(t)|qdt

} 1
q
)

×
({∫ b

a
|p(x, t)|rdt

} 1
r
{∫ b

a
|g′(t)|qdt

} 1
q
)

dx

=
1

(b−a)3 ‖ f ′‖q‖g′‖q

∫ b

a

({∫ b

a
|p(x, t)|rdt

} 1
r
)2

dx. (1.3.14)

A simple calculation shows that∫ b

a
|p(x, t)|rdt =

∫ x

a
|t −a|r dt +

∫ b

x
|t −b|rdt

=
∫ x

a
(t −a)rdt +

∫ b

x
(b− t)rdt

=
(x−a)r+1 +(b− x)r+1

r +1
= B(x). (1.3.15)

Using (1.3.15) in (1.3.14), we get (1.3.8). The proof is complete.

In the proofs of the following Theorems we need the trapezoidal like representation formu-

las proved in [36] and [9].



18 Analytic Inequalities: Recent Advances

Lemma 1.3.1 (see [36]). Let f : [a,b]→R be an absolutely continuous function on [a,b],

then we have the identity

f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx =

1
2(b−a)2

∫ b

a

∫ b

a
[ f ′(x)− f ′(y)](x− y)dxdy.

Proof. We have successively
∫ b

a

∫ b

a
[ f ′(x)− f ′(y)](x− y)dxdy =

∫ b

a

∫ b

a
[x f ′(x)+ y f ′(y)− x f ′(y)− y f ′(x)]dxdy

= 2
∫ b

a

∫ b

a
[x f ′(x)− x f ′(y)]dxdy = 2

∫ b

a

∫ b

a
x f ′(x)dxdy−2

∫ b

a

∫ b

a
x f ′(y)dxdy

= 2(b−a)
[

b f (b)−a f (a)−
∫ b

a
f (x)dx

]
−
(
b2 −a2) [ f (b)− f (a)]

= (b−a)2[ f (a)+ f (b)]−2(b−a)
∫ b

a
f (x)dx.

Dividing both sides by 2(b−a)2 yields the required result.

Lemma 1.3.2 (see [9]). Let f : [a,b] → R be a differentiable function so that f ′ is abso-

lutely continuous on [a,b], then we have the identity
∫ b

a
f (x)dx− b−a

2
[ f (a)+ f (b)]+

(b−a)3

12
[ f ′;a,b]

=
1
2

∫ b

a
(x−a)(b− x)

{
[ f ′;a,b]− f ′′(x)

}
dx, (1.3.16)

where

[ f ′;a,b] =
f ′(b)− f ′(a)

b−a
,

is the divided difference.

Proof. By applying the integration by parts formula twice, we have (see [9])
∫ b

a
f (x)dx− b−a

2
[ f (a)+ f (b)] = −1

2

∫ b

a
(x−a)(b− x) f ′′(x)dx. (1.3.17)

On the other hand, by the simple identity:

1
b−a

∫ b

a
h(x)g(x)dx− 1

b−a

∫ b

a
h(x)dx

1
b−a

∫ b

a
g(x)dx

=
1

b−a

∫ b

a
h(x)

[
g(x)− 1

b−a

∫ b

a
g(y)dy

]
dx, (1.3.18)

we may state that
∫ b

a
(x−a)(b− x) f ′′(x)dx−

∫ b

a
(x−a)(b− x)dx

1
b−a

∫ b

a
f ′′(x)dx
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=
∫ b

a
(x−a)(b− x)

[
f ′′(x)− [ f ′;a,b]

]
dx,

which is clearly equivalent to
∫ b

a
(x−a)(b− x) f ′′(x)dx =

(b−a)2

6
[

f ′(b)− f ′(a)
]

+
∫ b

a
(x−a)(b− x)

[
f ′′(x)− [ f ′;a,b]

]
dx. (1.3.19)

Combining (1.3.17) with (1.3.19), we deduce (1.3.16).

We use the following notation to simplify the details of presentation. For suitable functions

f , g : [a,b] → R, we set

L( f ;a,b) =
1

2(b−a)2

∫ b

a

∫ b

a
( f ′(t)− f ′(s))(t − s)dtds,

N( f ′, f ′′;a,b) =
1

2(b−a)

∫ b

a
(t −a)(b− t)

{
[ f ′;a,b]− f ′′(t)

}
dt,

P( f ,g) = FG− 1
b−a

⎧⎨
⎩F

b∫

a

g(t)dt +G
b∫

a

f (t)dt

⎫⎬
⎭+

⎛
⎝ 1

b−a

b∫

a

f (t)dt

⎞
⎠
⎛
⎝ 1

b−a

b∫

a

g(t)dt

⎞
⎠ ,

S( f ,g) = FG− 1
b−a

⎧⎨
⎩F

b∫

a

g(t)dt +G
b∫

a

f (t)dt

⎫⎬
⎭+

⎛
⎝ 1

b−a

b∫

a

f (t)dt

⎞
⎠
⎛
⎝ 1

b−a

b∫

a

g(t)dt

⎞
⎠ ,

in which

F =
f (a)+ f (b)

2
, G =

g(a)+g(b)
2

,

F =
f (a)+ f (b)

2
− (b−a)2

12
[ f ′;a,b],

G =
g(a)+g(b)

2
− (b−a)2

12
[
g′;a,b

]
,

and define

‖ f‖2 =
(∫ b

a
| f (t)|2

) 1
2

< ∞,

‖ f‖∞ = sup
t∈[a,b]

| f (t)| < ∞.

The following two Theorems established by Pachpatte in [112] deal with Čebyšev-type

integral inequalities involving functions and their derivatives.
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Theorem 1.3.4. Let f , g : [a,b] → R be absolutely continuous functions on [a,b] with

f ′, g′ ∈ L2[a,b], then

|P( f ,g)| � (b−a)2

12

[
1

b−a
‖ f ′‖2

2 − ([ f ;a,b])2
] 1

2
×
[

1
b−a

‖g′‖2
2 − ([g;a,b])2

] 1
2
. (1.3.20)

Proof. From the hypotheses, by Lemma 1.3.1 we have the following identities:

F − 1
b−a

∫ b

a
f (t)dt = L( f ;a,b), (1.3.21)

G− 1
b−a

∫ b

a
g(t)dt = L(g;a,b). (1.3.22)

Multiplying the left hand sides and right hand sides of (1.3.21) and (1.3.22), we get

P( f ,g) = L( f ;a,b)L(g;a,b). (1.3.23)

From (1.3.23), we have

|P( f ,g)| = |L( f ;a,b)| |L(g;a,b)| . (1.3.24)

Using Schwarz inequality for double integrals, we have

|L( f ;a,b)| � 1
2(b−a)2

∫ b

a

∫ b

a

∣∣( f ′(t)− f ′(s))(t − s)
∣∣dtds

�

⎡
⎣ 1

2(b−a)2

b∫

a

b∫

a

( f ′(t)− f ′(s))2dtds

⎤
⎦

1
2

×

⎡
⎣ 1

2(b−a)2

b∫

a

b∫

a

(t − s)2dtds

⎤
⎦

1
2

. (1.3.25)

By simple computation, we have

1
2(b−a)2

b∫

a

b∫

a

( f ′(t)− f ′(s))2dtds =
1

b−a

b∫

a

( f ′(t))2dt −

⎛
⎝ 1

b−a

b∫

a

f ′(t)dt

⎞
⎠

2

,

(1.3.26)

and
1

2(b−a)2

∫ b

a

∫ b

a
(t − s)2dtds =

(b−a)2

12
. (1.3.27)

Using (1.3.26), (1.3.27) in (1.3.25), we have

|L( f ;a,b)| � b−a
2
√

3

[
1

b−a
‖ f ′‖2

2 − ([ f ;a,b])2
] 1

2
. (1.3.28)

Similarly, we obtain

|L(g;a,b)| � b−a
2
√

3

[
1

b−a
‖g′‖2

2 − ([g;a,b])2
] 1

2
. (1.3.29)

Using (1.3.28) and (1.3.29) in (1.3.24), we get the desired inequality in (1.3.20).
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Theorem 1.3.5. Let f , g : [a,b] → R be differentiable functions so that f ′, g′ are abso-

lutely continuous on [a,b], then

|S( f ,g)| � (b−a)4

144

∥∥ f ′′ − [ f ′;a,b]
∥∥

∞

∥∥g′′ −
[
g′;a,b

]∥∥
∞ . (1.3.30)

Proof. From the hypotheses, by Lemma 1.3.2, we have the following identities:

1
b−a

∫ b

a
f (t)dt −F = N( f ′, f ′′;a,b), (1.3.31)

1
b−a

∫ b

a
g(t)dt −G = N(g′,g′′;a,b). (1.3.32)

Multiplying the left sides and right sides of (1.3.31) and (1.3.32), we get

S( f ,g) = N( f ′, f ′′;a,b)N(g′,g′′;a,b). (1.3.33)

From (1.3.33) we have

|S( f ,g)| = |N( f ′, f ′′;a,b)||N(g′,g′′;a,b)|. (1.3.34)

By simple calculation, we have

|N( f ′, f ′′;a,b)| � 1
2(b−a)

∫ b

a
(t −a)(b− t)

∣∣[ f ′;a,b]− f ′′(t)
∣∣dt

� 1
2(b−a)

∥∥ f ′′ − [ f ′;a,b]
∥∥

∞

∫ b

a
(t −a)(b− t)dt

=
(b−a)2

12

∥∥ f ′′ − [ f ′;a,b]
∥∥

∞ . (1.3.35)

Similarly, we obtain

|N(g′,g′′;a,b)| � (b−a)2

12

∥∥g′′ − [g′;a,b]
∥∥

∞ . (1.3.36)

Using (1.3.35) and (1.3.36) in (1.3.34), we get the required inequality in (1.3.30).

1.4 Inequalities of the Grüss- and Čebyšev-type

In this section we present some recent inequalities of the Grüss-and Čebyšev-type estab-

lished by Pachpatte [106,111,117,127].

For suitable functions z, f , g : [a,b]→ R and w : [a,b]→ [0,∞) an integrable function such

that
∫ b

a w(x)dx > 0, we use the following notation to simplify the details of presentation:

D[z(x)] =
[

z(x)(1−λ )+
z(a)+ z(b)

2
λ
]
(b−a), λ ∈ [0,1],

A( f ,g) =
∫ b

a
[g(x)D[ f (x)]+ f (x)D[g(x)]]dx−2

(∫ b

a
f (x)dx

)(∫ b

a
g(x)dx

)
,
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B( f ,g) =
∫ b

a
D[ f (x)]D[g(x)]dx

−
[(∫ b

a
f (x)dx

)(∫ b

a
D[g(x)]dx

)
+
(∫ b

a
g(x)dx

)(∫ b

a
D[ f (x)]dx

)]

+(b−a)
(∫ b

a
f (x)dx

)(∫ b

a
g(x)dx

)
,

G( f ,g) =
∫ b

a
f (x)g(x)dx− 1

b2 −a2

[(∫ b

a
f (x)dx

)(∫ b

a
xg(x)dx

)

+
(∫ b

a
g(x)dx

)(∫ b

a
x f (x)dx

)]
,

H( f ,g) =
∫ b

a
f (x)g(x)dx− 3

b3 −a3

(∫ b

a
x f (x)dx

)(∫ b

a
xg(x)dx

)
,

T (w, f ,g) =
∫ b

a
w(x) f (x)g(x)dx−

(∫ b

a
w(x) f (x)dx

)(∫ b

a
w(x)g(x)dx

)
,

S(w, f ,g) =
∫ b

a
w(x) f (x)g(x)dx− 1∫ b

a w(x)dx

(∫ b

a
w(x) f (x)dx

)(∫ b

a
w(x)g(x)dx

)
,

and define ‖z‖∞ = supt∈[a,b] |z(t)| < ∞.

The following Theorem deals with the inequalities established in [117].

Theorem 1.4.1. Let f , g : [a,b] → R be continuous functions on [a,b], differentiable on

(a,b) and with derivatives f ′, g′ : (a,b) → R bounded on (a,b), then

|A( f ,g)| �
∫ b

a

[
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

]
α(x)dx, (1.4.1)

and

|B( f ,g)| � ‖ f ′‖∞‖g′‖∞

∫ b

a
α2(x)dx, (1.4.2)

where

α(x) =
(b−a)2

4
[
λ 2 +(λ −1)2]+

(
x− a+b

2

)2

, (1.4.3)

for a+λ b−a
2 � x � b−λ b−a

2 , λ ∈ [0,1].
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Proof. Define the mapping

p(x, t) =

⎧⎪⎪⎨
⎪⎪⎩

t −
[

a+λ
b−a

2

]
, t ∈ [a,x]

t −
[

b−λ
b−a

2

]
, t ∈ (x,b]

(1.4.4)

for λ ∈ [0,1]. Integrating by parts, we have
∫ b

a
p(x, t) f ′(t)dt =

∫ x

a

(
t −
[

a+λ
b−a

2

])
f ′(t)dt +

∫ b

x

(
t −
[

b−λ
b−a

2

])
f ′(t)dt

=
[

f (x)(1−λ )+
f (a)+ f (b)

2
λ
]
(b−a)−

∫ b

a
f (t)dt

i.e.,

D[ f (x)]−
∫ b

a
f (t)dt =

∫ b

a
p(x, t) f ′(t)dt. (1.4.5)

Similarly, we have

D[g(x)]−
∫ b

a
g(t)dt =

∫ b

a
p(x, t)g′(t)dt. (1.4.6)

Multiplying both sides of (1.4.5) and (1.4.6) by g(x) and f (x) respectively and adding the

resulting identities, we have

g(x)D[ f (x)]+ f (x)D[g(x)]−g(x)
∫ b

a
f (t)dt − f (x)

∫ b

a
g(t)dt

= g(x)
∫ b

a
p(x, t) f ′(t)dt + f (x)

∫ b

a
p(x, t)g′(t)dt. (1.4.7)

Integrating both sides of (1.4.7) with respect to x from a to b, we have

A( f ,g) =
∫ b

a

[
g(x)

∫ b

a
p(x, t) f ′(t)dt + f (x)

∫ b

a
p(x, t)g′(t)dt

]
dx. (1.4.8)

Using the properties of modulus, from (1.4.8), we have

|A( f ,g)| �
∫ b

a

[
|g(x)|

∫ b

a
|p(x, t)|| f ′(t)|dt + | f (x)|

∫ b

a
|p(x, t)||g′(t)|dt

]
dx

�
∫ b

a

{[
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

]∫ b

a
|p(x, t)dt|

}
dx. (1.4.9)

On the other hand,
∫ b

a
|p(x, t)|dt =

∫ x

a

∣∣∣∣t −
(

a+λ
b−a

2

)∣∣∣∣dt +
∫ b

x

∣∣∣∣t −
(

b−λ
b−a

2

)∣∣∣∣dt. (1.4.10)

Now, we observe that ∫ r

p
|t −q|dt =

∫ q

p
(q− t)dt +

∫ r

q
(t −q)dt
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=
1
2

[
(q− p)2 +(r−q)2

]
=

1
4

(p− r)2 +
(

q− r + p
2

)2

, (1.4.11)

for all r, p,q such that p � q � r. Using (1.4.11), we have that∫ x

a

∣∣∣∣t −
(

a+λ
b−a

2

)∣∣∣∣dt =
1
4
(x−a)2 +

[(
a+λ

b−a
2

)
− a+ x

2

]2

, (1.4.12)

∫ b

x

∣∣∣∣t −
(

b−λ
b−a

2

)∣∣∣∣dt =
1
4
(b− x)2 +

[(
b−λ

b−a
2

)
− x+b

2

]2

. (1.4.13)

Using (1.4.12), (1.4.13) in (1.4.10) we get∫ b

a
|p(x, t)|dt =

1
2

(x−a)2 +(b− x)2

2
+
(

λ
b−a

2
− x−a

2

)2

+
(

b− x
2

−λ
b−a

2

)2

=
(b−a)2

4
[
λ 2 +(λ −1)2]+

(
x− a+b

2

)2

= α(x). (1.4.14)

Using (1.4.14) in (1.4.9), we get the required inequality in (1.4.1).

Multiplying the left hand sides and right hand sides of (1.4.5) and (1.4.6), we get

D[ f (x)]D[g(x)]−D[g(x)]
∫ b

a
f (t)dt −D[ f (x)]

∫ b

a
g(t)dt +

(∫ b

a
f (t)dt

)(∫ b

a
g(t)dt

)

=
(∫ b

a
p(x, t) f ′(t)dt

)(∫ b

a
p(x, t)g′(t)dt

)
. (1.4.15)

Integrating both sides of (1.4.15) from a to b, we have

B( f ,g) =
∫ b

a

(∫ b

a
p(x, t) f ′(t)dt

)(∫ b

a
p(x, t)g′(t)dt

)
dx. (1.4.16)

Using the properties of modulus, from (1.4.16), we get

|B( f ,g)| � ‖ f ′‖∞‖g′‖∞

∫ b

a

(∫ b

a
|p(x, t)|dt

)2

dx. (1.4.17)

Using (1.4.14) in (1.4.17), we get the required inequality in (1.4.2). The proof is complete.

Remark 1.4.1. If we take λ = 0 in Theorem 1.4.1, then by simple calculations,

|T ( f ,g)| �
∫ b

a

[
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

]
α1(x)dx, (1.4.18)

and

|T ( f ,g)| � ‖ f ′‖∞‖g′‖∞
1

(b−a)3

∫ b

a
α2

2 (x)dx, (1.4.19)

where

α1(x) =
1
2

[
1
4

+

(
x− a+b

2

)2

(b−a)2

]
,

α2(t) =
1
4
(b−a)2 +

(
x− a+b

2

)2

,

for x ∈ [a,b].

In proving the inequalities in the next theorem, established in [106], we make use of the

following variant of the well-known Lagrange’s mean value theorem given by Pompeiu in

[145].
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Lemma 1.4.1 (see [145]). For every real valued function f differentiable on an interval

[a,b] not containing 0 and for all pairs x1 	= x2 in [a,b] there exists a point c in (x1,x2) such

that

x1 f (x2)− x2 f (x1)
x1 − x2

= f (c)− c f ′(c).

For the proof of Pompeiu’s mean value theorem, we refer the interested readers to [57,147].

Theorem 1.4.2. Let f , g : [a,b] → R be continuous functions on [a,b] and differentiable

on (a,b) with [a,b] not containing 0, then

|G( f ,g)| � ‖ f − l f ′‖∞

b∫

a

|g(x)|
∣∣∣∣12 − x

a+b

∣∣∣∣dx+‖g− lg′‖∞

b∫

a

| f (x)|
∣∣∣∣12 − x

a+b

∣∣∣∣dx,

(1.4.20)

and

|H( f ,g)| � ‖ f − l f ′‖∞‖g− lg′‖∞|M|, (1.4.21)

where l(t) = t, t ∈ [a,b] and

M = (b−a)
[

1− 3
4

(a+b)2

a2 +ab+b2

]
. (1.4.22)

Proof. From the hypotheses, for x, t ∈ [a,b], t 	= x there exist points c and d between x

and t such that

t f (x)− x f (t) = [ f (c)− c f ′(c)](t − x), (1.4.23)

and

tg(x)− xg(t) = [g(d)−dg′(d)](t − x). (1.4.24)

Multiplying both sides of (1.4.23) and (1.4.24) by g(x) and f (x) respectively and adding

the resulting identities, we have

2t f (x)g(x)− xg(x) f (t)− x f (x)g(t)

= [ f (c)− c f ′(c)](t − x)g(x)+ [g(d)−dg′(d)](t − x) f (x). (1.4.25)

Integrating both sides of (1.4.25) with respect to t over [a,b], we have

(b2 −a2) f (x)g(x)− xg(x)
∫ b

a
f (t)dt − x f (x)

∫ b

a
g(t)dt

= [ f (c)− c f ′(c)]
{

b2 −a2

2
g(x)− xg(x)(b−a)

}
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+[g(d)−dg′(d)]
{

b2 −a2

2
f (x)− x f (x)(b−a)

}
. (1.4.26)

Now, integrating both sides of (1.4.26) with respect to x over [a,b], we have

(b2 −a2)
∫ b

a
f (x)g(x)dx−

(∫ b

a
f (t)dt

)(∫ b

a
xg(x)dx

)
−
(∫ b

a
g(t)dt

)(∫ b

a
x f (x)dx

)

= [ f (c)− c f ′(c)]
{

b2 −a2

2

∫ b

a
g(x)dx− (b−a)

∫ b

a
xg(x)dx

}

+[g(d)−dg′(d)]
{

b2 −a2

2

∫ b

a
f (x)dx− (b−a)

∫ b

a
x f (x)dx

}
. (1.4.27)

Rewriting (1.4.27), we have

G( f ,g) = [ f (c)− c f ′(c)]
∫ b

a
g(x)

{
1
2
− x

a+b

}
dx

+[g(d)−dg′(d)]
∫ b

a
f (x)
{

1
2
− x

a+b

}
dx. (1.4.28)

Using the properties of modulus, from (1.4.28), we have

|G( f ,g)| � ‖ f − l f ′‖∞

∫ b

a
|g(x)|

∣∣∣∣12 − x
a+b

∣∣∣∣dx+‖g− lg′‖∞

∫ b

a
| f (x)|

∣∣∣∣12 − x
a+b

∣∣∣∣dx,

and the inequality (1.4.20) is proved.

Multiplying the left hand sides and right hand sides of (1.4.23) and (1.4.24), we get

t2 f (x)g(x)− (x f (x))(tg(t))− (xg(x))(t f (t))+ x2 f (t)g(t)

= [ f (c)− c f ′(c)][g(d)−dg′(d)](t − x)2. (1.4.29)

Integrating both sides of (1.4.29) with respect to t over [a,b], we have

b3 −a3

3
f (x)g(x)− x f (x)

∫ b

a
tg(t)dt − xg(x)

∫ b

a
t f (t)dt + x2

∫ b

a
f (t)g(t)dt

= [ f (c)− c f ′(c)][g(d)−dg′(d)]×
{

b3 −a3

3
− x(b2 −a2)+ x2(b−a)

}
. (1.4.30)

Now, integrating both sides of (1.4.30) with respect to x over [a,b], we have

b3 −a3

3

∫ b

a
f (x)g(x)dx−

(∫ b

a
x f (x)dx

)(∫ b

a
tg(t)dt

)

−
(∫ b

a
xg(x)dx

)(∫ b

a
t f (t)dt

)
+

b3 −a3

3

∫ b

a
f (t)g(t)dt

= [ f (c)− c f ′(c)][g(d)−dg′(d)]
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×
{

b3 −a3

3
(b−a)− (b2 −a2)

b2 −a2

2
+(b−a)

b3 −a3

3

}
. (1.4.31)

Rewriting (1.4.31), we have

H( f ,g) = [ f (c)− c f ′(c)][g(d)−dg′(d)]M. (1.4.32)

Using the properties of modulus, from (1.4.32), we have

|H( f ,g)| � ‖ f − l f ′‖∞‖g− lg′‖∞|M|,

which is the required inequality in (1.4.21). The proof is complete.

Let h : [a,b] → R be a differentiable function on [a,b] and h′ : [a,b] → R be integrable on

[a,b]. Let w : [a,b] → [0,∞) be some probability density function, that is, an integrable

function satisfying
∫ b

a w(t)dt = 1 with W (t) =
∫ t

a w(x)dx for t ∈ [a,b], W (t) = 0 for t < a

and W (t) = 1 for t > b. In the proof of the following Theorem given in [111] we use the

Pečarić’s extension (see [142]) of Montgomery’s identity:

h(x) =
∫ b

a
w(t)h(t)dt +

∫ b

a
Pw(x, t)h′(t)dt, (1.4.33)

where Pw(x, t) is the weighted Peano kernel defined by

Pw(x, t) =

{
W (t), t ∈ [a,x]

W (t)−1, t ∈ (x,b]
(1.4.34)

Identity (1.4.33) can be proved easily by considering
∫ b

a Pw(x, t)h′(t)dt and integrating by

parts.

Theorem 1.4.3. Let f , g : [a,b] → R be differentiable functions on [a,b] with f ′, g′ :

[a,b] → R integrable on [a,b]. Let w : [a,b] → [0,∞) be an integrable function satisfying∫ b
a w(t)dt = 1 and W (t) be as defined above, then

|T (w, f ,g)| � 1
2

∫ b

a
w(x)

[
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

]
E(x)dx, (1.4.35)

|T (w, f ,g)| � ‖ f ′‖∞‖g′‖∞

∫ b

a
w(x)E2(x)dx, (1.4.36)

where

E(x) =
∫ b

a
|Pw(x, t)|dt, (1.4.37)

for x ∈ [a,b] and Pw(x, t) is given by (1.4.34).



28 Analytic Inequalities: Recent Advances

Proof. From the hypotheses, the following identities hold:

f (x) =
∫ b

a
w(t) f (t)dt +

∫ b

a
Pw(x, t) f ′(t)dt, (1.4.38)

and

g(x) =
∫ b

a
w(t)g(t)dt +

∫ b

a
Pw(x, t)g′(t)dt. (1.4.39)

Multiplying both sides of (1.4.38) and (1.4.39) by w(x)g(x) and w(x) f (x), adding the re-

sulting identities and rewriting, we have

w(x) f (x)g(x) =
1
2

[
w(x)g(x)

∫ b

a
w(t) f (t)dt +w(x) f (x)

∫ b

a
w(t)g(t)dt

]

+
1
2

[
w(x)g(x)

∫ b

a
Pw(x, t) f ′(t)dt +w(x) f (x)

∫ b

a
Pw(x, t)g′(t)dt

]
. (1.4.40)

Integrating both sides of (1.4.40) with respect to x over [a,b] and rewriting, we have

T (w, f ,g) =
1
2

b∫

a

⎡
⎣w(x)g(x)

b∫

a

Pw(x, t) f ′(t)dt +w(x) f (x)
b∫

a

Pw(x, t)g′(t)dt

⎤
⎦dx. (1.4.41)

From (1.4.41) and using the properties of modulus, we have

|T (w, f ,g)| � 1
2

b∫

a

⎡
⎣w(x)|g(x)|

b∫

a

|Pw(x, t)|| f ′(t)|dt +w(x)| f (x)|
b∫

a

|Pw(x, t)||g′(t)|dt

⎤
⎦dx

� 1
2

∫ b

a
w(x)

[
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

]
E(x)dx,

and the inequality (1.4.35) is proved.

From (1.4.38) and (1.4.39), we observe that(
f (x)−

∫ b

a
w(t) f (t)dt

)(
g(x)−

∫ b

a
w(t)g(t)dt

)

=
(∫ b

a
Pw(x, t) f ′(t)dt

)(∫ b

a
Pw(x, t)g′(t)dt

)
,

i.e.,

f (x)g(x)− f (x)
∫ b

a
w(t)g(t)dt−g(x)

∫ b

a
w(t) f (t)dt +

(∫ b

a
w(t) f (t)dt

)(∫ b

a
w(t)g(t)dt

)

=
(∫ b

a
Pw(x, t) f ′(t)dt

)(∫ b

a
Pw(x, t)g′(t)dt

)
. (1.4.42)

Multiplying both sides of (1.4.42) by w(x), integrating the resulting identity with respect to

x over [a,b] and using
∫ b

a w(x)dx = 1,, we have

T (w, f ,g) =
∫ b

a
w(x)

(∫ b

a
Pw(x, t) f ′(t)dt

)
×
(∫ b

a
Pw(x, t)g′(t)dt

)
dx. (1.4.43)

From (1.4.43) and using the properties of modulus, we have

|T (w, f ,g)| �
∫ b

a
w(x)

(∫ b

a
|Pw(x, t)| | f ′(t)|dt

)
×
(∫ b

a
|Pw(x, t)| |g′(t)|dt

)
dx

� ‖ f ′‖∞‖g′‖∞

∫ b

a
w(x)E2(x)dx,

which is the required inequality in (1.4.36). The proof is complete.

We end this section with the following Theorem which deals with the inequalities proved

in [127].
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Theorem 1.4.4. Let f , g, h : [a,b] → R be continuous functions on [a,b] and differen-

tiable on (a,b) and w : [a,b] → [0,∞) be an integrable function such that
∫ b

a w(x)dx > 0. If

h′(t) 	= 0 for each t ∈ (a,b), then

|S(w, f ,g)| � 1
2

[
|S(w,g,h)|

∥∥∥∥ f ′

h′

∥∥∥∥
∞

+ |S(w, f ,h)|
∥∥∥∥g′

h′

∥∥∥∥
∞

]
, (1.4.44)

|S(w, f ,g)| �
∥∥∥∥ f ′

h′

∥∥∥∥
∞

∥∥∥∥g′

h′

∥∥∥∥
∞
×

∣∣∣∣∣∣∣
∫ b

a
w(x)h2(x)dx−

(∫ b
a w(x)h(x)dx

)2

∫ b
a w(x)dx

∣∣∣∣∣∣∣
. (1.4.45)

Proof. Let x, y ∈ [a,b] with y 	= x. Applying Cauchy’s mean value theorem, there exist

points c and d between y and x such that (see [146])

f (x)− f (y) =
f ′(c)
h′(c)

(h(x)−h(y)), (1.4.46)

g(x)−g(y) =
g′(d)
h′(d)

(h(x)−h(y)). (1.4.47)

Multiplying both sides of (1.4.46) and (1.4.47) by g(x) and f (x) respectively and adding

the resulting identities, we get

2 f (x)g(x)−g(x) f (y)− f (x)g(y) =
f ′(c)
h′(c)

(g(x)h(x)−g(x)h(y))

+
g′(d)
h′(d)

( f (x)h(x)− f (x)h(y)) . (1.4.48)

Multiplying both sides of (1.4.48) by w(y) and integrating the resulting identity with respect

to y over [a,b], we have

2
(∫ b

a
w(y)dy

)
f (x)g(x)−g(x)

∫ b

a
w(y) f (y)dy− f (x)

∫ b

a
w(y)g(y)dy

=
f ′(c)
h′(c)

((∫ b

a
w(y)dy

)
g(x)h(x)−g(x)

∫ b

a
w(y)h(y)dy

)

+
g′(d)
h′(d)

((∫ b

a
w(y)dy

)
f (x)h(x)− f (x)

∫ b

a
w(y)h(y)dy

)
. (1.4.49)

Next, multiplying both sides of (1.4.49) by w(x) and integrating the resulting identity with

respect to x over [a,b], we have

2
(∫ b

a
w(y)dy

)∫ b

a
w(x) f (x)g(x)dx−

(∫ b

a
w(x)g(x)dx

)(∫ b

a
w(y) f (y)dy

)

−
(∫ b

a
w(x) f (x)dx

)(∫ b

a
w(y)g(y)dy

)
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=
f ′(c)
h′(c)

((∫ b

a
w(y)dy

)∫ b

a
w(x)g(x)h(x)dx −

(∫ b

a
w(x)g(x)dx

)(∫ b

a
w(y)h(y)dy

))

+
g′(d)
h′(d)

((∫ b

a
w(y)dy

)∫ b

a
w(x) f (x)h(x)dx −

(∫ b

a
w(x) f (x)dx

)(∫ b

a
w(y)h(y)dy

))
.

(1.4.50)

From (1.4.50), it is easy to observe that

S(w, f ,g) =
1
2

[
f ′(c)
h′(c)

S(w,g,h)+
g′(d)
h′(d)

S(w, f ,h)
]
. (1.4.51)

Using the properties of modulus, from (1.4.51),we have

|S(w, f ,g)| � 1
2

[
|S(w,g,h)|

∥∥∥∥ f ′

h′

∥∥∥∥
∞

+ |S(w, f ,h)|
∥∥∥∥g′

h′

∥∥∥∥
∞

]
,

and the inequality (1.4.44) is proved.

Multiplying both sides of (1.4.46) and (1.4.47) by w(y) and integrating the resulting iden-

tities with respect to y over [a,b], we get(∫ b

a
w(y)dy

)
f (x)−

∫ b

a
w(y) f (y)dy

=
f ′(c)
h′(c)

[(∫ b

a
w(y)dy

)
h(x)−

∫ b

a
w(y)h(y)dy

]
, (1.4.52)

and (∫ b

a
w(y)dy

)
g(x)−

∫ b

a
w(y)g(y)dy

=
g′(d)
h′(d)

[(∫ b

a
w(y)dy

)
h(x)−

∫ b

a
w(y)h(y)dy

]
. (1.4.53)

Multiplying the left hand sides and right hand sides of (1.4.52) and (1.4.53), we get
(∫ b

a
w(y)dy

)2

f (x)g(x)−
(∫ b

a
w(y)dy

)
f (x)
(∫ b

a
w(y)g(y)dy

)

−
(∫ b

a
w(y)dy

)
g(x)

(∫ b

a
w(y) f (y)dy

)
+
(∫ b

a
w(y) f (y)dy

)(∫ b

a
w(y)g(y)dy

)

=
(

f ′(c)
h′(c)

)(
g′(d)
h′(d)

)[(∫ b

a
w(y)dy

)2

h2(x)+
(∫ b

a
w(y)h(y)dy

)2

−2
(∫ b

a
w(y)dy

)
h(x)

(∫ b

a
w(y)h(y)dy

)]
. (1.4.54)



Grüss-and Čebyšev-type inequalities 31

Multiplying both sides of (1.4.54) by w(x) and integrating the resulting identity with respect

to x over [a,b], we get
(∫ b

a
w(y)dy

)2 ∫ b

a
w(x) f (x)g(x)dx

−
(∫ b

a
w(y)dy

)(∫ b

a
w(x) f (x)dx

)(∫ b

a
w(y)g(y)dy

)

−
(∫ b

a
w(y)dy

)(∫ b

a
w(x)g(x)dx

)(∫ b

a
w(y) f (y)dy

)

+
(∫ b

a
w(x)dx

)(∫ b

a
w(y) f (y)dy

)(∫ b

a
w(y)g(y)dy

)

=
(

f ′(c)
h′(c)

)(
g′(d)
h′(d)

)[(∫ b

a
w(y)dy

)2(∫ b

a
w(x)h2(x)dx

)

+
(∫ b

a
w(x)dx

)(∫ b

a
w(y)h(y)dy

)2

−2
(∫ b

a
w(y)dy

)(∫ b

a
w(x)h(x)dx

)(∫ b

a
w(y)h(y)dy

)]
. (1.4.55)

From (1.4.55), it is easy to observe that

S(w, f ,g) =
(

f ′(c)
h′(c)

)(
g′(d)
h′(d)

)
×

⎡
⎢⎣
∫ b

a
w(x)h2(x)dx−

(∫ b
a w(x)h(x)dx

)2

∫ b
a w(x)dx

⎤
⎥⎦ . (1.4.56)

Using the properties of modulus, from (1.4.56), we get the desired inequality in (1.4.45).

The proof is complete.

Remark 1.4.2. We note that in [42], Dragomir has given a number of inequalities similar

to (1) and (3) by using different hypotheses on the functions and their derivatives. For

earlier discussion on such inequalities, see [79,144].

1.5 More inequalities of the Grüss-and Čebyšev-type

This section deals with some more inequalities of the Grüss- and Čebyšev-types involving

functions and their higher order derivatives, established by Pachpatte in [118,120,121].
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First, we introduce some notation to simplify the details of presentation. For some suitable

functions f , g, h and their derivatives f (n), g(n), h(n) (n � 1 is an integer) defined on [a,b]

and a harmonic sequence of polynomials {Pn(t)}, t ∈ [a,b], we set

M[h(x)] = h(x)+
h(a)+h(b)

2
−
(

x− a+b
2

)
h′(x), (1.5.1)

N[h(x)] = h(x)− h(b)−h(a)
b−a

(
x− a+b

2

)
, (1.5.2)

A[h(x)] = h(x)+
1

b−a

n−1

∑
k=1

[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]
h(k)(x), (1.5.3)

B[h(x)] =
1
n

[
h(x)+

n−1

∑
k=1

(−1)kPk(x)h(k)(x)+
n−1

∑
k=1

Hk

]
, (1.5.4)

Hk =
(−1)k(n− k)

b−a

[
Pk(a)h(k−1)(a)−Pk(b)h(k−1)(b)

]
, (1.5.5)

and

Fk(x) =
n− k

k!
f (k−1)(a)(x−a)k − f (k−1)(b)(x−b)k

b−a
, (1.5.6)

Gk(x) =
n− k

k!
g(k−1)(a)(x−a)k −g(k−1)(b)(x−b)k

b−a
, (1.5.7)

Hk(x) =
n− k

k!
h(k−1)(a)(x−a)k −h(k−1)(b)(x−b)k

b−a
, (1.5.8)

Ik =
1
k!

∫ b

a
f (k)(y)(x− y)kdy, I0 =

∫ b

a
f (y)dy, (1.5.9)

Jk =
1
k!

∫ b

a
g(k)(y)(x− y)kdy, J0 =

∫ b

a
g(y)dy, (1.5.10)

Lk =
1
k!

∫ b

a
h(k)(y)(x− y)kdy, L0 =

∫ b

a
h(y)dy, (1.5.11)

for 1 � k � n−1. We use the usual convention that an empty sum is taken to be zero and

define ‖h‖∞ = supt∈[a,b] |h(t)| < ∞.

We begin with proving some auxiliary results.

Lemma 1.5.1 (see [35]). Let h : [a,b] → R be a function with first derivative absolutely

continuous on [a,b] and assume that the second derivative h′′ ∈ L∞[a,b], then

M[h(x)]− 2
b−a

∫ b

a
h(t)dt = − 1

b−a

∫ b

a
p(x, t)

(
t − a+b

2

)
h′′(t)dt, (1.5.12)

x ∈ [a,b], where M[h(x)] and p(x, t) are given by (1.5.1) and (1.2.11) respectively.
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Proof. The following identity holds (see, the proof of Theorem 1.2.3):

f (x) =
1

b−a

[∫ b

a
f (t)dt +

∫ b

a
p(x, t) f ′(t)dt

]
, (1.5.13)

for x ∈ [a,b], provided f is absolutely continuous on [a,b]. Choose in (1.5.13) f (x) =(
x− a+b

2

)
h′(x), to get

(
x− a+b

2

)
h′(x) =

1
b−a

[∫ b

a

(
t − a+b

2

)
h′(t)dt

+
∫ b

a
p(x, t)

[
h′(t)+

(
t − a+b

2

)
h′′(t)

]
dt
]
. (1.5.14)

Integrating by parts, we have
∫ b

a

(
t − a+b

2

)
h′(t)dt =

(h(a)+h(b))(b−a)
2

−
∫ b

a
h(t)dt. (1.5.15)

Also, upon using (1.5.13), we have
∫ b

a
p(x, t)

[
h′(t)+

(
t − a+b

2

)
h′′(t)

]
dt

=
∫ b

a
p(x, t)h′(t)dt +

∫ b

a
p(x, t)

(
t − a+b

2

)
h′′(t)dt

= (b−a)h(x)−
∫ b

a
h(t)dt +

∫ b

a
p(x, t)

(
t − a+b

2

)
h′′(t)dt. (1.5.16)

Using (1.5.15) and (1.5.16) in (1.5.14), we deduce that

(b−a)
(

x− a+b
2

)
h′(x) =

(h(a)+h(b))(b−a)
2

−
∫ b

a
h(t)dt

+(b−a)h(x)−
∫ b

a
h(t)dt +

∫ b

a
p(x, t)

(
t − a+b

2

)
h′′(t)dt. (1.5.17)

Rewriting (1.5.17) we get (1.5.12).

Lemma 1.5.2 (see [28]). Let h : [a,b] → R be a continuous function on [a,b] and twice

differentiable on (a,b) with second derivative h′′ : (a,b)→R being bounded on (a,b), then

N[h(x)]− 1
b−a

∫ b

a
h(t)dt =

1
(b−a)2

∫ b

a

∫ b

a
p(x, t)p(t,s)h′′(s)ds, (1.5.18)

for x ∈ [a,b], where N[h(x)] and p(x, t) are given by (1.5.2) and (1.2.11) respectively.
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Proof. From the hypotheses, the identity

h(x) =
1

b−a

∫ b

a
h(t)dt +

1
b−a

∫ b

a
p(x, t)h′(t)dt, (1.5.19)

holds for x ∈ [a,b]. Applying the identity (1.5.19) for h′(t), we can state

h′(t) =
1

b−a

∫ b

a
h′(s)ds+

1
b−a

∫ b

a
p(t,s)h′′(s)ds

=
h(b)−h(a)

b−a
+

1
b−a

∫ b

a
p(t,s)h′′(s)ds.

Using this in the right hand side of (1.5.19), we get

h(x) =
1

b−a

∫ b

a
h(t)dt +

1
b−a

∫ b

a
p(x, t)

[
h(b)−h(a)

b−a
+

1
b−a

∫ b

a
p(t,s)h′′(s)ds

]
dt

=
1

b−a

∫ b

a
h(t)dt +

h(b)−h(a)
(b−a)2

∫ b

a
p(x, t)dt

+
1

(b−a)2

∫ b

a

∫ b

a
p(x, t)p(t,s)h′′(s)dsdt. (1.5.20)

It is easy to observe that
∫ b

a
p(x, t)dt =

∫ x

a
(t −a)dt +

∫ b

x
(t −b)dt = (b−a)

(
x− a+b

2

)
. (1.5.21)

Using (1.5.21) in (1.5.20) and rewriting, we get (1.5.18).

Lemma 1.5.3 (see [16]). Let h : [a,b] → R be a function such that h(n−1) is absolutely

continuous on [a,b], then
∫ b

a
h(t)dt =

n−1

∑
k=0

[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]
h(k)(x)+(−1)n

∫ b

a
En(x, t)h(n)(t)dt,

(1.5.22)

for x ∈ [a,b], where

En(x, t) =

⎧⎪⎨
⎪⎩

(t −a)n

n!
if t ∈ [a,x]

(t −b)n

n!
if t ∈ (x,b]

(1.5.23)

for x ∈ [a,b] and n � 1 is a natural number.
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Proof. The proof is by mathematical induction. For n = 1, we have to prove the identity
∫ b

a
h(t)dt = (b−a)h(x)−

∫ b

a
E1(x, t)h(1)(t)dt. (1.5.24)

The equality (1.5.24) can be proved by following the proof of identity (1.2.12) given in

Theorem 1.2.3. Assume that (1.5.22) holds for n and let us prove it for n + 1. That is, we

have to prove the equality
∫ b

a
h(t)dt =

n

∑
k=0

[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]
h(k)(x)

+(−1)n+1
∫ b

a
En+1(x, t)h(n+1)(t)dt. (1.5.25)

It is easy to observe that
∫ b

a
En+1(x, t)h(n+1)(t)dt =

∫ x

a

(t −a)n+1

(n+1)!
h(n+1)(t)dt +

∫ b

x

(t −b)n+1

(n+1)!
h(n+1)(t)dt

=
(t −a)n+1

(n+1)!
h(n)(t)

∣∣∣∣
x

a
− 1

n!

∫ x

a
(t −a)nh(n)(t)dt

+
(t −b)n+1

(n+1)!
h(n)(t)

∣∣∣∣
b

x
− 1

n!

∫ b

x
(t −b)nh(n)(t)dt

=
(x−a)n+1 +(−1)n+2(b− x)n+1

(n+1)!
h(n)(x)−

∫ b

a
En(x, t)h(n)(t)dt.

That is ∫ b

a
En(x, t)h(n)(t)dt

=
(x−a)n+1 +(−1)n+2(b− x)n+1

(n+1)!
h(n)(x)−

∫ b

a
En+1(x, t)h(n+1)(t)dt. (1.5.26)

Now by using induction hypotheses and (1.5.26), we get
∫ b

a
h(t)dt =

n−1

∑
k=0

[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]
h(k)(x)

+
(b− x)n+1 +(−1)n(x−a)n+1

(n+1)!
h(n)(x)− (−1)n

∫ b

a
En+1(x, t)h(n+1)(t)dt

=
n

∑
k=0

[
(b− x)k+1 +(−1)k(x−a)k+1

(
k +1)!

]
h(k)(x)+(−1)n+1

∫ b

a
En+1(x, t)h(n+1)(t)dt,

which is the identity (1.5.25) and the proof is complete.
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Lemma 1.5.4 (see [22]). Let {Pn(t)}, t ∈ [a,b] be a harmonic sequence of polynomials,

that is P′
n(t) = Pn−1(t), n ∈ N, P0(t) = 1. Further, let h : [a,b] → R be such that h(n−1) is

absolutely continuous for some n ∈ N, then

B[h(x)]− 1
b−a

∫ b

a
h(t)dt =

(−1)n−1

n(b−a)

∫ b

a
Pn−1(t)p(x, t)h(n)(t)dt, (1.5.27)

for x ∈ [a,b], where B[h(x)] and p(x, t) are given by (1.5.4) and (1.2.11) respectively.

Proof. Integrating by parts, we have (see also [21])

(−1)n−1
∫ x

y
Pn−1(t)h(n)(t)dt = (−1)n−1Pn−1(t)h(n−1)(t)

∣∣∣x
y
+(−1)n−2

∫ x

y
Pn−2(t)h(n−1)(t)dt

= (−1)n−1
[
Pn−1(x)h(n−1)(x)−Pn−1(y)h(n−1)(y)

]
+(−1)n−2

∫ x

y
Pn−2(t)h(n−1)(t)dt,

for x, y ∈ [a,b]. By applying the same procedure to the last integral, we successively get

the relation

(−1)n−1
∫ x

y
Pn−1(t)h(n)(t)dt =

n−1

∑
k=1

(−1)k
[
Pk(x)h(k)(x)−Pk(y)h(k)(y)

]
+h(x)−h(y),

i.e.,

h(y) = h(x)+
n−1

∑
k=1

(−1)k
[
Pk(x)h(k)(x)−Pk(y)h(k)(y)

]
+(−1)n

∫ x

y
Pn−1(t)h(n)(t)dt,

(1.5.28)

for x, y ∈ [a,b]. If we set x = a and y = b, n = m + 1 and replace h(t) by
∫ t

a h(u)du in

(1.5.28), we get
∫ b

a
h(t)dt =

m

∑
k=1

(−1)k
[
Pk(a)h(k−1)(a)−Pk(b)h(k−1)(b)

]

+(−1)m
∫ b

a
Pm(t)h(m)(t)dt. (1.5.29)

Integrating both sides of (1.5.28) with respect to y over [a,b], we have
∫ b

a
h(y)dy = (b−a)

[
h(x)+

n−1

∑
k=1

(−1)kPk(x)h(k)(x)

]

−
n−1

∑
k=1

(−1)k
∫ b

a
Pk(y)h(k)(y)dy+(−1)n

∫ b

a

∫ x

y
Pn−1(t)h(n)(t)dtdy. (1.5.30)

Using (1.5.29), we have
∫ b

a
h(y)dy = (b−a)

[
h(x)+

n−1

∑
k=1

(−1)kPk(x)h(k)(x)

]



Grüss-and Čebyšev-type inequalities 37

−
n−1

∑
k=1

[
k

∑
j=1

(−1) j
[
Pj(b)h( j−1)(b)−Pj(a)h( j−1)(a)

]
+
∫ b

a
h(t)dt

]

+(−1)n
∫ b

a

∫ x

y
Pn−1(t)h(n)(t)dtdy,

i.e.,

n
∫ b

a
h(y)dy = (b−a)

[
h(x)+

n−1

∑
k=1

(−1)kPk(x)h(k)(x)

]

−
n−1

∑
k=1

(−1)k(n− k)
[
Pk(b)h(k−1)(b)−Pk(a)h(k−1)(a)

]

+(−1)n
∫ b

a

∫ x

y
Pn−1(t)h(n)(t)dtdy. (1.5.31)

By making use of (1.5.4) and (1.5.5) and (1.2.11) in (1.5.31) and rewriting, we get (1.5.27).

Remark 1.5.1. We note that, for the harmonic sequence of polynomials

Pk(t) =
(t − x)k

k!
, k � 0,

the relation (1.5.27) reduces to the identity given by Fink in [59].

We are now ready to state and prove the following Theorems which deal with the inequali-

ties proved in [118].

Theorem 1.5.1. Let f , g : [a,b] → R be functions with first derivatives absolutely con-

tinuous on [a,b] and assume that the second derivatives f ′′, g′′ : (a,b)→ R are bounded on

(a,b). Then the inequalities∣∣∣∣ 1
b−a

∫ b

a
[g(x)M[ f (x)]+ f (x)M[g(x)]]dx − 4

(b−a)2

(∫ b

a
f (x)dx

)(∫ b

a
g(x)dx

)∣∣∣∣
� 1

(b−a)2

∫ b

a

[
|g(x)|‖ f ′′‖∞ + | f (x)|‖g′′‖∞

]
I(x)dx, (1.5.32)

and ∣∣∣∣ 1
b−a

∫ b

a
M[ f (x)]M[g(x)] dx− 2

(b−a)2

[(∫ b

a
M[g(x)]dx

)(∫ b

a
f (x)dx

)

+
(∫ b

a
M[ f (x)]dx

)(∫ b

a
g(x)dx

)]
+

4
(b−a)2

(∫ b

a
f (x)dx

)(∫ b

a
g(x)dx

)∣∣∣∣
� 1

(b−a)3 ‖ f ′′‖∞‖g′′‖∞

∫ b

a
I2(x)dx, (1.5.33)

hold, where

I(x) =
∫ b

a
|p(x, t)|

∣∣∣∣t − a+b
2

∣∣∣∣dt, (1.5.34)

in which p(x, t) is given by (1.2.11).
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Theorem 1.5.2. Let f , g : [a,b] → R be twice differentiable functions on (a,b) and

f ′′, g′′ : (a,b) → R be bounded, then the inequalities∣∣∣∣ 1
b−a

∫ b

a
[g(x)N[ f (x)]+ f (x)N[g(x)]]dx − 2

(b−a)2

(∫ b

a
f (x)dx

)(∫ b

a
g(x)dx

)∣∣∣∣

� 1
(b−a)3

∫ b

a

[
|g(x)|‖ f ′′‖∞ + | f (x)|‖g′′‖∞

]
H(x)dx, (1.5.35)

and ∣∣∣∣ 1
b−a

∫ b

a
N[ f (x)]N[g(x)] dx− 1

(b−a)2

[(∫ b

a
N[g(x)]dx

)(∫ b

a
f (x)dx

)

+
(∫ b

a
N[ f (x)]dx

)(∫ b

a
g(x)dx

)]
+

1
(b−a)2

(∫ b

a
f (x)dx

)(∫ b

a
g(x)dx

)∣∣∣∣

� 1
(b−a)5 ‖ f ′′‖∞‖g′′‖∞

∫ b

a
H2(x)dx, (1.5.36)

hold, where

H(x) =
∫ b

a

∫ b

a
|p(x, t)| |p(t,s)|dsdt, (1.5.37)

in which p(x, t) is given by (1.2.11).

Proofs of Theorems 1.5.1 and 1.5.2. From the hypotheses of Theorem 1.5.1, we have

the following identities (see, Lemma 1.5.1):

M[ f (x)]− 2
b−a

∫ b

a
f (t)dt = − 1

b−a

∫ b

a
p(x, t)

(
t − a+b

2

)
f ′′(t)dt, (1.5.38)

M[g(x)]− 2
b−a

∫ b

a
g(t)dt = − 1

b−a

∫ b

a
p(x, t)

(
t − a+b

2

)
g′′(t)dt, (1.5.39)

for x ∈ [a,b]. Multiplying both sides of (1.5.38) and (1.5.39) by g(x) and f (x) respectively

and adding the resulting identities, we have

g(x)M[ f (x)]+ f (x)M[g(x)]− 2
b−a

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]

= − 1
b−a

[
g(x)

∫ b

a
p(x, t)

(
t − a+b

2

)
f ′′(t)dt

+ f (x)
∫ b

a
p(x, t)

(
t − a+b

2

)
g′′(t)dt

]
. (1.5.40)

Dividing both sides of (1.5.40) by (b− a) and integrating with respect to x over [a,b], we

get

1
b−a

∫ b

a
[g(x)M[ f (x)]+ f (x)M[g(x)]]dx− 4

(b−a)2

(∫ b

a
f (x)dx

)(∫ b

a
g(x)dx

)
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= − 1
(b−a)2

∫ b

a

[
g(x)

∫ b

a
p(x, t)

(
t − a+b

2

)
f ′′(t)dt

+ f (x)
∫ b

a
p(x, t)

(
t − a+b

2

)
g′′(t)dt

]
dx. (1.5.41)

From (1.5.41) and using the properties of modulus, we have∣∣∣∣ 1
b−a

∫ b

a
[g(x)M[ f (x)]+ f (x)M[g(x)]]dx − 4

(b−a)2

(∫ b

a
f (x)dx

)(∫ b

a
g(x)dx

)∣∣∣∣

� 1
(b−a)2

∫ b

a

[
|g(x)|

∫ b

a
|p(x, t)|

∣∣∣∣t − a+b
2

∣∣∣∣ | f ′′(t)|dt

+| f (x)|
∫ b

a
|p(x, t)|

∣∣∣∣t − a+b
2

∣∣∣∣
∣∣g′′(t)∣∣dt

]
dx

� 1
(b−a)2

∫ b

a

[
|g(x)|‖ f ′′‖∞ +| f (x)|‖g′′‖∞

] (∫ b

a
|p(x, t)|

∣∣∣∣t − a+b
2

∣∣∣∣dt
)

dx

=
1

(b−a)2

∫ b

a

[
|g(x)|‖ f ′′‖∞ +| f (x)|‖g′′‖∞

]
I(x)dx,

and the inequality (1.5.32) is proved.

Multiplying the left hand sides and right hand sides of (1.5.38) and (1.5.39), we have

M[ f (x)]M[g(x)]− 2
b−a

[
M[g(x)]

∫ b

a
f (t)dt +M[ f (x)]

∫ b

a
g(t)dt

]

+
4

(b−a)2

(∫ b

a
f (t)dt

)(∫ b

a
g(t)dt

)

=
1

(b−a)2

(∫ b

a
p(x, t)

(
t − a+b

2

)
f ′′(t)dt

)

×
(∫ b

a
p(x, t)

(
t − a+b

2

)
g′′(t)dt

)
. (1.5.42)

Dividing both sides of (1.5.42) by (b−a) and then integrating with respect to x over [a,b],

we get

1
b−a

∫ b

a
M[ f (x)]M[g(x)]dx− 2

(b−a)2

[(∫ b

a
M[g(x)]dx

) (∫ b

a
f (t)dt

)

+
(∫ b

a
M[ f (x)]dx

)(∫ b

a
g(t)dt

)]
+

4
(b−a)2

(∫ b

a
f (t)dt

)(∫ b

a
g(t)dt

)

=
1

(b−a)3

∫ b

a

(∫ b

a
p(x, t)

(
t − a+b

2

)
f ′′(t)dt

)
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×
(∫ b

a
p(x, t)

(
t − a+b

2

)
g′′(t)dt

)
dx. (1.5.43)

From (1.5.43) and using the properties of modulus, we have∣∣∣∣ 1
b−a

∫ b

a
M[ f (x)]M[g(x)]dx − 2

(b−a)2

[(∫ b

a
M[g(x)]dx

) (∫ b

a
f (t)dt

)

+
(∫ b

a
M[ f (x)]dx

)(∫ b

a
g(t)dt

)]
+

4
(b−a)2

(∫ b

a
f (t)dt

)(∫ b

a
g(t)dt

)∣∣∣∣
� 1

(b−a)3

∫ b

a

(∫ b

a
|p(x, t)|

∣∣∣∣t − a+b
2

∣∣∣∣ | f ′′(t)|dt
)(∫ b

a
|p(x, t)|

∣∣∣∣t − a+b
2

∣∣∣∣
∣∣g′′(t)∣∣dt

)

� 1
(b−a)3 ‖ f ′′‖∞‖g′′‖∞

∫ b

a

(∫ b

a
|p(x, t)|

∣∣∣∣t − a+b
2

∣∣∣∣dt
)2

dx

=
1

(b−a)3 ‖ f ′′‖∞‖g′′‖∞

∫ b

a
I2(x)dx,

which is the required inequality in (1.5.33).

From the hypotheses of Theorem 1.5.2 we have the following identities (see, Lemma 1.5.2):

N[ f (x)]− 1
b−a

∫ b

a
f (t)dt =

1
(b−a)2

∫ b

a

∫ b

a
p(x, t)p(t,s) f ′′(s)dsdt, (1.5.44)

and

N[g(x)]− 1
b−a

∫ b

a
g(t)dt =

1
(b−a)2

∫ b

a

∫ b

a
p(x, t)p(t,s)g′′(s)dsdt, (1.5.45)

for x ∈ [a,b]. Multiplying both sides of (1.5.44) and (1.5.45) by g(x) and f (x) respectively

and adding the resulting identities, we have

g(x)N[ f (x)]+ f (x)N[g(x)]− 1
b−a

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]

=
1

(b−a)2

[
g(x)

∫ b

a

∫ b

a
p(x, t)p(t,s) f ′′(s)dsdt

+ f (x)
∫ b

a

∫ b

a
p(x, t)p(t,s)g′′(s)dsdt

]
. (1.5.46)

Multiplying the left hand sides and right hand sides of (1.5.44) and (1.5.45), we have

N[ f (x)]N[g(x)]− 1
b−a

[
N[g(x)]

∫ b

a
f (t)dt +N[ f (x)]

∫ b

a
g(t)dt

]

+
1

(b−a)2

(∫ b

a
f (t)dt

)(∫ b

a
g(t)dt

)

=
1

(b−a)4

(∫ b

a

∫ b

a
p(x, t)p(t,s) f ′′(s)dsdt

)

×
(∫ b

a

∫ b

a
p(x, t)p(t,s)g′′(s)dsdt

)
. (1.5.47)

From (1.5.46) and (1.5.47) and following similar arguments as in the proof of Theo-

rem 1.5.1, below (1.5.40) and (1.5.42) with suitable changes we get the desired inequalities

in (1.5.35) and (1.5.36).

Next, we give the inequalities established in [120].
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Theorem 1.5.3. Let f , g : [a,b] → R be functions such that f (n−1), g(n−1) are absolutely

continuous on [a,b] and f (n), g(n) ∈ L∞[a,b] for some n ∈ N, then∣∣∣∣ 1
b−a

∫ b

a
[g(x)A[ f (x)]+ f (x)A[g(x)]] dx

− 2
(b−a)2

(∫ b

a
f (x)dx

)(∫ b

a
g(x)dx

)∣∣∣∣
� 1

(b−a)2

∫ b

a

[
|g(x)|

∥∥ f (n)∥∥
∞ + | f (x)|

∥∥g(n)∥∥
∞

]
Hn(x)dx, (1.5.48)

and ∣∣∣∣ 1
b−a

∫ b

a
A[ f (x)]A[g(x)] dx

− 1
(b−a)2

[(∫ b

a
A[g(x)]dx

)(∫ b

a
f (x)dx

)
+
(∫ b

a
A[ f (x)]dx

)(∫ b

a
g(x)dx

)]

+
1

(b−a)2

(∫ b

a
f (x)dx

)(∫ b

a
g(x)dx

)∣∣∣∣
� 1

(b−a)3

∥∥ f (n)∥∥
∞

∥∥g(n)∥∥
∞

∫ b

a
H2

n (x)dx, (1.5.49)

where

Hn(x) =
∫ b

a
|En(x, t)|dt, (1.5.50)

in which En(x, t) is given by (1.5.23).

Theorem 1.5.4. Let {Pn(t)}, t ∈ [a,b] be a harmonic sequence of polynomials and f , g :

[a,b] → R be functions such that f (n−1), g(n−1) are absolutely continuous on [a,b] and

f (n), g(n) ∈ L∞[a,b] for some n ∈ N, then∣∣∣∣ 1
b−a

∫ b

a
[g(x)B[ f (x)]+ f (x)B[g(x)]] dx

− 2
(b−a)2

(∫ b

a
f (x)dx

)(∫ b

a
g(x)dx

)∣∣∣∣
� 1

(b−a)2

∫ b

a

[
|g(x)|

∥∥ f (n)∥∥
∞ + | f (x)|

∥∥g(n)∥∥
∞

]
Dn(x)dx, (1.5.51)

and ∣∣∣∣ 1
b−a

∫ b

a
B[ f (x)]B[g(x)] dx

− 1
(b−a)2

[(∫ b

a
B[g(x)]dx

) (∫ b

a
f (x)dx

)
+
(∫ b

a
B[ f (x)]dx

) (∫ b

a
g(x)dx

)]

+
1

(b−a)2

(∫ b

a
f (x)dx

)(∫ b

a
g(x)dx

)∣∣∣∣
� 1

(b−a)3

∥∥ f (n)∥∥
∞

∥∥g(n)∥∥
∞

∫ b

a
D2

n(x)dx, (1.5.52)

where

Dn(x) =
1
n

∫ b

a
|Pn−1(t)p(x, t)|dt, (1.5.53)

in which p(x, t) is given by (1.2.11).
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Proofs of Theorems 1.5.3 and 1.5.4. From the hypotheses of Theorem 1.5.3, we have

the following identities (see, Lemma 1.5.3):

A[ f (x)]− 1
b−a

∫ b

a
f (t)dt =

(−1)n+1

b−a

∫ b

a
En(x, t) f (n)(t)dt, (1.5.54)

A[g(x)]− 1
b−a

∫ b

a
g(t)dt =

(−1)n+1

b−a

∫ b

a
En(x, t)g(n)(t)dt, (1.5.55)

for x ∈ [a,b]. Multiplying both sides of (1.5.54) and (1.5.55) by g(x) and f (x) respectively

and adding the resulting identities, we have

g(x)A[ f (x)]+ f (x)A[g(x)]− 1
b−a

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]

=
(−1)n+1

b−a

[
g(x)

∫ b

a
En(x, t) f (n)(t)dt + f (x)

∫ b

a
En(x, t)g(n)(t)dt

]
. (1.5.56)

Multiplying the left hand sides and right hand sides of (1.5.54) and (1.5.55), we get

A[ f (x)]A[g(x)]− 1
b−a

[
A[g(x)]

∫ b

a
f (t)dt +A[ f (x)]

∫ b

a
g(t)dt

]

+
1

(b−a)2

(∫ b

a
f (t)dt

)(∫ b

a
g(t)dt

)

=
(−1)2n+2

(b−a)2

(∫ b

a
En(x, t) f (n)(t)dt

)(∫ b

a
En(x, t)g(n)(t)dt

)
. (1.5.57)

Dividing both sides of (1.5.56) and (1.5.57) by (b − a) and then integrating both sides

with respect to x over [a,b] and following closely the proof of Theorem 1.5.1 with suitable

changes, we get (1.5.48) and (1.5.49).

From the hypotheses of Theorem 1.5.4, the following identities hold (see, Lemma 1.5.4):

B[ f (x)]− 1
b−a

∫ b

a
f (t)dt =

(−1)n−1

n(b−a)

∫ b

a
Pn−1(t)p(x, t) f (n)(t)dt, (1.5.58)

and

B[g(x)]− 1
b−a

∫ b

a
g(t)dt =

(−1)n−1

n(b−a)

∫ b

a
Pn−1(t)p(x, t)g(n)(t)dt, (1.5.59)

for x ∈ [a,b]. The proofs of the inequalities (1.5.51) and (1.5.52) can be completed by

following the proofs of Theorems 1.5.1–1.5.3, we leave the details to the reader.

Remark 1.5.2. We note that, one can very easily obtain bounds on the right hand sides in

(1.5.32), (1.5.33), (1.5.35), (1.5.36) and (1.5.48), (1.5.49), (1.5.51), (1.5.52) when f ′′, g′′

and f (n), g(n) belong to Lq[a,b] for q > 1, 1
q + 1

r = 1 or L1[a,b]. The precise formulation of

such results are very close to those given in Theorems 1.5.1–1.5.4 with suitable changes.

We omit the details.

To complete this section we present the Grüss-type inequality established in [121].
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Theorem 1.5.5. Let f , g, h : [a,b] → R be continuous functions on [a,b] and n-times

differentiable on (a,b) and with derivatives f (n), g(n), h(n) : (a,b) → R being bounded on

(a,b) for some n ∈ N, then∣∣∣∣∣
1

b−a

∫ b

a
f (x)g(x)h(x)dx− 1

3(b−a)2

∫ b

a

[
g(x)h(x)

{
I0 +

n−1

∑
k=1

Ik

}

+ h(x) f (x)

{
J0 +

n−1

∑
k=1

Jk

}
+ f (x)g(x)

{
L0 +

n−1

∑
k=1

Lk

}]
dx

∣∣∣∣∣

� 1
3(b−a)2

∫ b

a

[
|g(x)||h(x)|

∥∥ f (n)∥∥
∞ + |h(x)|| f (x)|

∥∥g(n)∥∥
∞

+| f (x)||g(x)|
∥∥∥h(n)

∥∥∥
∞

]
Mn(x)dx, (1.5.60)

where

Mn(x) =
(x−a)n+1 +(b− x)n+1

(n+1)!
, (1.5.61)

for x ∈ [a,b].

Proof. Let x ∈ [a,b], y ∈ (a,b). From the hypotheses on f , g, h and Taylor’s formula with

the Lagrange form of reminder (see [77]), we have

f (x) = f (y)+
n−1

∑
k=1

f (k)(y)
k!

(x− y)k +
1
n!

f (n)(ξ )(x− y)n, (1.5.62)

g(x) = g(y)+
n−1

∑
k=1

g(k)(y)
k!

(x− y)k +
1
n!

g(n)(η)(x− y)n, (1.5.63)

h(x) = h(y)+
n−1

∑
k=1

h(k)(y)
k!

(x− y)k +
1
n!

h(n)(σ)(x− y)n, (1.5.64)

where ξ = y + α(x− y) (0 < α < 1), η = y + β (x− y) (0 < β < 1), σ = y + γ(x− y)

(0 < γ < 1). From the definitions of Ik,Jk,Lk , I0,J0,L0 and integration by parts (see, [77]),

we have the relations

I0 +
n−1

∑
k=1

Ik = nI0 − (b−a)
n−1

∑
k=1

Fk(x), (1.5.65)

J0 +
n−1

∑
k=1

Jk = nJ0 − (b−a)
n−1

∑
k=1

Gk(x), (1.5.66)

L0 +
n−1

∑
k=1

Lk = nL0 − (b−a)
n−1

∑
k=1

Hk(x). (1.5.67)
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Multiplying both sides of (1.5.62), (1.5.63) and (1.5.64) by g(x)h(x), h(x) f (x) and f (x)g(x)

respectively and adding the resulting identities, we get

3 f (x)g(x)h(x) = g(x)h(x)

{
f (y)+

n−1

∑
k=1

f (k)(y)
k!

(x− y)k +
1
n!

f (n)(ξ )(x− y)n

}

+h(x) f (x)

{
g(y)+

n−1

∑
k=1

g(k)(y)
k!

(x− y)k +
1
n!

g(n)(η)(x− y)n

}

+ f (x)g(x)

{
h(y)+

n−1

∑
k=1

h(k)(y)
k!

(x− y)k +
1
n!

h(n)(σ)(x− y)n

}
. (1.5.68)

Integrating both sides of (1.5.68) with respect to y over (a,b) and rewriting, we obtain

f (x)g(x)h(x) =
1

3(b−a)

[
g(x)h(x)

{
I0 +

n−1

∑
k=1

Ik

}

+h(x) f (x)

{
J0 +

n−1

∑
k=1

Jk

}
+ f (x)g(x)

{
L0 +

n−1

∑
k=1

Lk

}]

+
1

3(b−a)(n!)

[
g(x)h(x) f (n)(ξ )+h(x) f (x)g(n)(η)

+ f (x)g(x)h(n)(σ)
]∫ b

a
(x− y)ndy. (1.5.69)

Integrating both sides of (1.5.69) with respect to x over [a,b] and rewriting, we get

1
b−a

∫ b

a
f (x)g(x)h(x)dx− 1

3(b−a)2

∫ b

a

[
g(x)h(x)

{
I0 +

n−1

∑
k=1

Ik

}

+h(x) f (x)

{
J0 +

n−1

∑
k=1

Jk

}
+ f (x)g(x)

{
L0 +

n−1

∑
k=1

Lk

}]
dx

=
1

3(b−a)2(n!)

∫ b

a

[
g(x)h(x) f (n)(ξ )+h(x) f (x)g(n)(η)

+ f (x)g(x)h(n)(σ)
](∫ b

a
(x− y)ndy

)
dx. (1.5.70)

From (1.5.70) and using the properties of modulus, we get the desired inequality in (1.5.60).

The proof is complete.
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Remark 1.5.3. Taking h(x) = 1 and hence h(k)(x) = 0, k = 1, . . . ,n, in Theorem 1.5.5 and

by simple computations, it is easy to see that the inequality (1.5.60), reduces to∣∣∣∣∣
1

b−a

∫ b

a
f (x)g(x)dx− 1

2(b−a)2

∫ b

a

[
g(x)

{
I0 +

n−1

∑
k=1

Ik

}
+ f (x)

{
J0 +

n−1

∑
k=1

Jk

}]
dx

∣∣∣∣∣

� 1
2(b−a)2

∫ b

a

[
|g(x)|

∥∥ f (n)∥∥
∞ + | f (x)|

∥∥g(n)∥∥
∞

]
Mn(x)dx. (1.5.71)

We note that, here we have used Taylor’s formula with Lagrange form of remainder to

establish (1.5.60). Instead of this, one can use Taylor’s formula with integral remainder, to

obtain a result in the framework of Theorem 1.5.5.

1.6 Discrete Inequalities of the Grüss-and Čebyšev-type

A number of Grüss-and Čebyšev-type discrete inequalities

have been investigated by different researchers, see [79,144], where further references are

also given. In this section we deal with the recent results established by Pachpatte in

[128,133,138].

We begin with a discrete version of the premature Grüss-type inequality proved in [128].

Theorem 1.6.1. Let f = ( f1, . . . , fn), g = (g1, . . . ,gn) be two n-tuples of real numbers and

γ � gi � Γ for i = 1, . . . ,n, where γ,Γ ∈ R are constants, then

|Cn( f ,g)| � 1
2
(Γ− γ)

√
Cn( f , f ), (1.6.1)

where

Cn( f ,g) =
1
n

n

∑
i=1

figi −
(

1
n

n

∑
i=1

fi

)(
1
n

n

∑
i=1

gi

)
. (1.6.2)

Proof. By direct computation it is easy to observe that the following discrete Korkine’s

type identity holds:

Cn( f ,g) =
1

2n2

n

∑
i=1

n

∑
j=1

( fi − f j)(gi −g j) . (1.6.3)

It is easy to observe that

Cn( f , f ) =
1
n

n

∑
i=1

f 2
i −
(

1
n

n

∑
i=1

fi

)2

. (1.6.4)
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Furthermore, by using the Cauchy-Schwarz inequality for sums, we observe that Cn( f , f ) �
0. Similarly, Cn(g,g) � 0. From (1.6.3) and using the Cauchy-Schwarz inequality for dou-

ble sums, we have

|Cn( f ,g)|2 =

{
1

2n2

n

∑
i=1

n

∑
j=1

( fi − f j)(gi −g j)

}2

�
{

1
2n2

n

∑
i=1

n

∑
j=1

( fi − f j)2

}{
1

2n2

n

∑
i=1

n

∑
j=1

(gi −g j)2

}

= Cn( f , f )Cn(g,g). (1.6.5)

The following identity also holds:

Cn(g,g) =

(
Γ− 1

n

n

∑
i=1

gi

)(
1
n

n

∑
i=1

gi − γ

)
− 1

n

n

∑
i=1

(Γ−gi)(gi − γ). (1.6.6)

Using the fact that (Γ−gi)(gi − γ) � 0 in (1.6.6) and then the elementary inequality cd �( c+d
2

)2
, c, d ∈ R, we have

Cn(g,g) �
(

Γ− 1
n

n

∑
i=1

gi

)(
1
n

n

∑
i=1

gi − γ

)
�
(

Γ− γ
2

)2

. (1.6.7)

Using (1.6.7) in (1.6.5), we get (1.6.1). The proof is complete.

Remark 1.6.1. In Theorem 1.6.1, if we assume that φ � fi � Φ for i = 1, . . . ,n, where

φ , Φ ∈ R are constants, then by following the same arguments used to obtain (1.6.7), we

get

Cn( f , f ) �
(

Φ−φ
2

)2

. (1.6.8)

Using (1.6.8) in (1.6.1), we get

|Cn( f ,g)| � 1
4
(Φ−φ)(Γ− γ), (1.6.9)

which in turn can be considered a discrete version of the well-known Grüss inequality.

The discrete Grüss-type inequality given in [138] is embodied in the following theorem.

Theorem 1.6.2. Let f = ( f1, . . . , fn), g = (g1, . . . ,gn) be two n-tuples of real numbers and

p = (p1, . . . , pn) be an n-tuple of nonnegative real numbers such that Pn = ∑n
i=1 pi > 0, then

|Cn(p, f ,g)| � 1
Pn

n

∑
i=1

pi

∣∣∣∣∣
(

fi −
1
Pn

n

∑
j=1

p j f j

) (
gi −

1
Pn

n

∑
j=1

p jg j

)∣∣∣∣∣ , (1.6.10)

where

Cn(p, f ,g) =
1
Pn

n

∑
i=1

pi figi−
(

1
Pn

n

∑
i=1

pi fi

)(
1
Pn

n

∑
i=1

pigi

)
. (1.6.11)
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Proof. First we observe that

1
Pn

n

∑
i=1

pi

(
fi −

1
Pn

n

∑
j=1

p j f j

)(
gi −

1
Pn

n

∑
j=1

p jg j

)

=
1
Pn

n

∑
i=1

pi

{
figi − fi

1
Pn

n

∑
j=1

p jg j −gi
1
Pn

n

∑
j=1

p j f j+
1

P2
n

n

∑
j=1

p j f j

n

∑
j=1

p jg j

}

=
1
Pn

n

∑
i=1

pi figi−
(

1
Pn

n

∑
i=1

pi fi

)(
1
Pn

n

∑
j=1

p jg j

)
−
(

1
Pn

n

∑
i=1

pigi

)(
1
Pn

n

∑
j=1

p j f j

)

+
1
Pn

n

∑
i=1

pi

(
1
Pn

n

∑
j=1

p j f j

)(
1
Pn

n

∑
j=1

p jg j

)

=
1
Pn

n

∑
i=1

pi figi−
(

1
Pn

n

∑
i=1

pi fi

)(
1
Pn

n

∑
i=1

pigi

)

= Cn(p, f ,g). (1.6.12)

From (1.6.12) and using the properties of modulus, we have

|Cn(p, f ,g)| � 1
Pn

n

∑
i=1

pi

∣∣∣∣∣
(

fi −
1
Pn

n

∑
j=1

p j f j

)(
gi −

1
Pn

n

∑
j=1

p jg j

)∣∣∣∣∣ ,
which is the required inequality in (1.6.10) and the proof is complete.

Remark 1.6.2. By taking pi = 1 for i = 1, . . . ,n and hence Pn = n, Cn(p, f ,g) = Cn( f ,g)

in (1.6.10), we get

|Cn( f ,g)| � 1
n

n

∑
i=1

∣∣∣∣∣
(

fi −
1
n

n

∑
j=1

f j

)(
gi −

1
n

n

∑
j=1

g j

)∣∣∣∣∣. (1.6.13)

We note that the inequality (1.6.13) can be considered as the discrete version of the Grüss-

type integral inequality given by Dragomir and McAndrew in [34].

The discrete Čebyšev-type inequality established in [128] is given in the following theorem.

Theorem 1.6.3. Let f = ( f1, . . . , fn), g = (g1, . . . ,gn) be two n-tuples of real numbers,

then

|Cn( f ,g)| �
√

n2 −1
2
√

3
max

1�k�n−1
|Δ fk|

√
Cn(g,g), (1.6.14)

where Cn( f ,g) is given by (1.6.2) and Δ fk = fk+1 − fk.
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Proof. First we recall that the discrete Korkine-type identity (1.6.3) holds. Following the

proof of Theorem 1.6.1 we get (1.6.5). It is easy to observe that the following identity

holds:

fi − f j =
i−1

∑
k= j

( fk+1 − fk) =
i−1

∑
k= j

Δ fk. (1.6.15)

We also observe that

|Cn( f , f )| = 1
2n2

∣∣∣∣∣
n

∑
i=1

n

∑
j=1

( fi − f j)
2

∣∣∣∣∣�
1

2n2

n

∑
i=1

n

∑
j=1

(
i−1

∑
k= j

|Δ fk|
)2

� 1
2n2

(
max

1�k�n−1
|Δ fk|

)2 n

∑
i=1

n

∑
j=1

(i− j)2. (1.6.16)

By simple computation, we get
n

∑
i=1

n

∑
j=1

(i− j)2 =
n2
(
n2 −1

)
6

. (1.6.17)

Using (1.6.17) in (1.6.16) and the fact that Cn( f , f ) � 0, we get

Cn( f , f ) � n2 −1
12

(
max

1�k�n−1
|Δ fk|

)2

. (1.6.18)

Using (1.6.18) in (1.6.5), we get (1.6.14) and the proof is complete.

Remark 1.6.3. We note that the inequality (1.6.14) can be considered as a discrete version

of the inequality given in Theorem 1.3.1. By following a similar arguments as in the proof

of (1.6.18), we obtain

Cn(g,g) � n2 −1
12

(
max

1�k�n−1
|Δgk|

)2

. (1.6.19)

Using (1.6.19) in (1.6.14), we get

Cn( f ,g) � n2 −1
12

max
1�k�n−1

|Δ fk| max
1�k�n−1

|Δgk|. (1.6.20)

The inequality (1.6.20) can be considered a discrete version of the Čebyšev inequality

given in (1).

The following Theorem deals with the discrete weighted Čebyšev-type inequality proved

in [138].

Theorem 1.6.4. Let f , g, p, Pn be as in Theorem 1.6.2, then

|Cn(p, f ,g)| � max
1�k�n−1

|Δ fk| max
1�k�n−1

|Δgk|×
[

1
Pn

n

∑
i=1

pii2 −
(

∑n
i=1 ipi

Pn

)2
]

, (1.6.21)

where Cn(p, f ,g) is given by (1.6.11).
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Proof. By direct computation, it is easy to observe that the following discrete Korkine

identity holds:

Cn(p, f ,g) =
1

2P2
n

n

∑
i=1

n

∑
j=1

pi p j( fi − f j)(gi −g j). (1.6.22)

We observe that the following identities also hold:

fi − f j =
i−1

∑
k= j

( fk+1 − fk) =
i−1

∑
k= j

Δ fk, (1.6.23)

gi −g j =
i−1

∑
k= j

(gk+1 −gk) =
i−1

∑
k= j

Δgk. (1.6.24)

Using (1.6.23) and (1.6.24) in (1.6.22), we get

Cn(p, f ,g) =
1

2P2
n

n

∑
i=1

n

∑
j=1

pi p j

(
i−1

∑
k= j

Δ fk

)(
i−1

∑
k= j

Δgk

)
. (1.6.25)

From (1.6.25) and using the properties of modulus, we have

|Cn(p, f ,g)| � 1
2P2

n

n

∑
i=1

n

∑
j=1

pi p j

(
i−1

∑
k= j

|Δ fk|
)(

i−1

∑
k= j

|Δgk|
)

� 1
2P2

n
max

1�k�n−1
|Δ fk| max

1�k�n−1
|Δgk|

n

∑
i=1

n

∑
j=1

pi p j(i− j)2

=
1

2P2
n

max
1�k�n−1

|Δ fk| max
1�k�n−1

|Δgk|2

⎡
⎣Pn

n

∑
i=1

pii2 −
(

n

∑
i=1

ipi

)2
⎤
⎦

= max
1�k�n−1

|Δ fk| max
1�k�n−1

|Δgk|×
[

1
Pn

n

∑
i=1

pii2 −
(

∑n
i=1 ipi

Pn

)2
]

,

and the inequality (1.6.21) is proved.

Remark 1.6.4. We note that A. Lupas [79, Chapter X] proved some results similar to

that of the inequality (1.6.21) when f = ( f1, . . . , fn), g = (g1, . . . ,gn) are two monotonic

n-tuples in the same sense and p = (p1, . . . , pn) is a positive n-tuple. In the special case,

when pi = 1 for i = 1, . . . ,n and hence Pn = n, Cn(p, f ,g) =Cn( f ,g), the inequality (1.6.21)

reduces to

|Cn( f ,g)| � max
1�k�n−1

|Δ fk| max
1�k�n−1

|Δgk|×
[

1
n

n

∑
i=1

i2 −
(

∑n
i=1 i
n

)2
]

. (1.6.26)

In the proof of the next theorem, we need the following representation formula given in [1].
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Lemma 1.6.1. Let {x1, . . . ,xn} be a finite sequence of real numbers and {w1, . . . ,wn} be

a finite sequence of positive real numbers, then

xk =
1

Wn

n

∑
i=1

wixi +
n−1

∑
i=1

Dw(k, i)Δxi, (1.6.27)

where Δxi = xi+1 − xi and

Dw(k, i) =
1

Wn

{
Wi, 1 � i � k−1,(
−W i

)
, k � i � n,

(1.6.28)

is the discrete weighted Peano kernel, in which

Wk =
k

∑
i=1

wi, W k =
n

∑
i=k+1

wi = Wn −Wk.

Proof. By direct computation it is easy to observe that the following discrete identity

holds (see [1]):
n

∑
i=1

wixi = xkWn +
k−1

∑
i=1

Wi(xi − xi+1)+
n−1

∑
i=k

W i(xi+1 − xi), (1.6.29)

for 1 � k � n. Rewriting (1.6.29) by using (1.6.28) we get the desired identity in (1.6.27).

Remark 1.6.5. If we take wi = 1 for i = 1, . . . ,n, then Wi = i and W i = n− i and (1.6.27)

reduces to the discrete Montgomery identity,

xk =
1
n

n

∑
i=1

xi +
n−1

∑
i=1

Dn(k, i)Δxi, (1.6.30)

where

Dn(k, i) =

⎧⎪⎨
⎪⎩

i
n
, 1 � i � k−1,

i
n
−1, k � i � n.

(1.6.31)

Finally, we present the Grüss-type discrete inequalities given in [133].

Theorem 1.6.5. Let {uk}, {vk} for k = 1, . . . ,n be two finite sequences of real numbers

such that max1�k�n−1{|Δuk|} = A, max1�k�n−1{|Δvk|} = B, where A, B are nonnegative

constants, then the following inequalities hold:

|Jn(uk,vk)| �
1
2n

n

∑
k=1

[|vk|A+ |uk|B]Hn(k), (1.6.32)

and

|Jn(uk,vk)| �
AB
n

n

∑
k=1

(Hn(k))2, (1.6.33)

where

Jn(uk,vk) =
1
n

n

∑
k=1

ukvk −
(

1
n

n

∑
k=1

uk

)(
1
n

n

∑
k=1

vk

)
, (1.6.34)

Hn(k) =
n−1

∑
i=1

|Dn(k, i)|, (1.6.35)

in which Dn(k, i) is defined by (1.6.31).
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Proof. From the hypotheses, we have the following identities (see, Remark 1.6.5):

uk −
1
n

n

∑
i=1

ui =
n−1

∑
i=1

Dn(k, i)Δui, (1.6.36)

vk −
1
n

n

∑
i=1

vi =
n−1

∑
i=1

Dn(k, i)Δvi, (1.6.37)

for k = 1, . . . ,n. Multiplying both sides of (1.6.36) and (1.6.37) by vk and uk respectively,

adding the resulting identities and rewriting, we get

ukvk −
1

2n

[
vk

n

∑
i=1

ui +uk

n

∑
i=1

vi

]
=

1
2

[
vk

n−1

∑
i=1

Dn(k, i)Δui +uk

n−1

∑
i=1

Dn(k, i)Δvi

]
. (1.6.38)

Summing both sides of (1.6.38) over k from 1 to n and rewriting, we get

Jn(uk,vk) =
1
2n

n

∑
k=1

[
vk

n−1

∑
i=1

Dn(k, i)Δui +uk

n−1

∑
i=1

Dn(k, i)Δvi

]
. (1.6.39)

From (1.6.39) and using the properties of modulus, we get the required inequality in

(1.6.32).

Multiplying the left hand sides and right hand sides of (1.6.36) and (1.6.37), we get

ukvk −
1
n

[
vk

n

∑
i=1

ui +uk

n

∑
i=1

vi

]
+

1
n2

(
n

∑
i=1

ui

)(
n

∑
i=1

vi

)

=

[
n−1

∑
i=1

Dn(k, i)Δui

][
n−1

∑
i=1

Dn(k, i)Δvi

]
. (1.6.40)

Summing both sides of (1.6.40) over k from 1 to n and rewriting, we have

Jn(uk,vk) =
1
n

n

∑
k=1

[
n−1

∑
i=1

Dn(k, i)Δui

][
n−1

∑
i=1

Dn(k, i)Δvi

]
. (1.6.41)

From (1.6.41) and using the properties of modulus, we get the desired inequality in (1.6.33).

The proof is complete.

1.7 Applications

In this section we present applications of a few of the inequalities given in earlier sections

which have been investigated during the past few years.

1.7.1 Estimation of the remainder in the Trapezoid formula

As an application of Theorem 1.2.2, in this section, we present a version of the Trapezoid-

type inequality and it’s application given in [34].

We start with the following Trapezoid-type inequality.
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Theorem 1.7.1. Let f : [a,b] → R be a differentiable mapping on (a,b) having first

derivative f ′ : (a,b) → R bounded on (a,b), then∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (x)dx

∣∣∣∣� b−a
4

max
x∈(a,b)

∣∣∣∣ f ′(x)− f (b)− f (a)
b−a

∣∣∣∣ . (1.7.1)

Proof. A simple integration by parts, gives

f (a)+ f (b)
2

(b−a)−
∫ b

a
f (x)dx =

∫ b

a

(
x− a+b

2

)
f ′(x)dx. (1.7.2)

Applying the inequality (1.2.7) given in Theorem 1.2.2, we get∣∣∣∣ 1
b−a

∫ b

a

(
x− a+b

2

)
f ′(x)dx−

(
1

b−a

∫ b

a

(
x− a+b

2

)
dx
)(

1
b−a

∫ b

a
f ′(x)dx

)∣∣∣∣

� 1
b−a

∫ b

a

∣∣∣∣
(

x− a+b
2

− 1
b−a

∫ b

a

(
y− a+b

2

)
dy
)
×
(

f ′(x)− 1
b−a

∫ b

a
f ′(y)dy

)∣∣∣∣dx.

As ∫ b

a

(
x− a+b

2

)
dx = 0,

we get ∣∣∣∣
∫ b

a

(
x− a+b

2

)
f ′(x)dx

∣∣∣∣�
∫ b

a

∣∣∣∣
(

x− a+b
2

)(
f ′(x)− f (b)− f (a)

b−a

)∣∣∣∣dx

� max
x∈(a,b)

∣∣∣∣ f ′(x)− f (b)− f (a)
b−a

∣∣∣∣
∫ b

a

∣∣∣∣x− a+b
2

∣∣∣∣dx

=
(b−a)2

4
max

x∈(a,b)

∣∣∣∣ f ′(x)− f (b)− f (a)
b−a

∣∣∣∣ . (1.7.3)

Now using (1.7.2) in (1.7.3), we obtain (1.7.1).

In the following Theorem we assume that f : I ⊆ R → R is a differentiable mapping with

derivative satisfying the following condition:

| f (b)− f (a)− (b−a) f ′(x)| � Ω(b−a)2, Ω > 0, (1.7.4)

for all a, b ∈ I and x ∈ (a,b).

If f ′ is M-lipschitzian, i.e.,

| f ′(u)− f ′(v)| � M|u− v|, M > 0,

then

| f (b)− f (a)− (b−a) f ′(x)| = | f ′(c)− f ′(x)||b−a| � M|c− x||b−a| � M(b−a)2,

where c ∈ (a,b). Consequently, the mappings having the first derivative lipschitzian satisfy

the condition (1.7.4).

The following trapezoid formula holds.
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Theorem 1.7.2. Let f : [a,b] → R be a differentiable mapping on (a,b) with derivative

f ′ : (a,b) → R satisfying the above condition (1.7.4) on (a,b). If Ih : a = x0 < x1 < · · · <
xn−1 < xn = b is a division of [a,b] and hi = xi+1 − xi, i = 0,1, . . . ,n−1, then we have:

∫ b

a
f (t)dt = AT,Ih( f )+RT,Ih( f ), (1.7.5)

where

AT,Ih( f ) =
n−1

∑
i=0

f (xi)+ f (xi+1)
2

hi, (1.7.6)

and the remainder RT,Ih( f ) satisfies the estimation:

∣∣RT,Ih( f )
∣∣� Ω

4

n−1

∑
i=0

h3
i . (1.7.7)

Proof. Applying Theorem 1.7.1 on the interval [xi,xi+1], we can write∣∣∣∣(xi+1 − xi)
f (xi)+ f (xi+1)

2
−
∫ xi+1

xi

f (t)dt
∣∣∣∣� xi+1 − xi

4
max

x∈(xi,xi+1)

∣∣∣∣ f ′(x)− f (xi+1)− f (xi)
xi+1 − xi

∣∣∣∣
� Ω(xi+1 − xi)3

4
,

i.e., ∣∣∣∣ f (xi)+ f (xi+1)
2

hi −
∫ xi+1

xi

f (t)dt
∣∣∣∣� Ωh3

i
4

, (1.7.8)

for all i = 0,1, . . . ,n−1.

Summing both sides of (1.7.8) over i from i = 0 to n− 1 and using the generalized trian-

gle inequality, we get the approximation (1.7.5) and the remainder satisfies the estimation

(1.7.7).

Remark 1.7.1. We note that the trapezoid formula given above works for a class larger

than the class C2[a,b] for which the usual trapezoid formula works with the remainder term

satisfying the estimation

∣∣RT,Ih( f )
∣∣� ‖ f ′′‖∞

12

n−1

∑
i=0

h3
i ,

where ‖ f ′′‖∞ = supt∈(a,b) | f ′′(t)| < ∞.

1.7.2 Bounds for a perturbed generalized Taylor’s formula

In [31], Dragomir was the first to introduce the perturbed Taylor formula, with the idea to

estimate the remainder using Grüss and Čebyšev-type inequalities. We state the following

result given in [31].
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Theorem 1.7.3. Let f : I → R (I ⊂ R is a closed interval, a ∈ I) be such that f (n) is

absolutely continuous. Then we have the Taylor’s perturbed formula:

f (x) = Tn( f ;a,x)+
(x−a)n+1

(n+1)!

[
f (n);a,x

]
+Gn( f ;a,x), (1.7.9)

where

Tn( f ;a,x) :=
n

∑
k=0

(x−a)k

k!
f (k)(a), (1.7.10)

and [
f (n);a,x

]
:=

f (n)(x)− f (n)(a)
x−a

. (1.7.11)

The remainder Gn( f ;a,x) satisfies the estimation:

|Gn( f ;a,x)| � (x−a)n+1

4(n!)
[Γ(x)− γ(x)] , (1.7.12)

where

Γ(x) := sup
t∈[a,x]

f (n+1)(t), γ(x) := inf
t∈[a,x]

f (n+1)(t), (1.7.13)

for all x � a, x ∈ I.

In this section we present some generalizations and improvements of Theorem 1.7.3, as

well as some other results from [72].

In [72], Matić, Pečarić and Ujević proved the following generalized Taylor formula.

Theorem 1.7.4. Let {Pn(x)} be a harmonic sequence of polynomials, that is

P′
n(x) = Pn−1(x), n ∈ N; P0(x) = 1.

Further, let I ⊂ R be a closed interval and a ∈ I. If f : I → R is any function such that, for

some n ∈ N, f (n) is absolutely continuous, then for any x ∈ I,

f (x) = f (a)+
n

∑
k=1

(−1)k+1
[
Pk(x) f (k)(x)−Pk(a) f (k)(a)

]
+Rn( f ;a,x), (1.7.14)

where

Rn( f ;a,x) = (−1)n
∫ x

a
Pn(t) f (n+1)(t)dt. (1.7.15)

Proof. Integrating by parts, we have

(−1)n
∫ x

a
Pn(t) f (n+1)(t)dt = (−1)nPn(t) f (n)(t)

∣∣∣x
a
+(−1)n−1

∫ x

a
Pn−1(t) f (n)(t)dt

= (−1)n
[
Pn(x) f (n)(x)−Pn(a) f (n)(a)

]
+(−1)n−1

∫ x

a
Pn−1(t) f (n)(t)dt.

Clearly, we can apply the same procedure to the term (−1)n−1 ∫ x
a Pn−1(t) f (n)(t)dt. So, by

successive integration by parts, we obtain

(−1)n
∫ x

a
Pn(t) f (n+1)(t)dt =

n

∑
k=1

(−1)k
[
Pk(x) f (k)(x)−Pk(a) f (k)(a)

]
+ f (x)− f (a),

and this is equivalent to (1.7.14).
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Remark 1.7.2. The formula (1.7.14) can be called a generalized Taylor’s formula. Since,

if we set Pn(t) = (t−x)n

n! in (1.7.14), then we get the classical Taylor’s formula:

f (x) = f (a)+
n

∑
k=1

(x−a)k

k!
f (k)(a)+RT

n ( f ;a,x), (1.7.16)

where

RT
n ( f ;a,x) =

1
n!

∫ x

a
(x− t)n f (n+1)(t)dt. (1.7.17)

The following theorem, proved in [72], deals with the generalization of the result stated in

Theorem 1.7.3 which also improves the estimation (1.7.12).

Theorem 1.7.5. Let {Pn(x)} be a harmonic sequence of polynomials. Let I ⊂ R be a

closed interval and a ∈ I. Suppose f : I →R, is such that, for some n ∈N, f (n) is absolutely

continuous, then for any x ∈ I we have the generalized Taylor’s perturbed formula:

f (x) = T n( f ;a,x)+(−1)n [Pn+1(x)−Pn+1(a)]
[

f (n);a,x
]
+Gn( f ;a,x), (1.7.18)

where

T n( f ;a,x) = f (a)+
n

∑
k=1

(−1)k+1
[
Pk(x) f (k)(x)−Pk(a) f (k)(a)

]
, (1.7.19)

and
[

f (n);a,x
]

is defined by (1.7.11). For x � a the remainder Gn( f ;a,x) satisfies the

estimation
∣∣Gn( f ;a,x)

∣∣� x−a
2

√
T (Pn,Pn) [Γ(x)− γ(x)] , (1.7.20)

where Γ(x) and γ(x) are defined by (1.7.13).

Proof. Taylor’s generalized formula (1.7.14) can be rewritten as

f (x) = T n( f ;a,x)+(−1)n [Pn+1(x)−Pn+1(a)]
[

f (n);a,x
]
+G( f ;a,x),

where

Gn( f ;a,x) := Rn( f ;a,x)− (−1)n [Pn+1(x)−Pn+1(a)]
[

f (n);a,x
]
,

and this is just the representation (1.7.18). By (1.7.15), we have

Gn( f ;a,x) = (−1)n
{∫ x

a
Pn(t) f (n+1)(t)dt − [Pn+1(x)−Pn+1(a)]

[
f (n);a,x

]}
. (1.7.21)

On the other hand, setting f = Pn and g = f (n+1) in Theorem 1.2.1, we get∣∣∣∣ 1
x−a

∫ x

a
Pn(t) f (n+1)(t)dt − 1

(x−a)2

∫ x

a
Pn(t)dt

∫ x

a
f (n+1)(t)dt

∣∣∣∣
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� 1
2
[Γ(x)− γ(x)]

√
T (Pn,Pn). (1.7.22)

Note that ∫ x

a
Pn(t)dt =

∫ x

a
P′

n+1(t)dt = Pn+1(x)−Pn+1(a),

and ∫ x

a
f (n+1)(t)dt = f (n)(x)− f (n)(a) = (x−a)

[
f (n);a,x

]
,

so that, after multiplying (1.7.22) by (x−a), we have∣∣∣∣
∫ x

a
Pn(t) f (n+1)(t)dt − [Pn+1(x)−Pn+1(a)]

[
f (n);a,x

]∣∣∣∣� x−a
2

[Γ(x)− γ(x)]
√

T (Pn,Pn).

Combining this with (1.7.21), we get the estimation (1.7.20).

The above result gives the following improvement of the estimation (1.7.12).

Corollary 1.7.1. Let the assumptions of Theorem 1.7.3 be satisfied, then the remainder

Gn( f ;a,x) defined by (1.7.9) satisfies the estimation

|Gn( f ;a,x)| � n(x−a)n+1

2[(n+1)!]
√

2n+1
[Γ(x)− γ(x)] . (1.7.23)

Proof. If Pn(t) = (t−x)n

n! , then it is easy to see that T n( f ;a,x) = Tn( f ;a,x) and

(−1)n [Pn+1(x)−Pn+1(a)] = (x−a)n+1

(n+1)! , so that (1.7.18) becomes (1.7.9), that is Gn( f ;a,x) =

Gn( f ;a,x). Also, we have

T (Pn,Pn) =
1

x−a

∫ x

a

(t − x)2n

(n!)2 dt − 1
(x−a)2

(∫ x

a

(t − x)n

n!
dt
)2

=
1

(n!)2

[
1

x−a

(
(t − x)2n+1

2n+1

∣∣∣∣
x

a

)
− 1

(x−a)2

(
(t − x)n+1

n+1

∣∣∣∣
x

a

)2]

=
n2(x−a)2n

[(n+1)!]2(2n+1)
,

that is, √
T (Pn,Pn) =

n(x−a)n

(n+1)!
√

2n+1
. (1.7.24)

Now, we apply the inequality (1.7.20) to obtain the desired result.

Remark 1.7.3. Denote by Δn and Δn the right hand sides of (1.7.12) and (1.7.23) respec-

tively, then, we have

Δn =
2n

(n+1)
√

2n+1
Δn < Δn,

since obviously 2n
(n+1)

√
2n+1

< 1 for all n ∈ N. Moreover, 2n
(n+1)

√
2n+1

tends to zero when, n

tends to ∞. So the estimation in (1.7.23) is much better than the estimation in (1.7.12).

We next give another estimation obtained in [72] for the remainder term in the representa-

tion formula (1.7.18).
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Theorem 1.7.6. Suppose that the assumptions of Theorem 1.7.5 are satisfied. Addition-

ally, suppose f (n+1) is differentiable and such that

M(n+2)(x) := sup
t∈[a,x]

∣∣∣ f (n+2)(t)
∣∣∣< ∞,

for x � a. The remainder Gn( f ;a,x) satisfies the estimation

∣∣Gn( f ;a,x)
∣∣� (x−a)2M(n+2)(x)√

12

√
T (Pn,Pn), (1.7.25)

for all x � a, x ∈ I.

Proof. From the proof of Theorem 1.7.5, it is easy to see that

Gn( f ;a,x) = (−1)n(x−a)T
(

f (n+1),Pn

)
. (1.7.26)

From (1.7.26) and making use of the inequality given in Theorem 1.3.1 when f = f (n+1)

and g = Pn, we observe that

∣∣Gn( f ;a,x)
∣∣= (x−a)

∣∣∣T
(

f (n+1),Pn

)∣∣∣� (x−a)2M(n+2)(x)√
12

√
T (Pn,Pn),

and the proof is complete.

Corollary 1.7.2. Let the assumptions of Theorem 1.7.6 be satisfied, then we have the

representation (1.7.9) and the remainder Gn( f ;a,x) satisfies the estimation:

|Gn( f ;a,x)| � Δ(n) :=
n(x−a)n+2M(n+2)(x)√

12(n+1)!
√

2n+1
. (1.7.27)

Proof. Set Pn(t) = (t−x)n

n! and apply Theorem 1.7.6, then use (1.7.24) to obtain the desired

result.

Remark 1.7.4. In [31, Theorem 2.4] the following estimation can be obtained

|Gn( f ;a,x)| � Δn :=
(x−a)n+2M(n+2)(x)

12[(n+1)!]
.

We have

Δn =
√

12
(n+1)

√
2n+1

Δn,

and
√

12
(n+1)

√
2n+1

< 1, for n > 1. So, the estimation established in Corollary 1.7.2 is better

than the one given in [31, p.187]. For some other estimations by using Taylor’s perturbed

formula, see [72].
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1.7.3 Some inequalities for expectation and the cumulative distribution functions

In the present section we apply Theorem 1.3.1 to obtain some inequalities recently given

in [5] for the expectation and cumulative distribution function of a random variable having

probability density function defined on a finite interval.

Let f : [a,b] → R be the probability density function (p.d.f.) of the random variable X , that

is, an integrable function satisfying
∫ b

a f (t)dt = 1,

E(x) :=
∫ b

a
t f (t)dt,

its expectation and the cumulative distribution function F : [a,b] → [0,1], i.e.,

F(x) =
∫ x

a
f (t)dt, x ∈ [a,b].

We start with the following result for expectation.

Theorem 1.7.7. Let X be a random variable having the probability density function f :

[a,b] → R. Assume that f is absolutely continuous on [a,b] and f ′ ∈ L∞[a,b], then∣∣∣∣E(x)− a+b
2

∣∣∣∣� 1
12

(b−a)3‖ f ′‖∞, (1.7.28)

where E(X) is the expectation of the random variable X .

Proof. If we put g(t) = t in the inequality (1.3.3), then we have∣∣∣∣ 1
b−a

∫ b

a
t f (t)dt −

(
1

b−a

∫ b

a
f (t)dt

)(
1

b−a

∫ b

a
tdt
)∣∣∣∣

� 1
2
√

3
(b−a)‖ f ′‖∞

[
1

b−a

∫ b

a
t2dt −

(
1

b−a

∫ b

a
tdt
)2
] 1

2

.

However,

1
b−a

∫ b

a
t2dt −

(
1

b−a

∫ b

a
tdt
)2

=
(b−a)2

12
,

and so (1.7.28) is true.

The following Theorems provide inequalities that connect the expectation E(X) and the

cumulative distribution function F(x) of a random variable X having p.d.f., f ,

Theorem 1.7.8. Let X be a random variable with p.d.f., f : [a,b] → R absolutely contin-

uous on [a,b] and f ′ ∈ L∞[a,b], then∣∣∣∣E(x)+(b−a)F(x)− x− b−a
2

∣∣∣∣� 1
12

(b−a)3‖ f ′‖∞, (1.7.29)

for all x ∈ [a,b].
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Proof. We use the following identity established by Barnett and Dragomir in [4]:

(b−a)F(x)+E(x)−b =
∫ b

a
p(x, t)dF(t) =

∫ b

a
p(x, t) f (t)dt, (1.7.30)

for all x ∈ [a,b], where

p(x, t) =

{
t −a, a � t � x � b,

t −b, a � x < t � b.

Indeed, the Riemann-Stieltjes integral
∫ b

a p(x, t)dF(t) exists for any x ∈ [a,b] and the for-

mula of integration by parts for Riemann-Stieltjes integral gives
∫ b

a
p(x, t)dF(t) =

∫ x

a
(t −a)dF(t)+

∫ b

x
(t −b)dF(t)

= (t −a)F(t)
∣∣∣x
a
−
∫ x

a
F(t)dt +(t −b)F(t)

∣∣∣b
x
−
∫ b

x
F(t)dt

= (b−a)F(x)−
∫ b

a
f (t)dt. (1.7.31)

On the other hand, the integration by parts formula for Riemann-Stieltjes integral also gives

E(x) :=
∫ b

a
tdF(t) = tF(t)

∣∣∣b
a
−
∫ b

a
f (t)dt

= bF(b)−aF(a)−
∫ b

a
f (t)dt = b−

∫ b

a
f (t)dt. (1.7.32)

Now, using (1.7.31) and (1.7.32), we get (1.7.30).

Now, if we apply the inequality (1.3.3) given in Theorem 1.3.1 for g(t) = p(x, t), we obtain∣∣∣∣ 1
b−a

∫ b

a
p(x, t) f (t)dt −

(
1

b−a

∫ b

a
p(x, t)dt

)(
1

b−a

∫ b

a
f (t)dt

)∣∣∣∣

� 1
2
√

3
(b−a)‖ f ′‖∞

[
1

b−a

∫ b

a
p2(x, t)dt−

(
1

b−a

∫ b

a
p(x, t)dt

)2
] 1

2

. (1.7.33)

Observe that
1

b−a

∫ b

a
p(x, t)dt = x− a+b

2
, (1.7.34)

and

1
b−a

b∫

a

p2(x, t)dt −

⎛
⎝ 1

b−a

b∫

a

p(x, t)dt

⎞
⎠

2

=
1

b−a

[
(b− x)3 +(x−a)3

3

]
−
(

x− a+b
2

)2

=
1
12

(b−a)2. (1.7.35)

Using (1.7.30), (1.7.34), (1.7.35) in (1.7.33), we get the required inequality in (1.7.29).



60 Analytic Inequalities: Recent Advances

Theorem 1.7.9. Let X , F and f be as in Theorem 1.7.8, then
∣∣∣∣E(x)+

b−a
2

F(x)− x+b
2

∣∣∣∣� 1
4
(b−a)‖ f ′‖∞

[(
x− a+b

2

)2

+
1
12

(b−a)2

]
, (1.7.36)

for all x ∈ [a,b].

Proof. Applying the inequality given in Theorem 1.3.1 in the form (1.3.3), we get∣∣∣∣ 1
x−a

∫ x

a
(t −a) f (t)dt −

(
1

x−a

∫ x

a
(t −a)dt

)(
1

x−a

∫ x

a
f (t)dt

)∣∣∣∣

� 1
2
√

3
(x−a)‖ f ′‖∞

[
1

x−a

∫ x

a
(t −a)2dt −

(
1

x−a

∫ x

a
(t −a)dt

)2
] 1

2

=
1
12

(x−a)2‖ f ′‖∞, (1.7.37)

and similarly,∣∣∣∣ 1
b− x

∫ b

x
(t −b) f (t)dt −

(
1

b− x

∫ b

x
(t −b)dt

)(
1

b− x

∫ b

x
f (t)dt

)∣∣∣∣

� 1
12

(b− x)2‖ f ′‖∞, (1.7.38)

for all x ∈ [a,b]. From (1.7.37) and (1.7.38), we can write∣∣∣∣
∫ x

a
(t −a) f (t)dt − x−a

2
F(x)

∣∣∣∣� 1
12

(x−a)3‖ f ′‖∞, (1.7.39)

and ∣∣∣∣
∫ b

x
(t −b) f (t)dt +

b− x
2

(1−F(x))
∣∣∣∣� 1

12
(b− x)3‖ f ′‖∞, (1.7.40)

for all x∈ [a,b]. Summing (1.7.39) and (1.7.40) and using the triangle inequality, we deduce∣∣∣∣
∫ x

a
(t −a) f (t)dt +

∫ b

x
(t −b) f (t)dt − b−a

2
F(x)+

b− x
2

∣∣∣∣

� 1
12

‖ f ′‖∞
[
(x−a)3 +(b− x)3]

=
1

12
(b−a)‖ f ′‖∞

[
3
(

x− a+b
2

)2

+
1
4
(b−a)2

]

=
1
4
(b−a)‖ f ′‖∞

[(
x− a+b

2

)2

+
1
12

(b−a)2

]
. (1.7.41)

Using the identity (1.7.30) in (1.7.41), we deduce (1.7.36).
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Remark 1.7.5. If we take x = a or x = b in (1.7.29) and (1.7.36), then we recapture the

inequality given in (1.7.28) and if we take x = a+b
2 in (1.7.29) and (1.7.36), then we get

inequalities that are of independent interest

1.8 Miscellaneous inequalities

1.8.1 Dragomir [42]

Let f and g be two functions defined and integrable on [a,b]. If φ � f (x) � Φ, γ � g(x) �
Γ for all x ∈ [a,b], where φ , Φ, γ, Γ are given real constants, and h : [a,b] → [0,∞) is

integrable and
∫ b

a h(x)dx > 0, then∣∣∣∣
∫ b

a
h(x)dx

∫ b

a
f (x)g(x)h(x)dx−

∫ b

a
h(x) f (x)dx

∫ b

a
h(x)g(x)dx

∣∣∣∣
� 1

4
(Φ−φ)(Γ− γ)

(∫ b

a
h(x)dx

)2

,

and the constant 1
4 is the best possible.

1.8.2 Dragomir [42]

Let f , g : [a,b] → R be two differentiable mappings on (a,b) and p : [a,b] → [0,∞) is

integrable on [a,b]. If f ′, g′ ∈ L∞[a,b], then∣∣∣∣
∫ b

a
p(x)dx

∫ b

a
p(x) f (x)g(x)dx−

∫ b

a
p(x) f (x)dx

∫ b

a
p(x)g(x)dx

∣∣∣∣
� 1

2

∫ b

a

∫ b

a
p(x)p(y)

∣∣∣∣
∫ y

x
| f ′(t)|dt

∣∣∣∣
∣∣∣∣
∫ y

x
|g′(t)|dt

∣∣∣∣dxdy

� ‖ f ′‖∞‖g′‖∞

[∫ b

a
p(x)dx

∫ b

a
p(x)x2dx−

(∫ b

a
p(x)xdx

)2
]

,

and the inequality is sharp.

1.8.3 Pachpatte [113]

Let f , g : [a,b]→ R be absolutely continuous functions whose derivatives f ′, g′ ∈ Lp[a,b],

p > 1, then

|T ( f ,g)| � 1
2(b−a)2

∫ b

a

[
|g(x)|‖ f ′‖p + | f (x)|‖g′‖p

]
(B(x))

1
q dx,

where

B(x) =
1

q+1
[
(x−a)q+1 +(b− x)q+1] ,

for x ∈ [a,b], 1
p + 1

q = 1 and T ( f ,g) is the notation set in (2).
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1.8.4 Pachpatte [137]

Let f , g, h : [a,b] → R be continuous functions on [a,b] and differentiable on (a,b). If

h′(t) 	= 0 for each t ∈ (a,b) and f ′
h′ ,

g′
h′ : (a,b) → R are bounded on (a,b), then

|T ( f ,g)| � 1
(b−a)2

∥∥∥∥ f ′

h′

∥∥∥∥
∞

∥∥∥∥g′

h′

∥∥∥∥
∞
|M|,

where

M = (b−a)
∫ b

a
h2(x)dx−

(∫ b

a
h(x)dx

)2

,

and T ( f ,g) is the notation set in (2).

1.8.5 Cerone and Dragomir [18]

Let f , g : I ⊆R→R be measurable functions on I and the intervals [a,b], [c,d]⊂ I. Define

the functional

T ( f ,g;a,b,c,d) =
1

b−a

∫ b

a
f (x)g(x)dx+

1
d − c

∫ d

c
f (y)g(y)dy

− 1
b−a

∫ b

a
f (x)dx

1
d − c

∫ d

c
g(y)dy− 1

b−a

∫ b

a
g(x)dx

1
d − c

∫ d

c
f (y)dy, (1.8.1)

and assume that the integrals involved in (1.8.1) exist, then

|T ( f ,g;a,b,c,d)| �
[
T ( f ;a,b)+T ( f ;c,d)+(M( f ;a,b)−M( f ;c,d))2] 1

2

×
[
T (g;a,b)+T (g;c,d)+(M(g;a,b)−M(g;c,d))2] 1

2 , (1.8.2)

where for a measurable function h : I → R on [a,b] ⊂ I we set the notations

T (h;a,b) =
1

b−a

∫ b

a
h2(x)dx−

(
1

b−a

∫ b

a
h(x)dx

)2

M(h;a,b) =
1

b−a

∫ b

a
h(x)dx,

and the integrals involved in the right membership of (1.8.2) exist.

1.8.6 Pachpatte [137]

Let f , g : [a,b] → R be continuous functions on [a,b] and differentiable on (a,b), with

derivatives f ′, g′ : (a,b) → R being bounded on (a,b), then

|P( f ,g)| � 1
16

(b−a)2‖ f ′‖∞‖g′‖∞,

where

P( f ,g) = FG− 1
b−a

[
F
∫ b

a
g(x)dx+G

∫ b

a
f (x)dx

]

+
(

1
b−a

∫ b

a
f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)
, (1.8.3)

in which

F =
f (a)+ f (b)

2
, G =

g(a)+g(b)
2

.
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1.8.7 Pachpatte [113]

Let f , g : [a,b] → R be absolutely continuous functions with derivatives f ′, g′ ∈ Lp[a,b],

p > 1, then we have the inequalities

|S( f ,g)| � 1
(b−a)2 M

2
q ‖ f ′‖p‖g′‖p,

|H( f ,g)| � 1
(b−a)2 M

1
q

∫ b

a

[
|g(x)|‖ f ′‖p + | f (x)|‖g′‖p

]
dx,

where 1
p + 1

q = 1,

M =

(
2q+1 +1

)
(b−a)q+1

3(q+1)6q ,

and

S( f ,g) = FG− 1
b−a

[
F
∫ b

a
g(x)dx+G

∫ b

a
f (x)dx

]

+
(

1
b−a

∫ b

a
f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)
,

H( f ,g) =
1

b−a

∫ b

a

[
Fg(x)+G f (x)

]
dx−2

(
1

b−a

∫ b

a
f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)
,

in which

F =
1
3

[
f (a)+ f (b)

2
+2 f

(
a+b

2

)]
,

G =
1
3

[
g(a)+g(b)

2
+2g

(
a+b

2

)]
.

1.8.8 Pachpatte [137]

Let f , g : [a,b] → R be continuous functions on [a,b] and twice differentiable on (a,b),

with second derivatives f ′′, g′′ : (a,b) → R being bounded on (a,b), then

|P( f ,g)| � 1
144

(b−a)4‖ f ′′‖∞‖g′′‖∞,

where P( f ,g) is the notation set in (1.8.3).
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1.8.9 Pachpatte [137]

Let f , g : [a,b] → R be continuous functions on [a,b] and twice differentiable on (a,b),

whose second derivatives f ′′, g′′ : (a,b) → R are bounded on (a,b). Then

|Q( f ,g)| � 1
576

(b−a)4‖ f ′′‖∞‖g′′‖∞,

where

Q( f ,g) = AB− 1
b−a

[
A
∫ b

a
g(x)dx+B

∫ b

a
f (x)dx

]

+
(

1
b−a

∫ b

a
f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)
, (1.8.4)

in which

A = f
(

a+b
2

)
, B = g

(
a+b

2

)
.

1.8.10 Pachpatte [112]

Let f , g : [a,b] → R be absolutely continuous functions on [a,b] with f ′,g′ ∈ L2[a,b], then

|Q( f ,g)| � (b−a)2

12

[
1

b−a
‖ f ′‖2

2 − ([ f ;a,b])2
] 1

2
[

1
b−a

‖g′‖2
2 − ([g;a,b])2

] 1
2
,

where Q( f ,g) is the notation set in (1.8.4) and

[ f ;a,b] =
f (b)− f (a)

b−a
, [g;a,b] =

g(b)−g(a)
b−a

.

1.8.11 Pachpatte [124]

Let f , g, h : [a,b]→R be twice differentiable functions on (a,b) and f ′′, g′′, h′′ : (a,b)→R

are bounded, then ∣∣∣∣ 1
b−a

∫ b

a
f (x)g(x)h(x)dx− 1

3(b−a)2 D[ f ,g,h]

− 1
3(b−a)

∫ b

a

(
x− a+b

2

)
( f (x)g(x)h(x))′dx

∣∣∣∣
� 1

3(b−a)2

∫ b

a
B[ f ,g,h](x)E(x)dx,

where

D[ f ,g,h] =
(∫ b

a
g(x)h(x)dx

)(∫ b

a
f (x)dx

)
+
(∫ b

a
h(x) f (x)dx

)(∫ b

a
g(x)dx

)

+
(∫ b

a
f (x)g(x)dx

)(∫ b

a
h(x)dx

)
, (1.8.5)

B[ f ,g,h](x) = |g(x)||h(x)|‖ f ′′‖∞ + |h(x)|| f (x)|‖g′′‖∞ + | f (x)||g(x)|‖h′′‖∞, (1.8.6)

E(x) =
∫ b

a
|k(x, t)|dt,

in which k(x, t) is given by (1.2.28).
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1.8.12 Pachpatte [124]

Let f , g, h : [a,b] → R be functions with first derivatives absolutely continuous on [a,b]

and assume that the second derivatives f ′′, g′′, h′′ : (a,b) → R are bounded on (a,b), then∣∣∣∣ 1
b−a

∫ b

a
f (x)g(x)h(x)dx− 1

3(b−a)2 D[ f ,g,h]

− 2
3(b−a)

∫ b

a

(
x− a+b

2

)
( f (x)g(x)h(x))′dx+

1
3(b−a)

∫ b

a
L[ f ,g,h](x)dx

∣∣∣∣

� 1
3(b−a)2

∫ b

a
B[ f ,g,h](x)I(x)dx,

where D[ f ,g,h], B[ f ,g,h](x) are the notations set in (1.8.5), (1.8.6) and

L[ f ,g,h](x) =
f (a)+ f (b)

2
g(x)h(x)+

g(a)+g(b)
2

h(x) f (x)+
h(a)+h(b)

2
f (x)g(x),

I(x) =
∫ b

a
|p(x, t)|

∣∣∣∣t − a+b
2

∣∣∣∣dt,

in which p(x, t) is given by (1.2.11).

1.8.13 Pachpatte [124]

Let f , g, h : [a,b]→R be continuous on [a,b] and twice differentiable on (a,b) with second

derivatives f ′′, g′′, h′′ : (a,b) → R bounded on (a,b), then∣∣∣∣ 1
b−a

∫ b

a
f (x)g(x)h(x)dx− 1

3(b−a)2 D[ f ,g,h]

− 1
3(b−a)

∫ b

a

(
x− a+b

2

)
M[ f ,g,h](x)dx

∣∣∣∣

� 1
3(b−a)3

∫ b

a
B[ f ,g,h](x)H(x)dx,

where D[ f ,g,h],B[ f ,g,h](x) are the notations set in (1.8.5), (1.8.6) and

M[ f ,g,h](x) =
f (b)− f (a)

b−a
g(x)h(x)+

g(b)−g(a)
b−a

h(x) f (x)+
h(b)−h(a)

b−a
f (x)g(x),

H(x) =
∫ b

a

∫ b

a
|p(x, t)| |p(t,s)|dsdt,

in which p(x, t) is given by (1.2.11).
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1.8.14 Pachpatte [132]

Let f , g : [a,b] → R be continuous functions on [a,b] and twice differential on (a,b), with

first and second derivatives f ′, f ′′,g′,g′′ : (a,b) → R bounded on (a,b), then

|T ( f ,g)| � 1
b−a

∫ b

a
A(x)dx,

where T ( f ,g) is the notation set in (2) and

A(x) =
(

x− a+b
2

)2

‖ f ′‖∞‖g′‖∞

+
∣∣∣∣x− a+b

2

∣∣∣∣
{
‖ f ′‖∞‖g′′‖∞ +‖g′‖∞‖ f ′′‖∞

}
L(x)+‖ f ′′‖∞‖g′′‖∞L2(x),

for x ∈ [a,b],

L(x) =
1

b−a

∫ b

a
|k(x, t)|dt =

(b−a)2

24
+

1
2

(
x− a+b

2

)2

,

in which k(x, t) : [a,b]2 → R is given by

k(x, t) =

⎧⎪⎨
⎪⎩

(t −a)2

2
, t ∈ [a,x],

(t −b)2

2
, t ∈ (x,b].

1.8.15 Pachpatte [132]

Let f , g : [a,b] → R be continuous functions on [a,b] and twice differentiable on (a,b),

with second derivatives f ′′, g′′ : (a,b) → R bounded on (a,b), then

|T ( f ,g)| � 1
b−a

∫ b

a
B(x)dx,

where T ( f ,g) is the notation set in (2) and

B(x) = |FG|
(

x− a+b
2

)2

+
∣∣∣∣x− a+b

2

∣∣∣∣
{
|F |‖g′′‖∞ + |G|‖ f ′′‖∞

}
M(x)+‖ f ′′‖∞‖g′′‖∞M2(x),

for x ∈ [a,b],

F =
f (b)− f (a)

b−a
, G =

g(b)−g(a)
b−a

,

M(x) =
1

(b−a)2

∫ b

a

∫ b

a
|p(x, t)| |p(t,s)|dsdt =

1
2

⎧⎨
⎩
[(

x− a+b
2

)2

(b−a)2 +
1
4

]2

+
1
12

⎫⎬
⎭(b−a)2,

in which p(x, t) : [a,b]2 → R is given by

p(x, t) =

{
t −a, t ∈ [a,x],

t −b, t ∈ (x,b].
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1.8.16 Pachpatte [90]

Let f , g : [a,b] → R be functions such that f (n−1), g(n−1) are absolutely continuous on

[a,b] and f (n), g(n) ∈ L∞[a,b] for some n ∈ N, then∣∣∣∣ 1
b−a

∫ b

a
f (x)g(x)dx−

(
1

b−a

∫ b

a
f (x)dx

) (
1

b−a

∫ b

a
g(x)dx

)

− 1
2(b−a)2

∫ b

a

[(
n−1

∑
k=1

Fk(x)

)
g(x)+

(
n−1

∑
k=1

Gk(x)

)
f (x)

]
dx

∣∣∣∣∣
� 1

2(b−a)2

∫ b

a

[
|g(x)|

∥∥ f (n)∥∥
∞ + | f (x)|

∥∥g(n)∥∥
∞

]
An(x)dx,

where

Fk(x) =
[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]
f (k)(x),

Gk(x) =
[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]
g(k)(x),

An(x) =
∫ b

a
|Kn(x, t)|dt,

in which Kn(x, t) : [a,b]2 → R is given by

Kn(x, t) =

⎧⎪⎨
⎪⎩

(t −a)n

n!
, t ∈ [a,x],

(t −b)n

n!
, t ∈ (x,b].

for x ∈ [a,b].

1.8.17 Pachpatte [119]

Let the functions f , g : [a,b] → R be such that f (n−1),g(n−1) are absolutely continuous on

[a,b] and f (n), g(n) ∈ L∞[a,b] for some n ∈ N, then

|A[ f ,g;a,b;n]| � 1
[(n−1)!]2(b−a)3

∥∥ f (n)∥∥
∞

∥∥ f (n)∥∥
∞

∫ b

a
[En(x)]2dx,

where

A[ f ,g;a,b;n] =
1

b−a

∫ b

a

[
f (x)+

n−1

∑
k=1

Fk(x)

][
g(x)+

n−1

∑
k=1

Gk(x)

]
dx

−n

[(
1

b−a

∫ b

a

[
f (x)+

n−1

∑
k=1

Fk(x)

]
dx

) (
1

b−a

∫ b

a
g(x)dx

)

+

(
1

b−a

∫ b

a

[
g(x)+

n−1

∑
k=1

Gk(x)

]
dx

)(
1

b−a

∫ b

a
f (x)dx

)]

+n2
(

1
b−a

∫ b

a
f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)
,

En(x) =
∫ b

a

∣∣(x− t)n−1 p(x, t)
∣∣dt, (1.8.7)

in which Fk(x), Gk(x) are given by (1.5.6), (1.5.7) and p(x, t) is given by (1.2.11).
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1.8.18 Pachpatte [119]

Let the functions f , g : [a,b] → R be such that f (n−1),g(n−1) are absolutely continuous on

[a,b] and f (n), g(n) ∈ L∞[a,b] for some n ∈ N, then

|B[ f ,g;a,b;n]| � 1
2(n−1)!(b−a)2

∫ b

a

[∣∣∣∣∣g(x)+
n−1

∑
k=1

Gk(x)

∣∣∣∣∣
∥∥ f (n)∥∥

∞

+

∣∣∣∣∣ f (x)+
n−1

∑
k=1

Fk(x)

∣∣∣∣∣
∥∥g(n)∥∥

∞

]
En(x)dx,

where

B[ f ,g;a,b;n] =
1

b−a

∫ b

a

[
f (x)+

n−1

∑
k=1

Fk(x)

][
g(x)+

n−1

∑
k=1

Gk(x)

]
dx

−n
2

[(
1

b−a

∫ b

a

[
f (x)+

n−1

∑
k=1

Fk(x)

]
dx

)(
1

b−a

∫ b

a
g(x)dx

)

+

(
1

b−a

∫ b

a

[
g(x)+

n−1

∑
k=1

Gk(x)

]
dx

)(
1

b−a

∫ b

a
f (x)dx

)]
,

and En(x) is given by (1.8.7), and Fk(x), Gk(x) are given by (1.5.6), (1.5.7).

1.8.19 Dragomir and Khan [51]

Let a = (a1, . . . ,an) and b = (b1, . . . ,bn) be two sequences of positive real numbers with

0 < a � ai � A < ∞, 0 < b � bi � B < ∞, (1.8.8)

for each i ∈ {1, . . . ,n} and let Cn(a,b) is given by (1.6.2) replacing f , g by a, b, then

∣∣Cn(a,b)
∣∣� 1

4
(A−a)(B−b)√

aAbB

(
1
n

n

∑
i=1

ai

)(
1
n

n

∑
i=1

bi

)
,

and the constant 1
4 is best possible.

1.8.20 Dragomir and Khan [51]

Let a = (a1, . . . ,an) andb = (b1, . . . ,bn) be two sequences of positive real numbers satisfy-

ing (1.8.8) and let Cn(a,b) is given by (1.6.2) by replacing f , g by a, b, then

|Cn(a,b)| �
(√

A−
√

a
)(√

B−
√

b
)√√√√
(

1
n

n

∑
i=1

ai

)(
1
n

n

∑
i=1

bi

)
,

and the inequality is sharp.
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1.8.21 Pachpatte [99]

Let f (n), g(n) be real-valued functions defined on Na,b = {a,a+1, . . . ,a+m = b}, a ∈ R,

m ∈ N, and equal to 0 if n /∈ Na,b, for which Δ f (n),

Deltag(n) exist and |Δ f (n)| � A, |Δg(n)| � B, for n ∈ Na,b, where A, B are nonnegative

real constants. Then∣∣∣∣∣
1

b−a

b−1

∑
n=a

f (n)g(n)− 1
(b−a)2

[(
b−1

∑
n=a

g(n)

) (
b−1

∑
n=a

f (n+1)

)

+

(
b−1

∑
n=a

f (n)

)(
b−1

∑
n=a

g(n+1)

)]
+

1
(b−a)2

(
b−1

∑
n=a

f (n+1)

)(
b−1

∑
n=a

g(n+1)

)∣∣∣∣∣

� AB
(b−a)3

b−1

∑
n=a

(H(n))2 ,

where

H(n) =
b−1

∑
s=a

|r (n,s)| ,

in which

r(n,s) =

{
s−a, s ∈ [a,n−1],

s−b, s ∈ [n,b].

for n, s ∈ Na,b.

1.8.22 Pachpatte [105]

Let f (n), g(n), h(n) be real-valued functions defined on Na,b = {a,a+1, . . . ,a+m = b},

a ∈ R, m ∈ N, and equal to 0 if n /∈ Na,b, for which Δ f (n), Δg(n), Δh(n) exist and

|Δ f (n)| � M1, |Δg(n)| � M2, |Δh(n)| � M3, for n ∈ Na,b, where M1, M2, M3 are non-

negative constants. Then∣∣∣∣∣
1

b−a

b−1

∑
n=a

f (n)g(n)h(n)− 1
3

[(
1

b−a

b−1

∑
n=a

g(n)h(n)

) (
1

b−a

b−1

∑
n=a

f (n)

)

+

(
1

b−a

b−1

∑
n=a

h(n) f (n)

)(
1

b−a

b−1

∑
n=a

g(n)

)
+

(
1

b−a

b−1

∑
n=a

f (n)g(n)

)(
1

b−a

b−1

∑
n=a

h(n)

)]∣∣∣∣∣

� 1
3(b−a)

b−1

∑
n=a

[|g(n)||h(n)|M1 + |h(n)|| f (n)|M2 + | f (n)||g(n)|M3]B(n),

where

B(n) =
[

1
2

+
∣∣∣∣n− a+b

2

∣∣∣∣
]
,

for n ∈ Na,b.
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1.9 Notes

The inequality in Theorem 1.2.1 is taken from Matić,Pečarić and Ujević [72]. In [72] it

is shown that, if a factor is known, say g(t), t ∈ [a,b], then instead of using the Grüss

inequality (3) to estimate the difference given by T ( f ,g), it is better to use the inequality

(1.2.1). They demonstrated this by improving some results given by Dragomir in [31]

related to Taylor’s formula with integral remainder. Theorem 1.2.2 deals with a Grüss-type

inequality proved by Dragomir and McAndrew [34]. The inequalities in Theorems 1.2.3–

1.2.5 deal with Grüss-type integral inequalities involving functions and their derivatives

and taken from Pachpatte [96,105].

The Čebyšev-type inequality in Theorem 1.3.1 is taken from Matić, Pečarić and Ujević

[72]. Theorem 1.3.2 is a generalization of the Čebyšev inequality and taken from Dragomir

[42]. Theorems 1.3.3–1.3.5 deal with Čebyšev-type inequalities established by Pachpatte

in [112,113]. Section 1.4 contains inequalities of the Grüss-and Čebyšev-type investigated

by Pachpatte in [106,111,117,127]. Section 1.5 deals with some more inequalities of the

Grüss-and Čebyšev-type involving functions and their higher order derivatives and taken

from Pachpatte [118,120,121]. The discrete Grüss-and Čebyšev-type inequalities in The-

orems 1.6.1–1.6.5 are due to Pachpatte [128,133,138]. The results in Theorems 1.7.1 and

1.7.2 are due to Dragomir and McAndrew [34]. Theorem 1.7.3 is taken from Dragomir

[31]. Theorems 1.7.4–1.7.6 are due to Matić, Pečarić and Ujević [72] and the results in

Theorems 1.7.7–1.7.9 are taken from Barnett and Dragomir [5]. Section 1.9 contains some

useful miscellaneous inequalities.



Chapter 2

Multidimensional Grüss-Čebyšev
and-Trapezoid-type inequalities

2.1 Introduction

During the last two decades many researchers have given considerable attention to the fa-

mous inequalities (1), (3) and (4) associated to the names of Čebyšev, Grüss and Trapezoid.

In view of the usefulness of these inequalities and their applications, many authors have in-

vestigated a large number of new multidimensional, Grüss, Čebyšev and Trapezoid type

inequalities. Some of these results provide simple and elegant extensions of the inequali-

ties (1), (3) and (4) and have a wider scope of applicability. These results did not just add

new objects of study, but also brought new insights and techniques to handle such inequal-

ities. This chapter deals with a number of new multidimensional inequalities discovered

by various investigators, which claim their origin to the well-known inequalities in (1), (3)

and (4). Some applications are given to illustrate the usefulness of certain inequalities.

2.2 Some Grüss-type inequalities in inner product spaces

In this section we offer some fundamental Grüss-type inequalities established by Dragomir

[32,43,53] and Dragomir, Pečarić and Tepeš [56] in inner product spaces.

We start with the following Grüss-type inequality investigated in [32].

Theorem 2.2.1. Let (H,(·, ·)) be an inner product space over K (K = R, C) and e ∈ H,

‖e‖ = 1. If φ , γ, Φ, Γ are real or complex numbers and x, y are vectors in H such that the

condition

Re(Φe− x,x−φe) � 0, Re(Γe− y,y− γe) � 0, (2.2.1)

holds, then we have the inequality

|(x,y)− (x,e)(e,y)| � 1
4
|Φ−φ ||Γ− γ|. (2.2.2)

The constant 1
4 is the best possible.

71
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Proof. It is obvious that (see [156])

(x,y)− (x,e)(e,y) = (x− (x,e)e,y− (y,e)e). (2.2.3)

Using Schwarz’s inequality in inner product spaces, we have

|(x,y)− (x,e)(e,y)|2 = |(x− (x,e)e,y− (y,e)e)|2

� ‖x− (x,e)e‖2‖y− (y,e)e‖2

=
(
‖x‖2 −|(x,e)|2

)(
‖y‖2 −|(y,e)|2

)
. (2.2.4)

On the other hand, a simple computation shows that

(Φ− (x,e))
(
(x,e)−φ

)
− (Φe− x,x−φe) = ‖x‖2 −|(x,e)|2, (2.2.5)

and

(Γ− (y,e))
(
(y,e)− γ

)
− (Γe− y,y− γe) = ‖y‖2 −|(y,e)|2. (2.2.6)

Taking the real part in both the above equalities, we can write

Re
[
(Φ− (x,e))

(
(x,e)−φ

)]
−Re(Φe− x,x−φe) = ‖x‖2 −|(x,e)|2, (2.2.7)

and

Re
[
(Γ− (y,e))

(
(y,e)− γ

)]
−Re(Γe− y,y− γe) = ‖y‖2 −|(y,e)|2. (2.2.8)

From the condition (2.2.1), we deduce

‖x‖2 −|(x,e)|2 � Re
[
(Φ− (x,e))

(
(x,e)−φ

)]
, (2.2.9)

and

‖y‖2 −|(y,e)|2 � Re
[
(Γ− (y,e))

(
(y,e)− γ

)]
. (2.2.10)

Using the elementary inequality 4Re
(
ab
)

� |a+b|2 holding for real or complex numbers

a,b, for a := Φ− (x,e) and b := (x,e)−φ , we get

Re
[
(Φ− (x,e))

(
(x,e)−φ

)]
� 1

4
|Φ−φ |2, (2.2.11)

and, similarly

Re
[
(Γ− (y,e))

(
(y,e)− γ

)]
� 1

4
|Γ− γ|2. (2.2.12)

Consequently, using (2.2.3)–(2.2.12), we have successively

|(x,y)− (x,e)(e,y)|2 �
(
‖x‖2 −|(x,e)|2

)(
‖y‖2 −|(y,e)|2

)

� Re
[
(Φ− (x,e))

(
(x,e)−φ

)]
Re
[
(Γ− (y,e))

(
(y,e)− γ

)]
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� 1
16

|Φ−φ |2|Γ− γ|2,

from which we get the desired inequality (2.2.2).

To prove that the constant 1
4 is sharp, we can restrict ourselves to the real case. Let e,m ∈ H

with ‖e‖ = ‖m‖ = 1, e ⊥ m and assume that φ ,γ,Φ,Γ are real numbers. Define the vectors

x :=
Φ+φ

2
e+

Φ−φ
2

m,y :=
γ +Γ

2
e+

Γ− γ
2

m.

Then

(Φe− x,x−φe) =
(

Φ−φ
2

)2

(e−m,e+m) = 0,

and similarly (Γe− y,y− γe) = 0, i.e., the condition (2.2.1) holds. Now, observe that

(x,y) =
(

Φ+φ
2

)(
γ +Γ

2

)
+
(

Φ−φ
2

)(
Γ− γ

2

)
,

and

(x,e)(e,y) =
(

Φ+φ
2

)(
γ +Γ

2

)
.

Consequently,

|(x,y)− (x,e)(e,y)| = 1
4
|Φ−φ ||Γ− γ|,

which shows that the constant 1
4 is sharp.

In [53], the author gave an alternative proof of (2.2.2) by using the following lemmas.

Lemma 2.2.1. Let a,x,A be vectors in the inner product space (H,(·, ·)) over K (K =

R,C) with a 	= A. Then

Re(A− x,x−a) � 0,

if and only if ∥∥∥∥x− a+A
2

∥∥∥∥� 1
2
‖A−a‖.

Proof. Define

I1 := Re(A− x,x−a), I2 :=
1
4
‖A−a‖2 −

∥∥∥∥x− a+A
2

∥∥∥∥
2

.

A simple calculation shows that

I1 = I2 = Re[(x,a)+(A,x)]−Re(A,a)−‖x‖2,

and thus obviously, I1 � 0 if and only if I2 � 0, showing the required equivalence.

The following corollary is obvious.
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Corollary 2.2.1. Let x, e ∈ H with ‖e‖ = 1 and δ ,

Delta ∈ K with δ 	= Δ. Then

Re(Δe− x,x−δe) � 0,

if and only if ∥∥∥∥x− δ +Δ
2

e
∥∥∥∥� 1

2
‖Δ−δ‖ .

Lemma 2.2.2. Let x,e ∈ H with ‖e‖ = 1. Then one has the following representation

0 � ‖x‖2 −|(x,e)|2 = inf
λ∈K

‖x−λe‖2, (2.2.13)

where K is as in Lemma 2.2.1.

Proof. For any λ ∈ K observe that

(x−λe,x− (x,e)) = ‖x‖2 −|(x,e)|2 −λ
[
(e,x)− (e,x)‖e‖2]= ‖x‖2 −|(x,e)|2.

Using Schwarz inequality, we have
[
‖x‖2 −|(x,e)|2

]2
= |(x−λe,x− (x,e)e)|2

� ‖x−λe‖2 ‖x− (x,e)e‖2 = ‖x−λe‖2 [‖x‖2 −|(x,e)|2
]
,

giving the bound

‖x‖2 −|(x,e)|2 � ‖x−λe‖2. (2.2.14)

Taking the infimum in (2.2.14) over λ ∈ K, we deduce

‖x‖2 −|(x,e)|2 � inf
λ∈K

‖x−λe‖2.

Since, for λ0 = (x,e), we get ‖x−λ0e‖2 = ‖x‖2 −|(x,e)|2, then the representation (2.2.13)

is proved.

The following result is proved in [53].

Theorem 2.2.2. Let (H,(·, ·)) be an inner product space over K (K = R, C) and e ∈ H,

‖e‖ = 1. If φ , γ, Φ, Γ are real or complex numbers and x, y are vectors in H such that the

conditions (2.2.1) hold, or, equivalently, the following assumptions∥∥∥∥x− φ +Φ
2

e
∥∥∥∥� 1

2
|Φ−φ |,

∥∥∥∥y− γ +Γ
2

e
∥∥∥∥� 1

2
|Γ− γ|, (2.2.15)

are valid, then one has the inequality

|(x,y)− (x,e)(e,y)| � 1
4
|Φ−φ ||Γ− γ|. (2.2.16)

The constant 1
4 is the best possible.



Multidimensional Grüss-Čebyšev and-Trapezoid-type inequalities 75

Proof. As in the proof of Theorem 2.2.1, we have (2.2.3) and (2.2.4). Using Lemma 2.2.2

and conditions (2.2.15), we obviously have
[
‖x‖2 −|(x,e)|2

] 1
2 = inf

λ∈K

‖x−λe‖ �
∥∥∥∥x− φ +Φ

2
e
∥∥∥∥� 1

2
|Φ−φ |, (2.2.17)

and
[
‖y‖2 −|(y,e)|2

] 1
2 = inf

λ∈K

‖y−λe‖ �
∥∥∥∥y− γ +Γ

2
e
∥∥∥∥� 1

2
|Γ− γ|. (2.2.18)

Using (2.2.17), (2.2.18) in (2.2.4), the desired inequality in (2.2.16) follows. The fact that
1
4 is the best possible constant, has been shown in the proof of Theorem 2.2.1 and hence

we omit the details.

The refinement of the inequality (2.2.2) proved in [53] is embodied in the following theo-

rem.

Theorem 2.2.3. Let (H,(·, ·)) be an inner product space over K (K = R, C) and e ∈ H,

‖e‖ = 1. If φ , γ, Φ, Γ are real or complex numbers and x, y are vectors in H such that the

condition (2.2.1) or equivalently, (2.2.15) hold, then we have the inequality

|(x,y)− (x,e)(e,y)|

� 1
4
|Φ−φ ||Γ− γ|− [Re(Φe− x,x−φe)]

1
2 [Re(Γe− y,y− γe)]

1
2 . (2.2.19)

Proof. Following the proof of Theorem 2.2.1, we have (2.2.3), (2.2.7), (2.2.8), (2.2.11),

(2.2.12) and consequently, we observe that

|(x,y)− (x,e)(e,y)|2 �
[

1
4
|Φ−φ |2 −

(
[Re(Φe− x,x−φe)]

1
2

)2
]

×
[

1
4
|Γ− γ|2 −

(
[Re(Γe− y,y− γe)]

1
2

)2
]
. (2.2.20)

By a suitable application of the elementary inequality
(
m2 −n2)(p2 −q2)� (mp−nq)2 , (2.2.21)

for m,n, p,q ∈ R, to the right hand side of (2.2.20), we have

|(x,y)− (x,e)(e,y)|2

�
[

1
4
|Φ−φ ||Γ− γ|−

(
[Re(Φe− x,x−φe)]

1
2 [Re(Γe− y,y− γe)]

1
2

)2
]2

,

from which the desired inequality in (2.2.19) follows.

The following Theorem given in [56] deals with the inequalities of the pre-Grüss-type in

inner product spaces.
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Theorem 2.2.4. Let (H,(·, ·)) be an inner product space over K (K = R, C) and e ∈ H,

‖e‖ = 1. If φ , Φ are real or complex numbers and x,y are vectors in H such that either the

condition

Re(Φe− x,x−φe) � 0,

or equivalently, ∥∥∥∥x− φ +Φ
2

e
∥∥∥∥� 1

2
|Φ−φ |, (2.2.22)

holds true, then we have the inequalities

|(x,y)− (x,e)(e,y)| � 1
2
|Φ−φ |

(
‖y‖2 −|(y,e)|2

) 1
2 , (2.2.23)

and

|(x,y)− (x,e)(e,y)| � 1
2
|Φ−φ |‖y‖− (Re(Φe− x,x−φe))

1
2 |(y,e)|. (2.2.24)

Proof. As in the proof of Theorem 2.2.1, we have (2.2.3) and (2.2.4). Now, the inequality

(2.2.23) is a simple consequence of (2.2.2) for x = y or of Lemma 2.2.2 and (2.2.22).

Furthermore, from the proof of Theorem 2.2.1, we have (2.2.7) and (2.2.11). Using (2.2.7)

and (2.2.11), we have

‖x‖2 −|(x,e)|2 �
(

1
2
|Φ−φ |

)2

−
(
(Re(Φe− x,x−φe))

1
2

)2
. (2.2.25)

From (2.2.4) and (2.2.25), we get

|(x− (x,e)e,y− (y,e)e)|2

�
((

1
2
|Φ−φ |

)2

−
(
(Re(Φe− x,x−φe))

1
2

)2
)(

‖y‖2 −|(y,e)|2
)
. (2.2.26)

Now, by a suitable application of the elementary inequality (2.2.21) to the right hand side

of (2.2.26) and rewriting, we get the desired inequality in (2.2.24). The proof is complete.

Before closing this section, we present a Grüss-type inequality for sequences of vectors in

inner product spaces given in [43].

The following lemma given in [43] is of interest in itself.

Lemma 2.2.3. Let (H,(·, ·)) be an inner product space over the real or complex number

field K, xi ∈ H and pi � 0 (i = 1, . . . ,n) such that ∑n
i=1 pi = 1 (n � 2). If x, X ∈ H are such

that

Re(X − xi,xi − x) � 0, (2.2.27)

for all i ∈ {1, . . . ,n}, then we have the inequality

0 �
n

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

n

∑
i=1

pixi

∥∥∥∥∥
2

� 1
4
‖X − x‖2. (2.2.28)

The constant 1
4 is sharp.
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Proof. Define

I1 :=

(
X −

n

∑
i=1

pixi,
n

∑
i=1

pixi − x

)
,

and

I2 :=
n

∑
i=1

pi(X − xi,xi − x).

Then

I1 =
n

∑
i=1

pi (X ,xi)− (X ,x)−
∥∥∥∥∥

n

∑
i=1

pixi

∥∥∥∥∥
2

+
n

∑
i=1

pi (xi,x) ,

and

I2 =
n

∑
i=1

pi (X ,xi)− (X ,x)−
n

∑
i=1

pi‖xi‖2 +
n

∑
i=1

pi (xi,x) .

Consequently,

I1 − I2 =
n

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

n

∑
i=1

pixi

∥∥∥∥∥
2

. (2.2.29)

Taking the real value in (2.2.29), we can state

n

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

n

∑
i=1

pixi

∥∥∥∥∥
2

= Re

(
X −

n

∑
i=1

pixi,
n

∑
i=1

pixi − x

)

−
n

∑
i=1

pi Re(X − xi,xi − x), (2.2.30)

which is an identity of interest in itself.

Using the assumption (2.2.27), we can conclude by (2.2.30), that

n

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

n

∑
i=1

pixi

∥∥∥∥∥
2

� Re

(
X −

n

∑
i=1

pixi,
n

∑
i=1

pixi − x

)
. (2.2.31)

It is known that if y, z ∈ H, then

4Re(z,y) � ‖z+ y‖2, (2.2.32)

with equality if and only if z = y. Now, by (2.2.32), we can state that

Re

(
X −

n

∑
i=1

pixi,
n

∑
i=1

pixi − x

)
� 1

4

∥∥∥∥∥X −
n

∑
i=1

pixi +
n

∑
i=1

pixi − x

∥∥∥∥∥
2

=
1
4
‖X − x‖2.

Using (2.2.31), we can easily deduce (2.2.28).
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To prove the sharpness of the constant 1
4 , let us assume that the inequality (2.2.28) holds

with a constant c > 0, i.e.,

0 �
n

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

n

∑
i=1

pixi

∥∥∥∥∥
2

� c‖X − x‖2, (2.2.33)

for all pi, xi and x, X as in the hypotheses. Assume that n = 2, p1 = p2 = 1
2 , x1 = x and

x2 = X with x, X ∈ H and x 	= X . Then, obviously,

(X − x1,x1 − x) = (X − x2,x2 − x) = 0,

which shows that the condition (2.2.27) holds. If we replace n, p1, p2,x1,x2 in (2.2.33) as

above, we obtain

2

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

2

∑
i=1

pixi

∥∥∥∥∥
2

=
1
2

(
‖x‖2 +‖X‖2 −

∥∥∥∥x+X
2

∥∥∥∥
2
)

=
1
4
‖X − x‖2 � c‖X − x‖2,

from where we deduce c � 1
4 which proves the sharpness of the constant factor 1

4 .

The following Grüss-type inequality holds (see [43]).

Theorem 2.2.5. Let (H,(·, ·)) be an inner product space over K (K = R, C) and xi, yi ∈
H, pi � 0, (i = 1, . . . ,n) (n � 2) with ∑n

i=1 pi = 1. If x, X , y, Y ∈ H are such that

Re(X − xi,xi − x) � 0, Re(Y − yi,yi − y) � 0,

for all i ∈ {1, . . . ,n}, then we have the inequality∣∣∣∣∣
n

∑
i=1

pi(xi,yi)−
(

n

∑
i=1

pixi,
n

∑
i=1

piyi

)∣∣∣∣∣�
1
4
‖X − x‖‖Y − y‖. (2.2.34)

The constant 1
4 is sharp.

Proof. A simple calculation shows that

n

∑
i=1

pi(xi,yi)−
(

n

∑
i=1

pixi,
n

∑
i=1

piyi

)
=

1
2

n

∑
i, j=1

pi p j(xi − x j,yi − y j). (2.2.35)

Taking modulus in both parts of (2.2.35), and using the generalized triangle inequality, we

obtain ∣∣∣∣∣
n

∑
i=1

pi(xi,yi)−
(

n

∑
i=1

pixi,
n

∑
i=1

piyi

)∣∣∣∣∣�
1
2

n

∑
i, j=1

pi p j|(xi − x j,yi − y j)|. (2.2.36)

By using Schwarz’s inequality in inner product spaces we have
∣∣(xi − x j,yi − y j)

∣∣� ‖xi − x j‖‖yi − y j‖, (2.2.37)
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for i, j ∈ {1, . . . ,n}, and therefore∣∣∣∣∣
n

∑
i=1

pi(xi,yi)−
(

n

∑
i=1

pixi,
n

∑
i=1

piyi

)∣∣∣∣∣�
1
2

n

∑
i, j=1

pi p j‖xi − x j‖‖yi − y j‖. (2.2.38)

Using the Cauchy-Schwarz inequality for double sums, we can state that

1
2

n

∑
i, j=1

pi p j‖xi − x j‖‖yi − y j‖

�
(

1
2

n

∑
i, j=1

pi p j‖xi − x j‖2

) 1
2
(

1
2

n

∑
i, j=1

pi p j‖yi − y j‖2

) 1
2

, (2.2.39)

and a simple calculation shows that

1
2

n

∑
i, j=1

pi p j‖xi − x j‖2 =
n

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

n

∑
i=1

pixi

∥∥∥∥∥
2

,

and

1
2

n

∑
i, j=1

pi p j‖yi − y j‖2 =
n

∑
i=1

pi ‖yi‖2 −
∥∥∥∥∥

n

∑
i=1

piyi

∥∥∥∥∥
2

.

We obtain ∣∣∣∣∣
n

∑
i=1

pi(xi,yi)−
(

n

∑
i=1

pixi,
n

∑
i=1

piyi

)∣∣∣∣∣

�

⎛
⎝ n

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

n

∑
i=1

pixi

∥∥∥∥∥
2
⎞
⎠

1
2
⎛
⎝ n

∑
i=1

pi ‖yi‖2 −
∥∥∥∥∥

n

∑
i=1

piyi

∥∥∥∥∥
2
⎞
⎠

1
2

. (2.2.40)

Using Lemma 2.2.3, we know that
⎛
⎝ n

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

n

∑
i=1

pixi

∥∥∥∥∥
2
⎞
⎠

1
2

� 1
2
‖X − x‖, (2.2.41)

and ⎛
⎝ n

∑
i=1

pi ‖yi‖2 −
∥∥∥∥∥

n

∑
i=1

piyi

∥∥∥∥∥
2
⎞
⎠

1
2

� 1
2
‖Y − y‖. (2.2.42)

Using (2.2.41) and (2.2.42) in (2.2.40), we get the desired inequality in (2.2.34).

To prove the sharpness of the constant 1
4 , let us assume that (2.2.34) holds with a constant

c > 0, i.e., ∣∣∣∣∣
n

∑
i=1

pi(xi,yi)−
(

n

∑
i=1

pixi,
n

∑
i=1

piyi

)∣∣∣∣∣� c‖X − x‖‖Y − y‖, (2.2.43)
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under the above assumptions pi, xi, yi, x, X , y, Y and n � 2. If we choose n = 2, x1 =

x, x2 = X , y1 = y, y2 = Y (x 	= X , y 	= Y ) and p1 = p2 = 1
2 , then

2

∑
i=1

pi(xi,yi)−
(

2

∑
i=1

pixi,
2

∑
i=1

piyi

)
=

1
2

2

∑
i, j=1

pi p j(xi − x j,yi − y j)

= ∑
1�i< j�2

pi p j(xi − x j,yi − y j) =
1
4
(x−X ,y−Y ),

and then ∣∣∣∣∣
2

∑
i=1

pi(xi,yi)−
(

2

∑
i=1

pixi,
2

∑
i=1

piyi

)∣∣∣∣∣=
1
4
|(x−X ,y−Y )|.

Choose X − x = z, Y − y = z, z 	= 0. Then using (2.2.43), we derive
1
4
‖z‖2 � c‖z‖2,z 	= 0,

which implies that c � 1
4 , and the Theorem is proved.

2.3 Grüss-and Čebyšev-type inequalities in two and three variables

This section deals with some Grüss and Čebyšev-type inequalities established by Pachpatte

in [89,91,122,129], involving functions of two and three independent variables.

Let Δ = [a,b]× [c,d], a, b, c, d ∈R. The partial derivatives of a function h(x,y) defined on

Δ are denoted by D1h(x,y) = ∂
∂x h(x,y), D2h(x,y) = ∂

∂y h(x,y), D2D1h(x,y) = ∂ 2

∂y∂x h(x,y).

We denote by C(Δ) the class of continuous functions h : Δ → R for which D1h(x,y),

D2h(x,y), D2D1h(x,y) exist and are continuous on Δ and belong to L∞(Δ). For any function

h(x,y) ∈ L∞(Δ), we define ‖h‖∞ = sup(x,y)∈Δ |h(x,y)| < ∞. For convenience, we introduce

the following notation to simplify the details of presentation:

k = (b−a)(d − c),

H1(x) =

[
1
4
(b−a)2 +

(
x− a+b

2

)2
]

,

H2(y) =

[
1
4
(d − c)2 +

(
y− c+d

2

)2
]

,

F(x,y) =
[
(d − c)

∫ b

a
f (t,y)dt +(b−a)

∫ d

c
f (x,s)ds

]
,

G(x,y) =
[
(d − c)

∫ b

a
g(t,y)dt +(b−a)

∫ d

c
g(x,s)ds

]
,
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A0(x,y) = g(x,y)
∫ b

a

∫ d

c
f (t,s)dsdt + f (x,y)

∫ b

a

∫ d

c
g(t,s)dsdt,

A1(x,y) = g(x,y)
∫ b

a

∫ d

c
p(x, t)D1 f (t,s)dsdt + f (x,y)

∫ b

a

∫ d

c
p(x, t)D1g(t,s)dsdt,

A2(x,y) = g(x,y)
∫ b

a

∫ d

c
q(y,s)D2 f (t,s)dsdt + f (x,y)

∫ b

a

∫ d

c
q(y,s)D2g(t,s)dsdt,

A3(x,y) = g(x,y)
∫ b

a

∫ d

c
p(x, t)q(y,s)D2D1 f (t,s)dsdt

+ f (x,y)
∫ b

a

∫ d

c
p(x, t)q(y,s)D2D1g(t,s)dsdt,

M1(x,y) = |g(x,y)|‖D1 f‖∞ + | f (x,y)|‖D1g‖∞,

M2(x,y) = |g(x,y)|‖D2 f‖∞ + | f (x,y)|‖D2g‖∞,

M3(x,y) = |g(x,y)|‖D2D1 f‖∞ + | f (x,y)|‖D2D1g‖∞,

A(x,y) = ‖D1 f‖∞(d − c)H1(x)+‖D2 f‖∞(b−a)H2(y)+‖D2D1 f‖∞H1(x)H2(y),

B(x,y) = ‖D1g‖∞(d − c)H1(x)+‖D2g‖∞(b−a)H2(y)+‖D2D1g‖∞H1(x)H2(y),

for some suitable functions f , g defined on Δ, and p : [a,b]2 → R, q : [c,d]2 → R are given

by

p(x, t) =

{
t −a, t ∈ [a,x]

t −b, t ∈ (x,b]

q(y,s) =

{
s− c, s ∈ [c,y]

s−d, s ∈ (y,d]

and set

L [h(x,y)] =
∫ b

a

∫ d

c
p(x, t)D1h(t,s)dsdt

+
∫ b

a

∫ d

c
q(y,s)D2h(t,s)dsdt +

∫ b

a

∫ d

c
p(x, t)q(y,s)D2D1h(t,s)dsdt,

M [h(x,y)] =
∫ b

a

∫ d

c
p(x, t)q(y,s)D2D1h(t,s)dsdt,

for some suitable function h defined on Δ.

We begin with proving some auxiliary results.
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Lemma 2.3.1 (see [37]). Let h : Δ → R be such that the partial derivatives D1h(x,y),

D2h(x,y), D2D1h(x,y) exist and are continuous on Δ. Then for all (x,y) ∈ Δ, we have the

representation

kh(x,y)−
∫ b

a

∫ d

c
h(t,s)dsdt = L [h(x,y)] . (2.3.1)

Proof. We use the following identity, which can be easily proved by integration by parts,

g(u) =
1

β −α

∫ β

α
g(z)dz+

1
β −α

∫ β

α
e(u,z)g′(z)dz, (2.3.2)

where e : [α,β ]2 → R is given by

e(u,z) =

{
z−α, z ∈ [α,u]

z−β , z ∈ (u,β ]

and g is absolutely continuous on [α,β ]. Now, write the identity (2.3.2) for the partial map

h(·,y), y ∈ [c,d], to obtain

h(x,y) =
1

b−a

∫ b

a
h(t,y)dt +

1
b−a

∫ b

a
p(x, t)D1h(t,y)dt, (2.3.3)

for all (x,y) ∈ Δ. Also, if we write (2.3.2) for the map h(t, ·), we get

h(t,y) =
1

d − c

∫ d

c
h(t,s)ds+

1
d − c

∫ d

c
q(y,s)D2h(t,s)ds, (2.3.4)

for all (t,y) ∈ Δ. The same formula (2.3.2) applied for the partial derivative D1h(·,y) will

produce

D1h(t,y) =
1

d − c

∫ d

c
D1h(t,s)ds+

1
d − c

∫ d

c
q(y,s)D2D1h(t,s)ds, (2.3.5)

for all (t,y) ∈ Δ. Substituting (2.3.4) and (2.3.5) in (2.3.3), and using the Fubini’s theorem,

we have

h(x,y) =
1

b−a

∫ b

a

[
1

d − c

∫ d

c
h(t,s)ds+

1
d − c

∫ d

c
q(y,s)D2h(t,s)ds

]
dt

+
1

b−a

∫ b

a
p(x, t)

[
1

d − c

∫ d

c
D1h(t,s)ds+

1
d − c

∫ d

c
q(y,s)D2D1h(t,s)ds

]
dt

=
1

(b−a)(d − c)

[∫ b

a

∫ d

c
h(t,s)dsdt +

∫ b

a

∫ d

c
q(y,s)D2h(t,s)dsdt

+
∫ b

a

∫ d

c
p(x, t)D1h(t,s)dsdt +

∫ b

a

∫ d

c
p(x, t)q(y,s)D2D1h(t,s)dsdt

]
. (2.3.6)

Rewriting (2.3.6), we get the required identity in (2.3.1).
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Lemma 2.3.2 (see [8]). Let h : Δ → R be a continuous mapping on Δ and D2D1h(x,y)

exists on (a,b)× (c,d). Then, we have the identity

kh(x,y)−H(x,y) = M [h(x,y)] , (2.3.7)

where

H(x,y) = (d − c)
∫ b

a
h(t,y)dt+(b−a)

∫ d

c
h(x,s)ds−

∫ b

a

∫ d

c
h(t,s)dsdt.

Proof. Integrating by parts twice, we can state:∫ x

a

∫ y

c
(t −a)(s− c)D2D1h(t,s)dsdt = (x−a)(y− c)h(x,y)

−(y− c)
∫ x

a
h(t,y)dt−(x−a)

∫ y

c
h(x,s)ds+

∫ x

a

∫ y

c
h(t,s)dsdt, (2.3.8)

∫ x

a

∫ d

y
(t −a)(s−d)D2D1h(t,s)dsdt = (x−a)(d − y)h(x,y)

−(d − y)
∫ x

a
h(t,y)dt−(x−a)

∫ d

y
h(x,s)ds+

∫ x

a

∫ d

y
h(t,s)dsdt, (2.3.9)

∫ b

x

∫ d

y
(t −b)(s−d)D2D1h(t,s)dsdt = (b− x)(d − y)h(x,y)

−(d − y)
∫ b

x
h(t,y)dt − (b− x)

∫ d

y
h(x,s)ds+

∫ b

x

∫ d

y
h(t,s)dsdt, (2.3.10)

∫ b

x

∫ y

c
(t −b)(s− c)D2D1h(t,s)dsdt = (b− x)(y− c)h(x,y)

−(y− c)
∫ b

x
h(t,y)dt − (b− x)

∫ y

c
h(x,s)ds+

∫ b

x

∫ y

c
h(t,s)dsdt. (2.3.11)

Adding (2.3.8)–(2.3.11) and rewriting, we easily deduce (2.3.7).

In the following theorems, we present the inequalities investigated in [89,122].

Theorem 2.3.1. Let f , g ∈C(Δ). Then

|E( f ,g)| � 1
2k2

∫ b

a

∫ d

c
[M1(x,y)(d − c)H1(x) +M2(x,y)(b−a)H2(y)

+M3(x,y)H1(x)H2(y)]dydx, (2.3.12)

and

|E( f ,g)| � 1
k3

∫ b

a

∫ d

c
A(x,y)B(x,y)dydx, (2.3.13)

where

E( f ,g) =
1
k

∫ b

a

∫ d

c
f (x,y)g(x,y)dydx

−
(

1
k

∫ b

a

∫ d

c
f (x,y)dydx

)(
1
k

∫ b

a

∫ d

c
g(x,y)dydx

)
. (2.3.14)
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Proof. From the hypotheses, we have the following identities (see, Lemma 2.3.1):

k f (x,y) =
∫ b

a

∫ d

c
f (t,s)dsdt +

∫ b

a

∫ d

c
p(x, t)D1 f (t,s)dsdt

+
∫ b

a

∫ d

c
q(y,s)D2 f (t,s)dsdt +

∫ b

a

∫ d

c
p(x, t)q(y,s)D2D1 f (t,s)dsdt, (2.3.15)

and

kg(x,y) =
∫ b

a

∫ d

c
g(t,s)dsdt +

∫ b

a

∫ d

c
p(x, t)D1g(t,s)dsdt

+
∫ b

a

∫ d

c
q(y,s)D2g(t,s)dsdt +

∫ b

a

∫ d

c
p(x, t)q(y,s)D2D1g(t,s)dsdt, (2.3.16)

for (x,y) ∈ Δ. Multiplying (2.3.15) by g(x,y), (2.3.16) by f (x,y), and adding the resulting

identities, we get

2k f (x,y)g(x,y) = A0(x,y)+A1(x,y)+A2(x,y)+A3(x,y). (2.3.17)

Integrating (2.3.17) over Δ and rewriting, we get

E( f ,g) =
1

2k2

∫ b

a

∫ d

c
[A1(x,y)+A2(x,y)+A3(x,y)]dydx. (2.3.18)

It is easy to observe that

|A1(x,y)| � M1(x,y)(d − c)H1(x), (2.3.19)

|A2(x,y)| � M2(x,y)(b−a)H2(y), (2.3.20)

|A3(x,y)| � M3(x,y)H1(x)H2(y), (2.3.21)

for (x,y) ∈ Δ. From (2.3.18)–(2.3.21), we get

|E( f ,g)| � 1
2k2

∫ b

a

∫ d

c
[|A1(x,y)|+ |A2(x,y)|+ |A3(x,y)|]dydx

� 1
2k2

∫ b

a

∫ d

c
[M1(x,y)(d − c)H1(x) +M2(x,y)(b−a)H2(y)+M3(x,y)H1(x)H2(y)]dydx.

This is the required inequality in (2.3.12).

The identities (2.3.15) and (2.3.16) can be rewritten as

k f (x,y)−
∫ b

a

∫ d

c
f (t,s)dsdt = L[ f (x,y)], (2.3.22)

and

kg(x,y)−
∫ b

a

∫ d

c
g(t,s)dsdt = L[g(x,y)], (2.3.23)
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for (x,y) ∈ Δ. Multiplying the left hand sides and right hand sides of (2.3.22) and (2.3.23),

we have

k2 f (x,y)g(x,y)− k f (x,y)
∫ b

a

∫ d

c
g(t,s)dsdt − kg(x,y)

∫ b

a

∫ d

c
f (t,s)dsdt

+
(∫ b

a

∫ d

c
f (t,s)dsdt

)(∫ b

a

∫ d

c
g(t,s)dsdt

)
= L[ f (x,y)]L[g(x,y)]. (2.3.24)

Integrating (2.3.24) over Δ and rewriting, we get

E( f ,g) =
1
k3

∫ b

a

∫ d

c
L[ f (x,y)]L[g(x,y)]dydx. (2.3.25)

From (2.3.25) and using the properties of modulus, we get

|E( f ,g)| � 1
k3

∫ b

a

∫ d

c
|L[ f (x,y)]||L[g(x,y)]|dydx. (2.3.26)

It is easy to observe that

|L[ f (x,y)]| �
∫ b

a

∫ d

c
|p(x, t)||D1 f (t,s)|dsdt

+
∫ b

a

∫ d

c
|q(y,s)||D2 f (t,s)|dsdt +

∫ b

a

∫ d

c
|p(x, t)||q(y,s)||D2D1 f (t,s)|dsdt

� ‖D1 f‖∞

∫ b

a

∫ d

c
|p(x, t)|dsdt

+‖D2 f‖∞

∫ b

a

∫ d

c
|q(y,s)|dsdt +‖D2D1 f‖∞

∫ b

a

∫ d

c
|p(x, t)||q(y,s)|dsdt

= ‖D1 f‖∞(d − c)
∫ b

a
|p(x, t)|dt

+‖D2 f‖∞(b−a)
∫ d

c
|q(y,s)|ds+‖D2D1 f‖∞

∫ b

a

∫ d

c
|p(x, t)||q(y,s)|dsdt

= ‖D1 f‖∞(d − c)H1(x)+‖D2 f‖∞(b−a)H2(y)+‖D2D1 f‖∞H1(x)H2(y)

= A(x,y). (2.3.27)

Similarly, we have

|L[g(x,y)]| � B(x,y). (2.3.28)

Using (2.3.27) and (2.3.28) in (2.3.26), we get the desired inequality in (2.3.13). The proof

is complete.
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Remark 2.3.1. From (2.3.17), (2.3.19)–(2.3.21), it is easy to obtain the inequality

|2k f (x,y)g(x,y)−A0(x,y)| � M1(x,y)(d − c)H1(x)

+M2(x,y)(b−a)H2(y)+M3(x,y)H1(x)H2(y), (2.3.29)

for (x,y) ∈ Δ and from (2.3.24), (2.3.27), (2.3.28), it is easy to see that the following in-

equality ∣∣∣∣ f (x,y)g(x,y)− 1
k

[
f (x,y)

∫ b

a

∫ d

c
g(t,s)dsdt +g(x,y)

∫ b

a

∫ d

c
f (t,s)dsdt

−1
k

(∫ b

a

∫ d

c
f (t,s)dsdt

)(∫ b

a

∫ d

c
g(t,s)dsdt

)]∣∣∣∣

� 1
k2 A(x,y)B(x,y), (2.3.30)

holds for (x,y) ∈ Δ.

Theorem 2.3.2. Let f , g ∈C(Δ). Then∣∣∣∣1k
∫ b

a

∫ d

c
f (x,y)g(x,y)dydx+

(
1
k

∫ b

a

∫ d

c
f (x,y)dydx

)(
1
k

∫ b

a

∫ d

c
g(x,y)dydx

)

− 1
2k2

∫ b

a

∫ d

c
[g(x,y)F(x,y)+ f (x,y)G(x,y)]dydx

∣∣∣∣

� 1
2k2

∫ b

a

∫ d

c
M3(x,y)H1(x)H2(y)dydx, (2.3.31)

and ∣∣∣∣1k
∫ b

a

∫ d

c
f (x,y)g(x,y)dydx

− 1
k2

∫ b

a

∫ d

c

[
f (x,y)G(x,y)+g(x,y)F(x,y)− 1

k
F(x,y)G(x,y)

]
dydx

∣∣∣∣

� 1
k3 ‖D2D1 f‖∞‖D2D1g‖∞

∫ b

a

∫ d

c
[H1(x)H2(y)]

2 dydx, (2.3.32)

where

F(x,y) = F(x,y)−
∫ b

a

∫ d

c
f (t,s)dsdt,G(x,y) = G(x,y)−

∫ b

a

∫ d

c
g(t,s)dsdt.
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Proof. From the hypotheses, we have the following identities (see, Lemma 2.3.2):

k f (x,y) = F(x,y)−
∫ b

a

∫ d

c
f (t,s)dsdt +

∫ b

a

∫ d

c
p(x, t)q(y,s)D2D1 f (t,s)dsdt, (2.3.33)

and

kg(x,y) = G(x,y)−
∫ b

a

∫ d

c
g(t,s)dsdt +

∫ b

a

∫ d

c
p(x, t)q(y,s)D2D1g(t,s)dsdt, (2.3.34)

for (x,y) ∈ Δ. Multiplying (2.3.33) by g(x,y), (2.3.34) by f (x,y), and adding the resulting

identities, we get

2k f (x,y)g(x,y) = g(x,y)F(x,y)+ f (x,y)G(x,y)−A0(x,y)+A3(x,y). (2.3.35)

Integrating (2.3.35) over Δ and rewriting, we have
∫ b

a

∫ d

c
f (x,y)g(x,y)dydx =

1
2k

∫ b

a

∫ d

c
[g(x,y)F(x,y)+ f (x,y)G(x,y)]dydx

−1
k

(∫ b

a

∫ d

c
f (x,y)dydx

)(∫ b

a

∫ d

c
g(x,y)dydx

)
+

1
2k

∫ b

a

∫ d

c
A3(x,y)dydx. (2.3.36)

We note that, here (2.3.21) holds for (x,y)∈ Δ. From (2.3.36) and (2.3.21), we observe that∣∣∣∣1k
∫ b

a

∫ d

c
f (x,y)g(x,y)dydx +

(
1
k

∫ b

a

∫ d

c
f (x,y)dydx

)(
1
k

∫ b

a

∫ d

c
g(x,y)dydx

)

− 1
2k2

∫ b

a

∫ d

c
[g(x,y)F(x,y)+ f (x,y)G(x,y)]dydx

∣∣∣∣

� 1
2k2

∫ b

a

∫ d

c
|A3(x,y)|dydx

� 1
2k2

∫ b

a

∫ d

c
M3(x,y)H1(x)H2(y)dydx.

This is the required inequality in (2.3.31).

The identities (2.3.33) and (2.3.34) can be rewritten as

k f (x,y)−F(x,y) = M[ f (x,y)], (2.3.37)

and

kg(x,y)−G(x,y) = M[g(x,y)], (2.3.38)

for (x,y) ∈ Δ. Multiplying the left hand sides and right hand sides of (2.3.37) and (2.3.38),

we have

k2 f (x,y)g(x,y)− k f (x,y)G(x,y)− kg(x,y)F(x,y)

+F(x,y)G(x,y) = M[ f (x,y)]M[g(x,y)]. (2.3.39)



88 Analytic Inequalities: Recent Advances

Rewriting (2.3.39) and integrating over Δ and using the properties of modulus, we have∣∣∣∣1k
∫ b

a

∫ d

c
f (x,y)g(x,y)dydx

− 1
k2

∫ b

a

∫ d

c

[
f (x,y)G(x,y)+g(x,y)F(x,y)− 1

k
F(x,y)G(x,y)

]
dydx

∣∣∣∣

� 1
k3

∫ b

a

∫ d

c
|M[ f (x,y)]||M[g(x,y)]|dydx. (2.3.40)

It is easy to observe that

|M[ f (x,y)]| � ‖D2D1 f‖∞

∫ b

a

∫ d

c
|p(x, t)||q(y,s)|dsdt = ‖D2D1 f‖∞H1(x)H2(y). (2.3.41)

Similarly, we get

|M[g(x,y)]| � ‖D2D1g‖∞H1(x)H2(y). (2.3.42)

Using (2.3.41) and (2.3.42) in (2.3.40), we get the desired inequality in (2.3.32). The proof

is complete.

Remark 2.3.2. From (2.3.35) and (2.3.21), it is easy to observe that the following in-

equality holds,

|2k f (x,y)g(x,y)+A0(x,y)− [g(x,y)F(x,y)+ f (x,y)G(x,y)]|

� M3(x,y)H1(x)H2(y), (2.3.43)

for (x,y) ∈ Δ and from (2.3.39), (2.3.41), (2.3.42), one can very easily obtain the following

inequality ∣∣∣∣ f (x,y)g(x,y)− 1
k

[
f (x,y)G(x,y)+g(x,y)F(x,y)− 1

k
F(x,y)G(x,y)

]∣∣∣∣

� 1
k2 ‖D2D1 f‖∞‖D2D1g‖∞ [H1(x)H2(y)]

2 , (2.3.44)

for (x,y) ∈ Δ.

In our further discussion, the following notation will also be used to simplify the details of

presentation.

Let Ω = [a,k]× [b,m]× [c,n],a,b,c,k,m,n ∈ R. The partial derivative ∂ 3

∂ z∂y∂x e(x,y,z) of

a function e defined on Ω is denoted by D3D2D1e(x,y,z) and the function e is said to

be bounded if ‖e‖∞ = sup(x,y,z)∈Ω |e(x,y,z)| < ∞. For some suitable functions h : Δ → R,

e : Ω → R, we set

A(D2D1h(x,y)) = A [a,c;x,y;b,d;D2D1h(s, t)]
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=
∫ x

a

∫ y

c
D2D1h(t,s)dsdt−

∫ x

a

∫ d

y
D2D1h(t,s)dsdt

−
∫ b

x

∫ y

c
D2D1h(t,s)dsdt+

∫ b

x

∫ d

y
D2D1h(t,s)dsdt,

E(h(x,y)) = E[a,c;x,y;b,d;h]

=
1
2
[h(x,c)+h(x,d)+h(a,y)+h(b,y)]− 1

4
[h(a,c)+h(a,d)+h(b,c)+h(b,d)] ,

B(D3D2D1e(r,s, t)) = B[a,b,c;r,s, t;k,m,n;D3D2D1e(u,v,w)]

=
∫ r

a

∫ s

b

∫ t

c
D3D2D1e(u,v,w)dwdvdu−

∫ r

a

∫ s

b

∫ n

t
D3D2D1e(u,v,w)dwdvdu

−
∫ r

a

∫ m

s

∫ t

c
D3D2D1e(u,v,w)dwdvdu−

∫ k

r

∫ s

b

∫ t

c
D3D2D1e(u,v,w)dwdvdu

+
∫ r

a

∫ m

s

∫ n

t
D3D2D1e(u,v,w)dwdvdu+

∫ k

r

∫ m

s

∫ t

c
D3D2D1e(u,v,w)dwdvdu

+
∫ k

r

∫ s

b

∫ n

t
D3D2D1e(u,v,w)dwdvdu−

∫ k

r

∫ m

s

∫ n

t
D3D2D1e(u,v,w)dwdvdu,

L(e(r,s, t)) = L[a,b,c;r,s, t;k,m,n;e]

=
1
8
[e(a,b,c)+ e(k,m,n)]

−1
4
[e(r,b,c)+ e(r,m,n)+ e(r,m,c)+ e(r,b,n)]

−1
4
[e(a,s,c)+ e(k,s,n)+ e(a,s,n)+ e(k,s,c)]

−1
4
[e(a,b, t)+ e(k,m, t)+ e(k,b, t)+ e(a,m, t)]

+
1
2
[e(a,s, t)+ e(k,s, t)]+

1
2
[e(r,b, t)+ e(r,m, t)]

+
1
2
[e(r,s,c)+ e(r,s,n)].

The Grüss- and Čebyšev-type inequalities established in [91,129] are given in the following

theorems.
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Theorem 2.3.3. Let f , g : Δ → R be continuous functions on Δ and D2D1 f (x,y),

D2D1g(x,y) exist, continuous and bounded on Δ. Then∣∣∣∣
∫ b

a

∫ d

c

[
f (x,y)g(x,y)− 1

2
[E( f (x,y))g(x,y)+E(g(x,y)) f (x,y)]

]
dydx

∣∣∣∣

� 1
8
(b−a)(d − c)

∫ b

a

∫ d

c
[|g(x,y)|‖D2D1 f‖∞ +| f (x,y)|‖D2D1g‖∞]dydx, (2.3.45)

and ∣∣∣∣
∫ b

a

∫ d

c
[ f (x,y)g(x,y)− [E( f (x,y))g(x,y)+E(g(x,y)) f (x,y)

−E( f (x,y))E(g(x,y))]]dydx

∣∣∣∣∣

� 1
16

{(b−a)(d − c)}2‖D2D1 f‖∞‖D2D1g‖∞. (2.3.46)

Proof. From the hypotheses, it is easy to observe that the following identities hold for

(x,y) ∈ Δ (see [86,91]).

f (x,y) = − f (a,c)+ f (x,c)+ f (a,y)+
∫ x

a

∫ y

c
D2D1 f (t,s)dsdt,

f (x,y) = − f (a,d)+ f (x,d)+ f (a,y)−
∫ x

a

∫ d

y
D2D1 f (t,s)dsdt,

f (x,y) = − f (b,c)+ f (x,c)+ f (b,y)−
∫ b

x

∫ y

c
D2D1 f (t,s)dsdt,

f (x,y) = − f (b,d)+ f (x,d)+ f (b,y)+
∫ b

x

∫ d

y
D2D1 f (t,s)dsdt.

Adding the above identities and rewriting, we have

f (x,y)−E( f (x,y)) =
1
4

A(D2D1 f (x,y)), (2.3.47)

for (x,y) ∈ Δ. Similarly, we have

g(x,y)−E(g(x,y)) =
1
4

A(D2D1g(x,y)) , (2.3.48)

for (x,y) ∈ Δ. Multiplying (2.3.47) by g(x,y) and (2.3.48) by f (x,y) and adding the result-

ing identities, rewriting and then integrating over Δ, we have
∫ b

a

∫ d

c

[
f (x,y)g(x,y)− 1

2
[E( f (x,y))g(x,y)+E(g(x,y)) f (x,y)]

]
dydx

=
1
8

∫ b

a

∫ d

c
[A(D2D1 f (x,y))g(x,y)+A(D2D1g(x,y)) f (x,y)]dydx. (2.3.49)
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From the properties of modulus and integrals, it is easy to see that

|A(D2D1 f (x,y))| �
∫ b

a

∫ d

c
|D2D1 f (t,s)|dsdt � ‖D2D1 f‖∞(b−a)(d − c), (2.3.50)

|A(D2D1g(x,y))| �
∫ b

a

∫ d

c
|D2D1g(t,s)|dsdt � ‖D2D1g‖∞(b−a)(d − c). (2.3.51)

From (2.3.49)–(2.3.51), we observe that∣∣∣∣
∫ b

a

∫ d

c

[
f (x,y)g(x,y)− 1

2
[E( f (x,y))g(x,y)+E(g(x,y)) f (x,y)]

]
dydx

∣∣∣∣
� 1

8

∫ b

a

∫ d

c
[|g(x,y)| |A(D2D1 f (x,y))| +| f (x,y)| |A(D2D1g(x,y))|]dydx

� 1
8

∫ b

a

∫ d

c

[
|g(x,y)|

∫ b

a

∫ d

c
|D2D1 f (t,s)|dsdt +| f (x,y)|

∫ b

a

∫ d

c
|D2D1g(t,s)|dsdt

]
dydx

� 1
8
(b−a)(d − c)

∫ b

a

∫ d

c
[|g(x,y)|‖D2D1 f‖∞ +| f (x,y)|‖D2D1g‖∞]dydx,

which is the required inequality in (2.3.45).

Multiplying the left hand sides and right hand sides of (2.3.47) and (2.3.48), we get

f (x,y)g(x,y)− [ f (x,y)E(g(x,y))+g(x,y)E( f (x,y))−E( f (x,y))E(g(x,y))]

=
1

16
A(D2D1 f (x,y))A(D2D1g(x,y)). (2.3.52)

Integrating (2.3.52) over Δ and using the properties of modulus, we have∣∣∣∣∣∣
b∫

a

d∫

c

[ f (x,y)g(x,y)− [ f (x,y)E(g(x,y))+g(x,y)E( f (x,y))−E( f (x,y))E(g(x,y))]]dydx

∣∣∣∣∣∣

� 1
16

b∫

a

d∫

c

|A(D2D1 f (x,y))||A(D2D1g(x,y))|dydx. (2.3.53)

Now, using (2.3.50) and (2.3.51) in (2.3.53), we get (2.3.46). The proof is complete.

Theorem 2.3.4. Let f , g : Ω → R be continuous functions on Ω and D3D2D1 f (r,s, t),

D3D2D1g(r,s, t), exist, continuous and bounded on Ω. Then∣∣∣∣∣∣
k∫

a

m∫

b

n∫

c

[
f (r,s, t)g(r,s, t)− 1

2
[L( f (r,s, t))g(r,s, t)+L(g(r,s, t)) f (r,s, t)]

]
dtdsdr

∣∣∣∣∣∣

� 1
16

(k−a)(m−b)(n− c)
k∫

a

m∫

b

n∫

c

[|g(r,s, t)|‖D3D2D1 f‖∞

+| f (r,s, t)|‖D3D2D1g‖∞]dtdsdr, (2.3.54)

and ∣∣∣∣
∫ k

a

∫ m

b

∫ n

c
[ f (r,s, t)g(r,s, t)− [L( f (r,s, t))g(r,s, t)

+L(g(r,s, t)) f (r,s, t)−L( f (r,s, t))L(g(r,s, t))]]dtdsdr

∣∣∣∣∣
� 1

64
{(k−a)(m−b)(n− c)}2 ‖D3D2D1 f‖∞ ‖D3D2D1g‖∞ . (2.3.55)
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Proof. From the hypotheses, it is easy to observe that the following identities hold (see

[83,90]):

f (r,s, t) = f (a,b,c)+ f (a,s, t)+ f (r,s,c)+ f (r,b, t)

− f (a,b, t)− f (a,s,c)− f (r,b,c)+
∫ r

a

∫ s

b

∫ t

c
D3D2D1 f (u,v,w)dwdvdu,

f (r,s, t) = f (r,s,n)+ f (a,s, t)+ f (r,b, t)+ f (a,b,n)

− f (a,b, t)− f (a,s,n)− f (r,b,n)−
∫ r

a

∫ s

b

∫ n

t
D3D2D1 f (u,v,w)dwdvdu,

f (r,s, t) = f (r,m, t)+ f (r,s,c)+ f (a,m,c)+ f (a,s, t)

− f (r,m,c)− f (a,m, t)− f (a,s,c)−
∫ r

a

∫ m

s

∫ t

c
D3D2D1 f (u,v,w)dwdvdu,

f (r,s, t) = f (k,s, t)+ f (k,b,c)+ f (r,s,c)+ f (r,b, t)

− f (k,s,c)− f (k,b, t)− f (r,b,c)−
∫ k

r

∫ s

b

∫ t

c
D3D2D1 f (u,v,w)dwdvdu,

f (r,s, t) = f (r,m, t)+ f (r,s,n)+ f (a,m,n)+ f (a,s, t)

− f (r,m,n)− f (a,m, t)− f (a,s,n)+
∫ r

a

∫ m

s

∫ n

t
D3D2D1 f (u,v,w)dwdvdu,

f (r,s, t) = f (r,m, t)+ f (r,s,c)+ f (k,s, t)+ f (k,m,c)

− f (k,m, t)− f (k,s,c)− f (r,m,c)+
∫ k

r

∫ m

s

∫ t

c
D3D2D1 f (u,v,w)dwdvdu,

f (r,s, t) = f (k,s, t)+ f (k,b,n)+ f (r,s,n)+ f (r,b, t)

− f (k,s,n)− f (k,b, t)− f (r,b,n)+
∫ k

r

∫ s

b

∫ n

t
D3D2D1 f (u,v,w)dwdvdu,

f (r,s, t) = f (k,m,n)+ f (k,s, t)+ f (r,m, t)+ f (r,s,n)

− f (k,m, t)− f (k,s,n)− f (r,m,n)−
∫ k

r

∫ m

s

∫ n

t
D3D2D1 f (u,v,w)dwdvdu.

Adding the above identities and rewriting, we have

f (r,s, t)−L( f (r,s, t)) =
1
8

B(D3D2D1 f (r,s, t)), (2.3.56)

for (r,s, t) ∈ Ω. Similarly, we have

g(r,s, t)−L(g(r,s, t)) =
1
8

B(D3D2D1g(r,s, t)) , (2.3.57)
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for (r,s, t) ∈ Ω. Multiplying (2.3.56) by g(r,s, t) and (2.3.57) by f (r,s, t) and adding the

resulting identities, then integrating over Ω and rewriting, we have
∫ k

a

∫ m

b

∫ n

c

[
f (r,s, t)g(r,s, t)− 1

2
[ f (r,s, t)L(g(r,s, t)) +g(r,s, t)L( f (r,s, t))]

]
dtdsdr

=
1

16

∫ k

a

∫ m

b

∫ n

c
[g(r,s, t)B(D3D2D1 f (r,s, t)) + f (r,s, t)B(D3D2D1g(r,s, t))]dtdsdr.

(2.3.58)

From the properties of modulus and integrals, we observe that

|B(D3D2D1 f (r,s, t))| �
∫ k

a

∫ m

b

∫ n

c
|D3D2D1 f (r,s, t)|dwdvdu

� ‖D3D2D1 f‖∞(k−a)(m−b)(n− c). (2.3.59)

Similarly, we get

|B(D3D2D1g(r,s, t))| � ‖D3D2D1g‖∞ (k−a)(m−b)(n− c). (2.3.60)

Now, from (2.3.58)-(2.3.60) and following the same arguments as in the proof of inequality

(2.3.45) with suitable changes, we get the required inequality in (2.5.54).

Multiplying the left hand sides and right hand sides of (2.3.56) and (2.3.57) and integrating

over Ω, we get
∫ k

a

∫ m

b

∫ n

c
[ f (r,s, t)g(r,s, t)− [ f (r,s, t)L(g(r,s, t))

+g(r,s, t)L( f (r,s, t))−L( f (r,s, t))L(g(r,s, t))]]dtdsdr

=
1

64

∫ k

a

∫ m

b

∫ n

c
B(D3D2D1 f (r,s, t))B(D3D2D1g(r,s, t))dtdsdr. (2.3.61)

From (2.3.61), using the properties of modulus and (2.3.59) and (2.3.60), we get the desired

inequality in (2.3.55). The proof is complete.

2.4 Trapezoid-type inequalities in two variables

In this section we present some Trapezoid-type inequalities involving functions of two

independent variables, recently established by Dragomir, Barnett and Pearce [39], Barnett

and Dragomir [6] and Pachpatte [86]. In our subsequent discussion, we make use of some

of the notations and definitions given in Section 2.3 without further mention.

We start with the Trapezoid-type inequality established in [86].
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Theorem 2.4.1. Let f : Δ → R be a continuous function on Δ, D2D1 f (x,y) exists and

continuous on Δ. Then∣∣∣∣
∫ b

a

∫ d

c
f (t,s)dsdt − 1

2

[
(d − c)

∫ b

a
[ f (t,c)+ f (t,d)]dt +(b−a)

∫ d

c
[ f (a,s)+ f (b,s)]ds

]

+
1
4
(b−a)(d − c)[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)]

∣∣∣∣

� 1
4
(b−a)(d − c)

∫ b

a

∫ d

c
|D2D1 f (t,s)|dsdt. (2.4.1)

Proof. By following the proof of Theorem 2.3.3, we have the following identity

f (x,y)− 1
2
[ f (x,c)+ f (x,d)+ f (a,y)+ f (b,y)]+

1
4
[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)]

=
1
4

A(D2D1 f (x,y)), (2.4.2)

for (x,y) ∈ Δ. Integrating both sides of (2.4.2) over Δ, we get
∫ b

a

∫ d

c
f (t,s)dsdt − 1

2

[
(d − c)

∫ b

a
[ f (t,c)+ f (t,d)]dt +(b−a)

∫ d

c
[ f (a,s)+ f (b,s)]ds

]

+
1
4
(b−a)(d − c)[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)]

=
1
4

∫ b

a

∫ d

c
A(D2D1 f (t,s))dsdt. (2.4.3)

Using the properties of modulus and integrals, we observe that

|A(D2D1 f (x,y))| �
∫ b

a

∫ d

c
|D2D1 f (t,s)|dsdt. (2.4.4)

From (2.4.3) and (2.4.4), we have∣∣∣∣
∫ b

a

∫ d

c
f (t,s)dsdt − 1

2

[
(d − c)

∫ b

a
[ f (t,c)+ f (t,d)]dt +(b−a)

∫ d

c
[ f (a,s)+ f (b,s)]ds

]

+
1
4
(b−a)(d − c)[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)]

∣∣∣∣

� 1
4

∫ b

a

∫ d

c
|A(D2D1 f (t,s))|dsdt

� 1
4
(b−a)(d − c)

∫ b

a

∫ d

c
|D2D1 f (t,s)|dsdt,

which is the required inequality in (2.4.1) and the proof is complete.
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Remark 2.4.1. From (2.4.2) it is easy to observe that the following inequality holds∣∣∣∣ f (x,y)− 1
2
[ f (x,c)+ f (x,d)+ f (a,y)+ f (b,y)] +

1
4
[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)]

∣∣∣∣

� 1
4

∫ b

a

∫ d

c
|D2D1 f (t,s)|dsdt, (2.4.5)

for (x,y) ∈ Δ.

The next Theorem deals with the Trapezoid-type inequality investigated in [39].

Theorem 2.4.2. Let f : Δ → R be a continuous mapping on Δ, D2D1 f (x,y) exists on

(a,b)× (c,d) and is bounded, then∣∣∣∣
∫ b

a

∫ d

c
f (t,s)dsdt − 1

2

[
(d − c)

∫ b

a
[ f (t,c)+ f (t,d)]dt

+(b−a)
∫ d

c
[ f (a,s)+ f (b,s)]ds

]

+
1
4
(b−a)(d − c)[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)]

∣∣∣∣

� 1
16

{(b−a)(d − c)}2 ‖D2D1 f‖∞. (2.4.6)

Proof. From the hypotheses, the following identity holds (see, Lemma 2.3.2):
∫ b

a

∫ d

c
p(x, t)q(y,s)D2D1 f (t,s)dsdt

= (d − c)(b−a) f (x,y)− (d− c)
∫ b

a
f (t,y)dt

−(b−a)
∫ d

c
f (x,s)ds+

∫ b

a

∫ d

c
f (t,s)dsdt, (2.4.7)

for all (x,y) ∈ Δ, where p(x, t), q(y,s) are as given in Section 2.3. In (2.4.7) choose (i) x =

a, y = c; (ii) x = b, y = c; (iii) x = a, y = d; and (iv) x = b, y = d to obtain the following

identities: ∫ b

a

∫ d

c
p(a, t)q(c,s)D2D1 f (t,s)dsdt

= (d − c)(b−a) f (a,c)− (d− c)
∫ b

a
f (t,c)dt

−(b−a)
∫ d

c
f (a,s)ds+

∫ b

a

∫ d

c
f (t,s)dsdt, (2.4.8)
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∫ b

a

∫ d

c
p(b, t)q(c,s)D2D1 f (t,s)dsdt

= (d − c)(b−a) f (b,c)− (d− c)
∫ b

a
f (t,c)dt

−(b−a)
∫ d

c
f (b,s)ds+

∫ b

a

∫ d

c
f (t,s)dsdt, (2.4.9)

∫ b

a

∫ d

c
p(a, t)q(d,s)D2D1 f (t,s)dsdt

= (d − c)(b−a) f (a,d)− (d− c)
∫ b

a
f (t,d)dt

−(b−a)
∫ d

c
f (a,s)ds+

∫ b

a

∫ d

c
f (t,s)dsdt, (2.4.10)

and ∫ b

a

∫ d

c
p(b, t)q(d,s)D2D1 f (t,s)dsdt

= (d − c)(b−a) f (b,d)− (d− c)
∫ b

a
f (t,d)dt

−(b−a)
∫ d

c
f (b,s)ds+

∫ b

a

∫ d

c
f (t,s)dsdt, (2.4.11)

Adding (2.4.8)–(2.4.11) and dividing by 4, we have

1
4

∫ b

a

∫ d

c
(p(a, t)+ p(b, t))(q(c,s)+q(d,s))D2D1 f (t,s)dsdt

=
∫ b

a

∫ d

c
f (t,s)dsdt +

1
4
(b−a)(d − c)[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)]

−1
2

[
(d − c)

∫ b

a
[ f (t,c)+ f (t,d)]dt +(b−a)

∫ d

c
[ f (a,s)+ f (b,s)]ds

]
,

and as

p(a, t)+ p(b, t) = 2t − (a+b),q(c,s)+q(d,s) = 2s− (c+d),

then we get the identity:
∫ b

a

∫ d

c
f (t,s)dsdt − 1

2

[
(d − c)

∫ b

a
[ f (t,c)+ f (t,d)]dt +(b−a)

∫ d

c
[ f (a,s)+ f (b,s)]ds

]

+
1
4
(b−a)(d − c)[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)]
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=
∫ b

a

∫ d

c

(
t − a+b

2

)(
s− c+d

2

)
D2D1 f (t,s)dsdt. (2.4.12)

Now, using the identity (2.4.12) and the properties of the integral, we get∣∣∣∣
∫ b

a

∫ d

c
f (t,s)dsdt − 1

2

[
(d − c)

∫ b

a
[ f (t,c)+ f (t,d)]dt +(b−a)

∫ d

c
[ f (a,s)+ f (b,s)]ds

]

+
1
4
(b−a)(d − c)[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)]

∣∣∣∣

�
∫ b

a

∫ d

c

∣∣∣∣t − a+b
2

∣∣∣∣
∣∣∣∣s− c+d

2

∣∣∣∣ |D2D1 f (t,s)|dsdt

� 1
16

{(b−a)(d − c)}2 ‖D2D1 f‖∞.

Since a simple calculation gives,
∫ b

a

∣∣∣∣t − a+b
2

∣∣∣∣dt =
(b−a)2

4
,
∫ d

c

∣∣∣∣s− c+d
2

∣∣∣∣dt =
(d − c)2

4
,

the inequality (2.4.6) is thus obtained. The prof is complete.

In order to prove the next two Theorems we need the following integral identity proved in

[6].

Lemma 2.4.1. Let f : Δ→R be a continuous mapping on Δ such that D2 f (a, ·) ,D2 f (b, ·)
are continuous on [c,d], D1 f (·,c) ,D1 f (·,d) are continuous on [a,b] and D2D1 f (·, ·) is

continuous on Δ. Then we have the identity:
∫ b

a

∫ d

c
f (x,y)dydx+(b−a)

∫ d

c

(
y− c+d

2

)
f2(y)dy+(d − c)

∫ b

a

(
x− a+b

2

)
f1(x)dx

=
1
4
(b−a)(d − c)[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)]

+
∫ b

a

∫ d

c

(
x− a+b

2

)(
y− c+d

2

)
D2D1 f (x,y)dydx, (2.4.13)

where

f1(x) =
1
2
[D1 f (x,c)+D1 f (x,d)], (2.4.14)

for x ∈ [a,b] and

f2(y) =
1
2

[D2 f (a,y)+D2 f (b,y)] , (2.4.15)

for y ∈ [c,d].
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Proof. A simple integration by parts gives
∫ β

α
h(x)dx =

h(α)+h(β )
2

(β −α)−
∫ β

α

(
x− α +β

2

)
h′(x)dx, (2.4.16)

provided that h : [α,β ] → R is absolutely continuous on [α,β ]. Using (2.4.15), we can

write:∫ b

a
f (x,y)dx = (b−a)

f (a,y)+ f (b,y)
2

−
∫ b

a

(
x− a+b

2

)
D1 f (x,y)dx, (2.4.17)

for all y ∈ [c,d]. Integrating (2.4.17) over the interval [c,d], we obtain
∫ d

c

(∫ b

a
f (x,y)dx

)
dy =

1
2
(b−a)

[∫ d

c
f (a,y)dy+

∫ d

c
f (b,y)dy

]

−
∫ d

c

(∫ b

a

(
x− a+b

2

)
D1 f (x,y)dx

)
dy.

Using x’s theorem, we can state:
∫ b

a

∫ d

c
f (x,y)dydx =

1
2
(b−a)

[∫ d

c
f (a,y)dy+

∫ d

c
f (b,y)dy

]

−
∫ b

a

(
x− a+b

2

)(∫ d

c
D1 f (x,y)dy

)
dx. (2.4.18)

By the identity (2.4.16), we can also state:
∫ d

c
f (a,y)dy =

1
2
[ f (a,c)+ f (a,d)](d− c)−

∫ d

c

(
y− c+d

2

)
D2 f (a,y)dy, (2.4.19)

∫ d

c
f (b,y)dy =

1
2
[ f (b,c)+ f (b,d)](d− c)−

∫ d

c

(
y− c+d

2

)
D2 f (b,y)dy, (2.4.20)

and ∫ d

c
D1 f (x,y)dy =

1
2
[D1 f (x,c)+D1 f (x,d)](d − c)

−
∫ d

c

(
y− c+d

2

)
D2D1 f (x,y)dy. (2.4.21)

Now, using (2.4.18) and (2.4.19)–(2.4.21), we have successively
∫ b

a

∫ d

c
f (x,y)dydx =

1
2
(b−a)

[
1
2
[ f (a,c)+ f (a,d)](d− c)−

∫ d

c

(
y− c+d

2

)
D2 f (a,y)dy

+
1
2
[ f (b,c)+ f (b,d)](d− c)−

∫ d

c

(
y− c+d

2

)
D2 f (b,y)dy

]

−
∫ b

a

(
x− a+b

2

)[
1
2
[D1 f (x,c)+D1 f (x,d)](d − c)
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−
∫ d

c

(
y− c+d

2

)
D2D1 f (x,y)dy

]
dx

=
1
4
[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)](b−a)(d− c)

−1
2
(b−a)

∫ d

c

(
y− c+d

2

)
D2 f (a,y)dy− 1

2
(b−a)

∫ d

c

(
y− c+d

2

)
D2 f (b,y)dy

−1
2
(d − c)

∫ b

a

(
x− a+b

2

)
D1 f (x,c)dx− 1

2
(d − c)

∫ b

a

(
x− a+b

2

)
D1 f (x,d)dx

+
∫ b

a

∫ d

c

(
x− a+b

2

)(
y− c+d

2

)
D2D1 f (x,y)dydx. (2.4.22)

Rewriting (2.4.22), we get the desired identity in (2.4.13).

The Trapezoid-type inequalities given in [6] are embodied in the following theorems.

Theorem 2.4.3. Let f , f1, f2 be as in Lemma 2.4.1 and assume that D2D1 f (x,y) is

bounded. Then∣∣∣∣
∫ b

a

∫ d

c
f (x,y)dydx+(b−a)

∫ d

c

(
y− c+d

2

)
f2(y)dy +(d − c)

∫ b

a

(
x− a+b

2

)
f1(x)dx

−1
4

[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)](b−a)(b− c)
∣∣∣∣

� 1
16

{(b−a)(d − c)}2‖D2D1 f‖∞, (2.4.23)

where f1(x) and f2(y) are given by (2.4.14) and (2.4.15).

Proof. Using the identity (2.4.13) and the properties of integral, we have∣∣∣∣
∫ b

a

∫ d

c
f (x,y)dydx+(b−a)

∫ d

c

(
y− c+d

2

)
f2(y)dy +(d − c)

∫ b

a

(
x− a+b

2

)
f1(x)dx

−1
4

[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)](b−a)(b− c)
∣∣∣∣

�
∫ b

a

∫ d

c

∣∣∣∣x− a+b
2

∣∣∣∣
∣∣∣∣y− c+d

2

∣∣∣∣ |D2D1 f (x,y)|dydx

� ‖D2D1 f‖∞

∫ b

a

∣∣∣∣x− a+b
2

∣∣∣∣dx
∫ d

c

∣∣∣∣y− c+d
2

∣∣∣∣dy

= ‖D2D1 f‖∞
(b−a)2

4
(d − c)2

4
,

and the inequality (2.4.23) is proved.
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Theorem 2.4.4. Let f , f1, f2 be as in Theorem 2.4.3 and assume that

‖ f1‖∞ = sup
x∈[a,b]

| f1(x)| < ∞, ‖ f2‖∞ = sup
y∈[c,d]

| f2(y)| < ∞.

Then ∣∣∣∣
∫ b

a

∫ d

c
f (x,y)dydx− 1

4
[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)](b−a)(b− c)

∣∣∣∣
� 1

4
(b−a)(d−c) [(b−a)‖ f1‖∞ +(d−c)‖ f2‖∞ +

1
4
(b−a)(d − c)‖D2D1 f‖∞

]
. (2.4.24)

Proof. As in the proof of Theorem 2.4.3, we have, by the identity (2.4.13) that∣∣∣∣
∫ b

a

∫ d

c
f (x,y)dydx− 1

4
[ f (a,c)+ f (a,d)+ f (b,c)+ f (b,d)](b−a)(b− c)

∣∣∣∣
� (b−a)

∫ d

c

∣∣∣∣y− c+d
2

∣∣∣∣ | f2(y)|dy+(d − c)
∫ b

a

∣∣∣∣x− a+b
2

∣∣∣∣ | f1(x)|dx

+
∫ b

a

∫ d

c

∣∣∣∣x− a+b
2

∣∣∣∣
∣∣∣∣y− c+d

2

∣∣∣∣ |D2D1 f (x,y)|dydx

� (b−a)‖ f2‖∞
(d − c)2

4
+(d − c)‖ f1‖∞

(b−a)2

4
+‖D2D1 f‖∞

(b−a)2

4
(d − c)2

4

=
1
4
(b−a)(d − c) [(b−a)‖ f1‖∞ +(d − c)‖ f2‖∞ +

1
4
(b−a)(d − c)‖D2D1 f‖∞

]
.

Hence the proof is completed.

Remark 2.4.2. We note that, one can very easily obtain bounds on the right hand sides in

(2.4.23) and (2.4.24) for ‖ · ‖p norm, p ∈ [1,∞). Here, we do not discuss the details.

2.5 Some multivariate Grüss-type integral inequalities

Our main goal in this section is to present some multivariate Grüss-type integral inequalities

recently investigated by Pachpatte in [94,130].

Let B = ∏n
i=1[ai,bi] be a bounded domain in R

n, the n-dimensional Euclidean space.

For xi ∈ R, x = (x1, . . . ,xn) is a variable point in B and dx = dx1 · · ·dxn. For

any integrable function u(x) : B → R we denote by
∫

B u(x)dx the n-fold integral∫ bn
an

· · ·
∫ b1

a1
u(x1, . . . ,xn)dx1 · · ·dxn. For integrable functions f , g : B → R on B and p : B →

R+ an integrable function on B such that P =
∫

B p(x)dx > 0, we set

T (P, p, f ,g;B) =
1
P

∫

B

p(x) f (x)g(x)dx−

⎛
⎝ 1

P

∫

B

p(x) f (x)dx

⎞
⎠
⎛
⎝ 1

P

∫

B

p(x)g(x)dx

⎞
⎠ ,

(2.5.1)

and assume that the integrals involved in (2.5.1) exist.

In the following theorems, we present the integral inequalities investigated in [130].
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Theorem 2.5.1. Let f , g : B → R be integrable functions on B and p : B → R+ an inte-

grable function on B such that P =
∫

B p(x)dx > 0. Then

|T (P, p, f ,g;B)| �
√

T (P, p, f , f ;B)
√

T (P, p,g,g;B), (2.5.2)

and in addition if φ � f (x) � Φ, γ � g(x) � Γ for each x ∈ B, where φ , Φ, γ, Γ are given

real constants, then

|T (P, p, f ,g;B)| � 1
4
(Φ−φ)(Γ− γ). (2.5.3)

Proof. By direct computation, it is easy to observe that the following version of the Ko-

rkine’s identity [79, p. 242] holds:

T (P, p, f ,g;B) =
1

2P2

∫
B

∫
B

p(x)p(y)( f (x)− f (y))(g(x)−g(y))dydx. (2.5.4)

From (2.5.4), it is easy to observe that

T (P, p, f , f ;B) =
1
P

∫
B

p(x) f 2(x)dx−
(

1
P

∫
B

p(x) f (x)dx
)2

. (2.5.5)

Furthermore, by using the multivariate version of the Schwarz integral inequality, it is easy

to observe that T (P, p, f , f ;B) � 0. Similarly, we have

T (P, p,g,g;B) =
1
P

∫
B

p(x)g2(x)dx−
(

1
P

∫
B

p(x)g(x)dx
)2

, (2.5.6)

and T (P, p,g,g;B) � 0. From (2.5.4) and using the multivariate version of the Schwarz

integral inequality, we have

|T (P, p, f ,g;B)|2 =
{

1
2P2

∫
B

∫
B

p(x)p(y)( f (x)− f (y))(g(x)−g(y))dydx
}2

�
{

1
2P2

∫
B

∫
B

p(x)p(y)( f (x)− f (y))2dydx
}{

1
2P2

∫
B

∫
B

p(x)p(y)(g(x)−g(y))2dydx
}

=

{
1
P

∫
B

p(x) f 2(x)dx−
(

1
P

∫
B

p(x) f (x)dx
)2
}

×
{

1
P

∫
B

p(x)g2(x)dx−
(

1
P

∫
B

p(x)g(x)dx
)2
}

= T (P, p, f , f ;B)T (P, p,g,g;B). (2.5.7)

The desired inequality in (2.5.2) follows from (2.5.7).

It is easy to observe that the following identity also holds:

T (P, p, f , f ;B) =
(

Φ− 1
P

∫
B

p(x) f (x)dx
)(

1
P

∫
B

p(x) f (x)dx−φ
)
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− 1
P

∫
B

p(x)(Φ− f (x))( f (x)−φ)dx. (2.5.8)

Using the fact that (Φ− f (x))( f (x)−φ) � 0 in (2.5.8), we have

T (P, p, f , f ;B) �
(

Φ− 1
P

∫
B

p(x) f (x)dx
)(

1
P

∫
B

p(x)g(x)dx−φ
)

. (2.5.9)

Similarly, we have

T (P, p,g,g;B) �
(

Γ− 1
P

∫
B

p(x)g(x)dx
)(

1
P

∫
B

p(x)g(x)dx− γ
)

. (2.5.10)

Using (2.5.9) and (2.5.10) in (2.5.7), we get

|T (P, p, f ,g;B)|2 �
(

Φ− 1
P

∫
B

p(x) f (x)dx
)(

1
P

∫
B

p(x) f (x)dx−φ
)

×
(

Γ− 1
P

∫
B

p(x)g(x)dx
)(

1
P

∫
B

p(x)g(x)dx− γ
)

. (2.5.11)

By using the elementary inequality cd �
( c+d

2

)2
; c, d ∈ R, we observe that

(
Φ− 1

P

∫
B

p(x) f (x)dx
)(

1
P

∫
B

p(x) f (x)dx−φ
)

�
(

Φ−φ
2

)2

, (2.5.12)

(
Γ− 1

P

∫
B

p(x)g(x)dx
)(

1
P

∫
B

p(x)g(x)dx− γ
)

�
(

Γ− γ
2

)2

. (2.5.13)

The required inequality in (2.5.3) follows from (2.5.11)–(2.5.13).

Remark 2.5.1. We note that the inequality established in (2.5.3) can be considered as

a weighted multivariate generalization of the Grüss inequality. In the special case when

n = 1, from (2.5.3), we get the generalization of the Grüss inequality (3) given by Dragomir

in [42].

Theorem 2.5.2. Let f , g : B → R be integrable functions on B and p : B → R+ an inte-

grable function on B such that P =
∫

B p(x)dx > 0. Then

|T (P, p, f ,g;B)|

� 1
P

∫
B

p(x)
∣∣∣∣
(

f (x)− 1
P

∫
B

p(y) f (y)dy
)(

g(x)− 1
P

∫
B

p(y)g(y)dy
)∣∣∣∣dx, (2.5.14)

and in addition if φ � f (x) � Φ for each x ∈ B, where φ , Φ are real constants, then

|T (P, p, f ,g;B)| � Φ−φ
2

√
T (P, p,g,g;B). (2.5.15)
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Proof. In order to establish the inequality (2.5.14), we observe that
1
P

∫
B

p(x)
(

f (x)− 1
P

∫
B

p(y) f (y)dy
)(

g(x)− 1
P

∫
B

p(y)g(y)dy
)

dx

=
1
P

∫
B

p(x)
{

f (x)g(x)− 1
P

f (x)
∫

B
p(y)g(y)dy

− 1
P

g(x)
∫

B
p(y) f (y)dy+

1
P2

(∫
B

p(y) f (y)dy
)(∫

B
p(y)g(y)dy

)}
dx

=
1
P

∫
B

p(x) f (x)g(x)dx−
(

1
P

∫
B

p(x) f (x)dx
)(

1
P

∫
B

p(x)g(x)dx
)

−
(

1
P

∫
B

p(x) f (x)dx
)(

1
P

∫
B

p(x)g(x)dx
)

+
1
P

1
P2 P

(∫
B

p(x) f (x)dx
)(∫

B
p(x)g(x)dx

)

=
1
P

∫
B

p(x) f (x)g(x)dx−
(

1
P

∫
B

p(x) f (x)dx
)(

1
P

∫
B

p(x)g(x)dx
)

= T (P, p, f ,g;B). (2.5.16)

From (2.5.16) and using the properties of modulus, we get the desired inequality in (2.5.14).

Following the proof of Theorem 2.5.1, we have T (P, p, f , f ;B) � 0, T (P, p,g,g;B) � 0 and

(2.5.7), (2.5.9), (2.5.12) hold. From (2.5.9) and (2.5.12), we get

T (P, p, f , f ;B) � 1
4
(Φ−φ)2. (2.5.17)

The required inequality in (2.5.15) follows from (2.5.7) and (2.5.17). The proof is com-

plete.

Remark 2.5.2. By taking p(x) = 1 and hence P = ∏n
i=1(bi −ai) in (2.5.14), we get

|T (P,1, f ,g;B)| � 1
P

∫
B

∣∣∣∣
(

f (x)− 1
P

∫
B

f (y)dy
)(

g(x)− 1
P

∫
B

g(y)dy
)∣∣∣∣dx. (2.5.18)

The inequality (2.5.18) can be considered as the multivariate version of the integral in-

equality of the Grüss-type given by Dragomir and McAndrew in [34]. We note that the

inequality (2.5.15) can be considered as a multivariate version of the Pre-Grüss inequality

given by Matić, Pečarić and Ujević in [72].

Before giving the next result, we introduce the following notation used to simplify the

details of presentation.

Let Di[ai,bi] = {xi : ai < xi < bi} for i = 1, . . . ,n; ai, bi ∈ R, D = ∏n
i=1 Di[ai,bi] and D be

the closure of D. For any function u : D → R, differentiable on D, we denote the first order

partial derivatives by ∂u(x)
∂xi

and by
∫

D u(x)dx the n-fold integral. If∥∥∥∥ ∂u
∂xi

∥∥∥∥
∞

= sup
x∈D

∣∣∣∣∂u(x)
∂xi

∣∣∣∣< ∞,
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then we say that the partial derivatives ∂u(x)
∂xi

are bounded. For continuous functions p, q

defined on D and differentiable on D and w(x) a real-valued, nonnegative and integrable

function for x ∈ D and
∫

D w(x)dx > 0 and xi, yi ∈ Di[ai,bi], we set

A(w, p,q;D) =
∫

D
w(x)p(x)q(x)dx

− 1∫
D w(x)dx

(∫
D

w(x)p(x)dx
)(∫

D
w(x)q(x)dx

)
, (2.5.19)

H(p,xi,yi) =
n

∑
i=1

∥∥∥∥ ∂ p
∂xi

∥∥∥∥
∞
|xi − yi|, (2.5.20)

and assume that the integrals involved in (2.5.19) exist.

The Grüss-type integral inequalities established in [94] are given in the following theorem.

Theorem 2.5.3. Let f (x), g(x) be real-valued continuous functions on D and differen-

tiable on D, with partial derivatives ∂ f (x)
∂xi

, ∂g(x)
∂xi

being bounded. Let w(x) be a real-valued,

nonnegative and integrable function for x ∈ D and
∫

D w(x)dx > 0. Then

|A(w, f ,g;D)| � 1
2
∫

D w(x)dx

∫
D

w(x)
[
|g(x)|

∫
D

H( f ,xi,yi)w(y)dy

+| f (x)|
∫

D
H(g,xi,yi)w(y)dy

]
dx, (2.5.21)

|A(w, f ,g;D)| � 1

(
∫

D w(x)dx)2

∫
D

w(x)
(∫

D
H( f ,xi,yi)w(y)dy

)

×
(∫

D
H(g,xi,yi)w(y)dy

)
dx. (2.5.22)

Proof. Let x = (x1, . . . ,xn) ∈ D, y = (y1, . . . ,yn) ∈ D. From the n-dimensional version of

the mean value theorem, we have (see [146, p.174])

f (x)− f (y) =
n

∑
i=1

∂ f (c1)
∂xi

(xi − yi), (2.5.23)

and

g(x)−g(y) =
n

∑
i=1

∂g(c2)
∂xi

(xi − yi), (2.5.24)

where ci = (y1 +αi(x1 − y1), . . . ,yn +αi(xn − yn)) (0 < αi < 1) for i = 1,2. Multiplying

both sides of (2.5.23) and (2.5.24) by g(x) and f (x) respectively and adding, we get

2 f (x)g(x)−g(x) f (y)− f (x)g(y)
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= g(x)
n

∑
i=1

∂ f (c1)
∂xi

(xi − yi)+ f (x)
n

∑
i=1

∂g(c2)
∂xi

(xi − yi). (2.5.25)

Multiplying both sides of (2.5.25) by w(y) and integrating the resulting identity with respect

to y over D, we have

2
(∫

D
w(y)dy

)
f (x)g(x)−g(x)

∫
D

w(y) f (y)dy− f (x)
∫

D
w(y)g(y)dy

= g(x)
∫

D

n

∑
i=1

∂ f (c1)
∂xi

(xi − yi)w(y)dy+ f (x)
∫

D

n

∑
i=1

∂g(c2)
∂xi

(xi − yi)w(y)dy. (2.5.26)

Next, multiplying both sides of (2.5.26) by w(x) and integrating the resulting identity with

respect to x over D, we get

2
(∫

D
w(y)dy

)∫
D

w(x) f (x)g(x)dx

−
(∫

D
w(x)g(x)dx

)(∫
D

w(y) f (y)dy
)
−
(∫

D
w(x) f (x)dx

)(∫
D

w(y)g(y)dy
)

=
∫

D
w(x)g(x)

(∫
D

n

∑
i=1

∂ f (c1)
∂xi

(xi − yi)w(y)dy

)
dx

+
∫

D
w(x) f (x)

(∫
D

n

∑
i=1

∂g(c2)
∂xi

(xi − yi)w(y)dy

)
dx. (2.5.27)

Rewriting (2.5.27), using the notation given in (2.5.19) and the properties of modulus, we

have

|A(w, f ,g;D)| � 1
2
∫

D w(x)dx

[∫
D

w(x)|g(x)|
(∫

D

n

∑
i=1

∣∣∣∣∂ f (c1)
∂xi

∣∣∣∣ |xi − yi|w(y)dy

)
dx

+
∫

D
w(x)| f (x)|

(∫
D

n

∑
i=1

∣∣∣∣∂g(c2)
∂xi

∣∣∣∣ |xi − yi|w(y)dy

)
dx

]

� 1
2
∫

D w(x)dx

[∫
D

w(x)

[
|g(x)|

∫
D

n

∑
i=1

∥∥∥∥ ∂ f
∂xi

∥∥∥∥
∞
|xi − yi|w(y)dy

+| f (x)|
∫

D

n

∑
i=1

∥∥∥∥ ∂g
∂xi

∥∥∥∥
∞
|xi − yi|w(y)dy

]
dx

=
1

2
∫

D
w(x)dx

∫
D

w(x)
[
|g(x)|

∫
D

H( f ,xi,yi)w(y)dy+ | f (x)|
∫

D
H(g,xi,yi)w(y)dy

]
dx.
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This is the required inequality in (2.5.21).

Multiplying both sides of (2.5.23) and (2.5.24) by w(y) and integrating the resulting iden-

tities with respect to y over D, we get(∫
D

w(y)dy
)

f (x)−
∫

D
w(y) f (y)dy =

∫
D

n

∑
i=1

∂ f (c1)
∂xi

(xi − yi)w(y)dy, (2.5.28)

and (∫
D

w(y)dy
)

g(x)−
∫

D
w(y)g(y)dy =

∫
D

n

∑
i=1

∂g(c2)
∂xi

(xi − yi)w(y)dy. (2.5.29)

Multiplying the left hand sides and right hand sides of (2.5.28) and (2.5.29), we get(∫
D

w(y)dy
)2

f (x)g(x)−
(∫

D
w(y)dy

)
f (x)

∫
D

w(y)g(y)dy

−
(∫

D
w(y)dy

)
g(x)

∫
D

w(y) f (y)dy+
(∫

D
w(y) f (y)dy

)(∫
D

w(y)g(y)dy
)

=

(∫
D

n

∑
i=1

∂ f (c1)
∂xi

(xi − yi)w(y)dy

)(∫
D

n

∑
i=1

∂g(c2)
∂xi

(xi − yi)w(y)dy

)
. (2.5.30)

Multiplying both sides of (2.5.30) by w(x) and integrating the resulting identity with respect

to x over D and rewriting, we obtain

A(w, f ,g;D) =
1(∫

D
w(y)dy

)2

∫
D

w(x)

(∫
D

n

∑
i=1

∂ f (c1)
∂xi

(xi − yi)w(y)dy

)

×
(∫

D

n

∑
i=1

∂g(c2)
∂xi

(xi − yi)w(y)dy

)
dx. (2.5.31)

From (2.5.31) and following the proof of inequality (2.5.21) with suitable modifications,

we get the required inequality in (2.5.22). The proof is complete.

Remark 2.5.3. If we take n = 1 and D = I = {x : a < x < b} in (2.5.21), then we get∣∣∣∣∣∣∣∣

∫ b

a
w(t) f (t)g(t)dt − 1∫ b

a
w(t)dt

(∫ b

a
w(t) f (t)dt

)(∫ b

a
w(t)g(t)dt

)
∣∣∣∣∣∣∣∣

� 1

2
∫ b

a
w(t)dt

∫ b

a
w(t)

[
|g(t)|

∫ b

a
‖ f ′‖∞|t − s|w(s)ds

+| f (t)|
∫ b

a
‖g′‖∞|t − s|w(s)ds

]
dt. (2.5.32)

Similarly, one can obtain the special version of (2.5.22). It is easy to see that the bound

obtained on the right hand side in (2.5.32) (when w(t) = 1) is different from those given by

Grüss in [61].
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2.6 Multivariate Grüss-and Čebyšev-type discrete inequalities

In this section, we deal with certain multivariate Grüss- and Čebyšev-type discrete inequal-

ities established by Pachpatte in [95,103,129].

Let N1 = {1,2, . . . ,k +1}, N2 = {1,2, . . . ,m+1}, N3 = {1,2, . . . ,n+1} for k,m,n ∈ N and

denote by G = N1 ×N2, H = N1 ×N2 ×N3. For functions h(x,y) and e(x,y,z) defined re-

spectively on G and H we define the operators Δ1h(x,y) = h(x+1,y)−h(x,y), Δ2h(x,y) =

h(x,y+1) − h(x,y), Δ2Δ1h(x,y) = Δ2 (Δ1h(x,y)) and Δ1e(x,y,z) = e(x+1,y,z) −
e(x,y,z) , Δ2e(x,y,z) = e(x,y+1,z) − e(x,y,z) , Δ3e(x,y,z) = e(x,y,z+1) − e(x,y,z) ,

Δ2Δ1e(x,y,z) = Δ2 (Δ1e(x,y,z)) , Δ3Δ2Δ1e(x,y,z) = Δ3 (Δ2Δ1e(x,y,z)) . Let Ni [0,ai] =

{0,1,2, . . . ,ai}, ai ∈ N, i = 1, . . . ,n and Q =
n
∏
i=1

Ni [0,ai] . For a function u(x) : Q → R

we define the first order difference operators as Δ1u(x) = u(x1 +1,x2, . . . ,xn)− u(x), . . . ,

Δnu(x) = u(x1, . . . ,xn−1,xn +1)− u(x) and denote the n-fold sum over Q with respect to

the variable y = (y1, . . . ,yn) ∈ Q by

∑
y

u(y) =
a1−1

∑
y1=0

· · ·
an−1

∑
yn=0

u(y1, . . . ,yn).

Clearly ∑y u(y) = ∑x u(x) for x, y ∈ Q. The notation

xi−1

∑
ti=yi

Δiu(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

for xi, yi ∈ Ni[0,ai]; i = 1, . . . ,n, we mean for i = 1, it is ∑x1−1
t1=y1

Δ1u(t1,x2, . . . ,xn) and so on

and for i = n, it is ∑xn−1
tn=yn Δnu(y1, . . . ,yn−1, tn). The functions h(x,y), e(x,y,z) and u(x) de-

fined on G,H and Q respectively are said to be bounded if ‖h‖∞ = sup(x,y)∈G |h(x,y)| < ∞,

‖e‖∞ = sup(x,y,z)∈H |e(x,y,z)|< ∞ and ‖u‖∞ = supx∈Q |u(x)|< ∞. We use the usual conven-

tion that the empty sum is taken to be zero. We give the following notation used to simplify

the details of presentation:

A(Δ2Δ1h(x,y)) = A[1,1;x,y;k,m;Δ2Δ1h(s, t)]

=
x−1

∑
s=1

y−1

∑
t=1

Δ2Δ1h(s, t)−
x−1

∑
s=1

m

∑
t=y

Δ2Δ1h(s, t)−
k

∑
s=x

y−1

∑
t=1

Δ2Δ1h(s, t)+
k

∑
s=x

m

∑
t=y

Δ2Δ1h(s, t),

E(h(x,y)) = E[1,1;x,y;k +1,m+1;h]

=
1
2

[h(x,1)+h(x,m+1)+h(1,y)+h(k +1,y)]

−1
4

[h(1,1)+h(1,m+1)+h(k +1,1)+h(k +1,m+1)] ,
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B(Δ3Δ2Δ1e(r,s, t)) = B [1,1,1;r,s, t;k,m,n;Δ3Δ2Δ1e(u,v,w)]

=
r−1

∑
u=1

s−1

∑
v=1

t−1

∑
w=1

Δ3Δ2Δ1e(u,v,w)−
r−1

∑
u=1

s−1

∑
v=1

n

∑
w=t

Δ3Δ2Δ1e(u,v,w)

−
r−1

∑
u=1

m

∑
v=s

t−1

∑
w=1

Δ3Δ2Δ1e(u,v,w)−
k

∑
u=r

s−1

∑
v=1

t−1

∑
w=1

Δ3Δ2Δ1e(u,v,w)

+
r−1

∑
u=1

m

∑
v=s

n

∑
w=t

Δ3Δ2Δ1e(u,v,w)+
k

∑
u=r

m

∑
v=s

t−1

∑
w=1

Δ3Δ2Δ1e(u,v,w)

+
k

∑
u=r

s−1

∑
v=1

n

∑
w=t

Δ3Δ2Δ1e(u,v,w)−
k

∑
u=r

m

∑
v=s

n

∑
w=t

Δ3Δ2Δ1e(u,v,w),

L(e(r,s, t)) = L[1,1,1;r,s, t;k +1,m+1,n+1;e]

=
1
8
[e(1,1,1)+ e(k +1,m+1,n+1)]

−1
4
[e(r,1,1)+ e(r,1,n+1)+ e(r,m+1,1)+ e(r,m+1,n+1)]

−1
4
[e(k +1,s,n+1)+ e(k +1,s,1)+ e(1,s,n+1)+ e(1,s,1)]

−1
4
[e(k +1,m+1, t)+ e(k +1,1, t)+ e(1,m+1, t)+ e(1,1, t)]

+
1
2
[e(1,s, t)+ e(k +1,s, t)]+

1
2
[e(r,1, t)+ e(r,m+1, t)]

+
1
2
[e(r,s,1)+ e(r,s,n+1)],

and for x ∈ Q,

S( f ,g,M;Q) =
1
M ∑

x
f (x)g(x)−

(
1
M ∑

x
f (x)
)(

1
M ∑

x
g(x)
)

,

for some suitable functions f , g and a constant M.

In the following Theorems we present the inequalities of the Grüss-and Čebyšev-type es-

tablished in [103,129].
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Theorem 2.6.1. Let f , g : G → R be functions such that Δ2Δ1 f (x,y), Δ2Δ1g(x,y) exist

and bounded on G. Then∣∣∣∣∣
k

∑
x=1

m

∑
y=1

[
f (x,y)g(x,y)− 1

2
{g(x,y)E( f (x,y))+ f (x,y)E(g(x,y))}

]∣∣∣∣∣

� 1
8

km
k

∑
x=1

m

∑
y=1

[|g(x,y)|‖Δ2Δ1 f‖∞ + | f (x,y)|‖Δ2Δ1g‖∞], (2.6.1)

∣∣∣∣∣
k

∑
x=1

m

∑
y=1

[ f (x,y)g(x,y)− {g(x,y)E( f (x,y))+ f (x,y)E(g(x,y)) −E( f (x,y))E(g(x,y))}]
∣∣∣∣∣

� 1
16

(km)2 ‖Δ2Δ1 f‖∞ ‖Δ2Δ1g‖∞. (2.6.2)

Proof. For (x,y) ∈ G it is easy to observe that the following identities hold (see [86]):

f (x,y) = f (x,1)+ f (1,y)− f (1,1)+
x−1

∑
s=1

y−1

∑
t=1

Δ2Δ1 f (s, t),

f (x,y) = f (x,m+1)+ f (1,y)− f (1,m+1)−
x−1

∑
s=1

m

∑
t=y

Δ2Δ1 f (s, t),

f (x,y) = f (x,1)+ f (k +1,y)− f (k +1,1)−
k

∑
s=x

y−1

∑
t=1

Δ2Δ1 f (s, t),

f (x,y) = f (x,m+1)+ f (k +1,y)− f (k +1,m+1)+
k

∑
s=x

m

∑
t=y

Δ2Δ1 f (s, t).

Adding the above identities and rewriting, we have

f (x,y)−E( f (x,y)) =
1
4

A(Δ2Δ1 f (x,y)) , (2.6.3)

for (x,y) ∈ G. Similarly, we have

g(x,y)−E(g(x,y)) =
1
4

A(Δ2Δ1g(x,y)), (2.6.4)

for (x,y) ∈ G. Multiplying (2.6.3) by g(x,y) and (2.6.4) by f (x,y), adding the resulting

identities, rewriting and then summing over G, we have
k

∑
x=1

m

∑
y=1

[
f (x,y)g(x,y)− 1

2
{g(x,y)E( f (x,y))+ f (x,y)E(g(x,y))}

]

=
1
8

k

∑
x=1

m

∑
y=1

[g(x,y)A(Δ2Δ1 f (x,y))+ f (x,y)A(Δ2Δ1g(x,y))]. (2.6.5)
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From the properties of modulus and sums, it is easy to see that

|A(Δ2Δ1 f (x,y))| �
k

∑
s=1

m

∑
t=1

|Δ2Δ1 f (s, t)| � ‖Δ2Δ1 f‖∞ (km), (2.6.6)

|A(Δ2Δ1g(x,y))| �
k

∑
s=1

m

∑
t=1

|Δ2Δ1g(s, t)| � ‖Δ2Δ1g‖∞(km). (2.6.7)

From (2.6.5)–(2.6.7), we observe that∣∣∣∣∣
k

∑
x=1

m

∑
y=1

[
f (x,y)g(x,y)− 1

2
{g(x,y)E( f (x,y))+ f (x,y)E(g(x,y))}

]∣∣∣∣∣

� 1
8

k

∑
x=1

m

∑
y=1

[|g(x,y)| |A(Δ2Δ1 f (x,y))|+ | f (x,y)| |A(Δ2Δ1g(x,y))|]

� 1
8

km
k

∑
x=1

m

∑
y=1

[|g(x,y)|‖Δ2Δ1 f‖∞ + | f (x,y)|‖Δ2Δ1g‖∞],

which is the required inequality in (2.6.1).

Multiplying the left hand sides and right hand sides of (2.6.3) and (2.6.4), we get

f (x,y)g(x,y)−{g(x,y)E( f (x,y))+ f (x,y)E(g(x,y))−E( f (x,y))E(g(x,y))}

=
1

16
A(Δ2Δ1 f (x,y))A(Δ2Δ1g(x,y)). (2.6.8)

Summing both sides of (2.6.8) over G and using the properties of modulus, we have∣∣∣∣∣
k

∑
x=1

m

∑
y=1

[ f (x,y)g(x,y)−{g(x,y)E( f (x,y))+ f (x,y)E(g(x,y))−E( f (x,y))E(g(x,y))}]
∣∣∣∣∣

� 1
16

k

∑
x=1

m

∑
y=1

|A(Δ2Δ1 f (x,y))| |A(Δ2Δ1g(x,y))| . (2.6.9)

Now, using (2.6.6) and (2.6.7) in (2.6.9), we get (2.6.2). The proof is complete.

Theorem 2.6.2. Let f , g : H →R be functions such that Δ3Δ2Δ1 f (r,s, t), Δ3Δ2Δ1g(r,s, t)

exist and bounded on H. Then∣∣∣∣∣
k

∑
r=1

m

∑
s=1

n

∑
t=1

[
f (r,s, t)g(r,s, t)− 1

2
{ f (r,s, t)L(g(r,s, t))+g(r,s, t)L( f (r,s, t))}

]∣∣∣∣∣
� 1

16
kmn

k

∑
r=1

m

∑
s=1

n

∑
t=1

[|g(r,s, t)|‖Δ3Δ2Δ1 f‖∞ + | f (r,s, t)|‖Δ3Δ2Δ1g‖∞] , (2.6.10)

∣∣∣∣∣
k

∑
r=1

m

∑
s=1

n

∑
t=1

[ f (r,s, t)g(r,s, t)−{ f (r,s, t)L(g(r,s, t))

+g(r,s, t)L( f (r,s, t))−L( f (r,s, t))L(g(r,s, t))}]
∣∣∣∣∣

� 1
64

(kmn)2‖Δ3Δ2Δ1 f‖∞ ‖Δ3Δ2Δ1g‖∞ . (2.6.11)
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Proof. For (r,s, t) ∈ H, it is easy to observe that the following identities hold (see [83]):

f (r,s, t) = f (1,1,1)+ f (1,s, t)+ f (r,1, t)+ f (r,s,1)

− f (1,1, t)− f (1,s,1)− f (r,1,1)+
r−1

∑
u=1

s−1

∑
v=1

t−1

∑
w=1

Δ3Δ2Δ1 f (u,v,w),

f (r,s, t) = f (1,1,n+1)+ f (r,s,n+1)+ f (1,s, t)+ f (r,1, t)

− f (1,s,n+1)− f (r,1,n+1)− f (1,1, t)−
r−1

∑
u=1

s−1

∑
v=1

n

∑
w=t

Δ3Δ2Δ1 f (u,v,w),

f (r,s, t) = f (r,m+1, t)+ f (1,s, t)+ f (1,m+1,1)+ f (r,s,1)

− f (1,m+1, t)− f (r,m+1,1)− f (1,s,1)−
r−1

∑
u=1

m

∑
v=s

t−1

∑
w=1

Δ3Δ2Δ1 f (u,v,w),

f (r,s, t) = f (k +1,s, t)+ f (r,1, t)+ f (r,s,1)+ f (k +1,1,1)

− f (k +1,1, t)− f (k +1,s, t)− f (r,1,1)−
k

∑
u=r

s−1

∑
v=1

t−1

∑
w=1

Δ3Δ2Δ1 f (u,v,w),

f (r,s, t) = f (r,m+1, t)+ f (r,s,n+1)+ f (r,m+1,n+1)+ f (1,s, t)

− f (r,m+1,n+1)− f (1,m+1, t)− f (1,s,n+1)+
r−1

∑
u=1

m

∑
v=s

n

∑
w=t

Δ3Δ2Δ1 f (u,v,w),

f (r,s, t) = f (r,m+1, t)+ f (r,s,1)+ f (k +1,s, t)+ f (k +1,m,1)

− f (k +1,m+1, t)− f (k +1,s,1)− f (r,m+1,1)+
k

∑
u=r

m

∑
v=s

t−1

∑
w=1

Δ3Δ2Δ1 f (u,v,w),

f (r,s, t) = f (k +1,s, t)+ f (k +1,1,n+1)+ f (r,s,n+1)+ f (r,1, t)

− f (k +1,1,n+1)− f (k +1,1, t)− f (r,1,n+1)+
k

∑
u=r

s−1

∑
v=1

n

∑
w=t

Δ3Δ2Δ1 f (u,v,w),

f (r,s, t) = f (k +1,m+1,n+1)+ f (k +1,s, t)+ f (r,m+1, t)+ f (r,s,n+1)

− f (k +1,m+1, t)− f (k +1,s,n+1)− f (r,m+1,n+1)−
k

∑
u=r

m

∑
v=s

n

∑
w=t

Δ3Δ2Δ1 f (u,v,w).

Adding the above identities and rewriting, we have

f (r,s, t)−L( f (r,s, t)) =
1
8

B(Δ3Δ2Δ1 f (r,s, t)) , (2.6.12)

for (r,s, t) ∈ H. Similarly, we have

g(r,s, t)−L(g(r,s, t)) =
1
8

B(Δ3Δ2Δ1g(r,s, t)) , (2.6.13)

for (r,s, t) ∈ H. From the properties of modulus and sums, we observe that

|B(Δ3Δ2Δ1 f (r,s, t))| �
k

∑
u=1

m

∑
v=1

n

∑
w=1

|Δ3Δ2Δ1 f (u,v,w)| � ‖Δ3Δ2Δ1 f‖∞(kmn), (2.6.14)

|B(Δ3Δ2Δ1g(r,s, t))| �
k

∑
u=1

m

∑
v=1

n

∑
w=1

|Δ3Δ2Δ1g(u,v,w)| � ‖Δ3Δ2Δ1g‖∞ (kmn) . (2.6.15)

The rest of the proofs of (2.6.10) and (2.6.11) can be completed by closely looking at the

proofs of (2.6.1) and (2.6.2) given in Theorem 2.6.1 with suitable modifications. We omit

the further details.

The inequalities in the following Theorem are proved in [95].



112 Analytic Inequalities: Recent Advances

Theorem 2.6.3. Let f , g : Q → R be functions such that Δi f (x), Δig(x) for i = 1, . . . ,n

exist and bounded on Q. Then

|S( f ,g,M;Q)| � 1
2M2 ∑

x

[
n

∑
i=1

[|g(x)|‖Δi f‖∞ + | f (x)|‖Δig‖∞]Hi(x)

]
, (2.6.16)

|S( f ,g,M;Q)| � 1
2M2 ∑

x

[
∑
y

[
n

∑
i=1

[‖Δi f‖∞] |xi − yi|
][

n

∑
i=1

[‖Δig‖∞] |xi − yi|
]]

, (2.6.17)

where M = ∏n
i=1 ai and Hi(x) = ∑y |xi − yi|.

Proof. For x = (x1, . . . ,xn), y = (y1, . . . ,yn) in Q, it is easy to observe that the following

identities hold:

f (x)− f (y) =
n

∑
i=1

{
xi−1

∑
ti=yi

Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}
, (2.6.18)

g(x)−g(y) =
n

∑
i=1

{
xi−1

∑
ti=yi

Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}
. (2.6.19)

Multiplying both sides of (2.6.18) and (2.6.19) by g(x) and f (x) respectively and adding,

we get

2 f (x)g(x)−g(x) f (y)− f (x)g(y)

= g(x)
n

∑
i=1

{
xi−1

∑
ti=yi

Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}

+ f (x)
n

∑
i=1

{
xi−1

∑
ti=yi

Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}
. (2.6.20)

Summing both sides of (2.6.20) with respect to y over Q, using the fact that M > 0 and

rewriting, we have

f (x)g(x)− 1
2M

g(x)∑
y

f (y)− 1
2M

f (x)∑
y

g(y)

=
1

2M

[
g(x)∑

y

[
n

∑
i=1

{
xi−1

∑
ti=yi

Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]

+ f (x)∑
y

[
n

∑
i=1

{
xi−1

∑
ti=yi

Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]]
. (2.6.21)
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Summing both sides of (2.6.21) with respect to x over Q, rewriting and using the properties

of modulus, we have

|S( f ,g,M;Q)| � 1
2M2 ∑

x

[
|g(x)|∑

y

[
n

∑
i=1

∣∣∣∣∣
{

xi−1

∑
ti=yi

|Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)|
}∣∣∣∣∣
]

+| f (x)|∑
y

[
n

∑
i=1

∣∣∣∣∣
{

xi−1

∑
ti=yi

|Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)|
}∣∣∣∣∣
]]

.

� 1
2M2 ∑

x

[
|g(x)|∑

y

[
n

∑
i=1

‖Δi f‖∞

∣∣∣∣∣
xi−1

∑
ti=yi

1

∣∣∣∣∣
]

+| f (x)|∑
y

[
n

∑
i=1

‖Δig‖∞

∣∣∣∣∣
xi−1

∑
ti=yi

1

∣∣∣∣∣
]]

=
1

2M2 ∑
x

[
|g(x)|

n

∑
i=1

‖Δi f‖∞ ∑
y
|xi − yi| +| f (x)|

n

∑
i=1

‖Δig‖∞ ∑
y
|xi − yi|

]

=
1

2M2 ∑
x

[
n

∑
i=1

[|g(x)|‖Δi f‖∞ +| f (x)|‖Δig‖∞]Hi(x)

]
,

which proves the inequality (2.6.16).

Multiplying the left hand sides and right hand sides of (2.6.18) and (2.6.19), we get

f (x)g(x)−g(x) f (y)− f (x)g(y)+ f (y)g(y)

=

[
n

∑
i=1

{
xi−1

∑
ti=yi

Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]

×
[

n

∑
i=1

{
xi−1

∑
ti=yi

Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]
. (2.6.22)

Summing both sides of (2.6.22) with respect to y over Q and rewriting, we have

f (x)g(x)− 1
M

g(x)∑
y

f (y)− 1
M

f (x)∑
y

g(y)+
1
M ∑

y
f (y)g(y)

=
1
M ∑

y

[
n

∑
i=1

{
xi−1

∑
ti=yi

Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]

×
[

n

∑
i=1

{
xi−1

∑
ti=yi

Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]
. (2.6.23)

Summing both sides of (2.6.23) with respect to x over Q, rewriting and using the properties

of modulus, we have

|S( f ,g,M;Q)| � 1
2M2 ∑

x

[
∑
y

[
n

∑
i=1

∣∣∣∣∣
{

xi−1

∑
ti=yi

|Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)|
}∣∣∣∣∣
]

×
[

n

∑
i=1

∣∣∣∣∣
{

xi−1

∑
ti=yi

|Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)|
}∣∣∣∣∣
]]

� 1
2M2 ∑

x

[
∑
y

[
n

∑
i=1

[‖Δi f‖∞] |xi − yi|
][

n

∑
i=1

[‖Δig‖∞] |xi − yi|
]]

,

which is the required inequality in (2.6.17). The proof is complete.
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2.7 Applications

One of the main motivations for investigating different types of inequalities given in earlier

sections was to apply them as tools in various applications. In this section we give applica-

tions of some of the inequalities and it is hoped that these inequalities will provide a fruitful

source for future research.

2.7.1 Some integral inequalities via Grüss inequality in inner product spaces

In this subsection, we present some integral versions of Theorem 2.2.1 given by Dragomir

and Gomm [54], that have potential for applications.

Let (Ω,Σ,μ) be a measure space consisting of a set Ω, a σ -algebra Σ of subsets of Ω
and a countably additive and positive measure μ on Σ with values in R∪ {∞}. Denote

L2
ρ(Ω,K) (K = R, C) the Hilbert space of all measurable functions f : Ω → K that are

2−ρ-integrable on Ω, i.e.,
∫

Ω ρ(s)| f (s)|2dμ(s) < ∞, where ρ : Ω → [0,∞) is a given mea-

surable function on Ω. The inner product (·, ·) : L2
ρ(Ω,K)×L2

ρ(Ω,K) → K that generates

the norm of L2
ρ(Ω,K) is

( f ,g)ρ :=
∫

Ω
f (s)g(s)ρ(s)dμ(s). (2.7.1)

The following proposition holds.

Proposition 2.7.1. Let φ , γ, Φ, Γ ∈ K and h, f , g ∈ L2
ρ(Ω,K) be such that

Re
[
(Φh(x)− f (x))

(
f (x)−φh(x)

)]
� 0, (2.7.2(a))

Re
[
(Γh(x)−g(x))

(
g(x)− γh(x)

)]
� 0, (2.7.2(b))

for a.e. x ∈ Ω and ∫
Ω
|h(x)|2 ρ(x)dμ(x) = 1. (2.7.3)

Then one has the inequality∣∣∣∣
∫

Ω
ρ(x) f (x)g(x)dμ(x)−

(∫
Ω

ρ(x) f (x)h(x)dμ(x)
)(∫

Ω
ρ(x)h(x)g(x)dμ(x)

)∣∣∣∣

� 1
4
|Φ−φ ||Γ− γ|, (2.7.4)

and the constant 1
4 in (2.7.4) is sharp.
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Proof. Follows from Theorem 2.2.1 applied for the inner product (2.7.1), on taking into

account that

Re(Φh− f , f −φh)ρ =
∫

Ω
ρ(x)Re

[
(Φh(x)− f (x))

(
f (x)−φh(x)

)]
dμ(x) � 0

and

Re(Γh−g,g− γh)ρ =
∫

Ω
ρ(x)Re

[
(Γh(x)−g(x))

(
g(x)− γh(x)

)]
dμ(x) � 0.

The details are omitted.

The following result may be stated as well:

Corollary 2.7.1. If z, Z, t, T ∈ K, ρ ∈ L(Ω,R) with
∫

Ω ρ(x)dμ(x) > 0 and f , g ∈
L2

ρ(Ω,K) are such that

Re
[
(Z − f (x))

(
f (x)− z

)]
� 0, (2.7.5(a))

Re
[
(T −g(x))

(
g(x)− t

)]
� 0, (2.7.5(b))

for a.e. x ∈ Ω, then ∣∣∣∣ 1∫
Ω ρ(x)dμ(x)

∫
Ω

ρ(x) f (x)g(x)dμ(x)

−

⎛
⎜⎝ 1∫

Ω
ρ(x)dμ(x)

∫
Ω

ρ(x) f (x)dμ(x)

⎞
⎟⎠
⎛
⎜⎝ 1∫

Ω
ρ(x)dμ(x)

∫
Ω

ρ(x)g(x)dμ(x)

⎞
⎟⎠
∣∣∣∣∣∣∣

� 1
4
|Z − z||T − t|. (2.7.6)

The constant 1
4 in (2.7.6) is sharp.

Proof. Follows by Proposition 2.7.1 on choosing

h =
1

[
∫

Ω ρ(x)dμ(x)]
1
2
,

Φ = Z
[∫

Ω
ρ(x)dμ(x)

] 1
2
, φ = z

[∫
Ω

ρ(x)dμ(x)
] 1

2

Γ = T
[∫

Ω
ρ(x)dμ(x)

] 1
2
, γ = t

[∫
Ω

ρ(x)dμ(x)
] 1

2
.

We omit the details.
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As mentioned in [32], if ρ : Ω ⊆ R → [0,∞) is a probability density function, i.e.,∫
Ω ρ(t)dt = 1, then ρ 1

2 ∈ L2(Ω,R) and obviously
∥∥∥ρ 1

2

∥∥∥
2
= 1. Consequently, if we assume

that f , g ∈ L2(Ω,R) and

aρ
1
2 � f � Aρ

1
2 ,bρ

1
2 � g � Bρ

1
2 ,

a.e. on Ω, where a, A, b, B are given real numbers, then by Proposition 2.7.1, one has the

Grüss-type inequality∣∣∣∣
∫

Ω
f (t)g(t)dt −

(∫
Ω

f (t)ρ
1
2 (t)dt

)(∫
Ω

g(t)ρ
1
2 (t)dt

)∣∣∣∣� 1
4
(A−a)(B−b). (2.7.7)

The following particular inequalities are of interest.

1. If f , g ∈ L2(R,R) are such that
a

√
σ 4
√

2π
e−

1
4 ( x−m

σ )2
� f (x) � A

√
σ 4
√

2π
e−

1
4 ( x−m

σ )2
,

b
√

σ 4
√

2π
e−

1
4 ( x−m

σ )2
� g(x) � B

√
σ 4
√

2π
e−

1
4 ( x−m

σ )2
,

for a.e. x ∈ R, where a, A, b, B ∈ R, m ∈ R, σ > 0, then one has the following Normal-

Grüss inequality∣∣∣∣
∫ ∞

−∞
f (x)g(x)dx− 1

σ
√

2π

(∫ ∞

−∞
f (x)e−

1
4 ( x−m

σ )2
dx
)(∫ ∞

−∞
g(x)e−

1
4 ( x−m

σ )2
dx
)∣∣∣∣

� 1
4
(A−a)(B−b). (2.7.8)

2. If f , g ∈ L2(R,R) are such that

a√
2β

e−
∣∣∣ x−α

2β

∣∣∣ � f (x) � A√
2β

e−
∣∣∣ x−α

2β

∣∣∣
,

b√
2β

e−
∣∣∣ x−α

2β

∣∣∣ � g(x) � B√
2β

e−
∣∣∣ x−α

2β

∣∣∣
,

for a.e. x ∈ R, where a, A, b, B ∈ R, α ∈ R, β > 0, then one has the following Laplace-

Grüss inequality∣∣∣∣
∫ ∞

−∞
f (x)g(x)dx− 1

2β

(∫ ∞

−∞
f (x)e−

∣∣∣ x−α
2β

∣∣∣dx
)(∫ ∞

−∞
g(x)e−

∣∣∣ x−α
2β

∣∣∣dx
)∣∣∣∣

� 1
4
(A−a)(B−b). (2.7.9)

3. If f , g ∈ L2([0,∞),R) are such that
a√
Γ(p)

x
p−1

2 e−
x
2 � f (x) � A√

Γ(p)
x

p−1
2 e−

x
2 ,
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b√
Γ(p)

x
p−1

2 e−
x
2 � g(x) � B√

Γ(p)
x

p−1
2 e−

x
2 ,

for a.e. x ∈ [0,∞), where a, A, b, B ∈ R, p > 0, then one has the following Gamma-Grüss

inequality∣∣∣∣∣
∫ ∞

0
f (x)g(x)dx− 1√

Γ(p)

(∫ ∞

0
f (x)x

p−1
2 e−

x
2 dx
)(∫ ∞

0
g(x)x

p−1
2 e−

x
2 dx
)∣∣∣∣∣

� 1
4
(A−a)(B−b). (2.7.10)

4. If f , g ∈ L2(x ∈ [0,1],R) are such that
a√

B(p,q)
x

p−1
2 (1− x)

q−1
2 � f (x) � A√

B(p,q)
x

p−1
2 (1− x)

q−1
2 ,

b√
B(p,q)

x
p−1

2 (1− x)
q−1

2 � g(x) � B√
B(p,q)

x
p−1

2 (1− x)
q−1

2 ,

for a.e. x∈ [0,1] where a, A, b, B∈R, p, q∈ [1,∞), then one has the following Beta-Grüss

inequality∣∣∣∣∣
∫ 1

0
f (x)g(x)dx− 1√

B(p,q)

(∫ 1

0
f (x)x

p−1
2 (1− x)

q−1
2 dx

)(∫ 1

0
g(x)x

p−1
2 (1− x)

q−1
2 dx

)∣∣∣∣∣
� 1

4
(A−a)(B−b). (2.7.11)

Finally, we note that Theorem 2.2.1 allows us to state some discrete versions of the Grüss-

type inequalities for real and complex sequences, see [54]. Here we omit the details.

2.7.2 Application to numerical integration

In this section, we consider an application of Theorem 2.4.2 to numerical integration in

connection with a general cubature formula given by Dragomir, Barnett and Pearce in [39].

First, by employing the identity (2.4.12), we present the perturbed version of Grüss in-

equality proved in [39], which may be useful in certain applications.

Theorem 2.7.1. Let f , g : [a,b] → R be continuous on [a,b] and differentiable on (a,b)

with derivatives being bounded. Then∣∣∣∣ 1
b−a

∫ b

a
f (x)g(x)dx−

(
1

b−a

∫ b

a
f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)

+
1
4
( f (b)− f (a))(g(b)−g(a))

∣∣∣∣
� 1

2
[‖ f − f (a)‖∞‖g−g(a)‖∞ +‖ f (b)− f‖∞‖g(b)−g‖∞]

+
1
16

(b−a)2‖ f ′‖∞‖g′‖∞. (2.7.12)
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Proof. Define the mapping h : [a,b]2 → R given by

h(x,y) = ( f (x)− f (y))(g(x)−g(y)),

and write the identity (2.4.12) for h, to get
∫ b

a

∫ b

a
h(x,y)dydx+

1
4
(b−a)2[h(a,a)+h(a,b)+h(b,a)+h(b,b)]

=
1
2
(b−a)

∫ b

a
[h(s,a)+h(s,b)]ds+

1
2
(b−a)

∫ b

a
[h(a,s)+h(b,s)]ds

+
∫ b

a

∫ b

a

(
s− a+b

2

)(
t − a+b

2

)
D2D1h(s, t)dtds. (2.7.13)

We observe that
1
4
[h(a,a)+h(a,b)+h(b,a)+h(b,b)] =

1
2
( f (b)− f (a))(g(b)−g(a)),

1
2

∫ b

a
[h(s,a)+h(s,b)]ds =

1
2

∫ b

a
[h(a,s)+h(b,s)]ds

=
1
2

∫ b

a
[( f (s)− f (a))(g(s)−g(a))+( f (b)− f (s))(g(b)−g(s))]ds,

D2D1h(x,y) = − f ′(x)g′(y)− f ′(y)g′(x),

and ∫ b

a

∫ b

a

(
s− a+b

2

)(
t − a+b

2

)
D2D1h(s, t)dtds

= −
∫ b

a

∫ b

a

(
s− a+b

2

)(
t − a+b

2

)
[ f ′(s)g′(t)+ f ′(t)g′(s)]dtds

= −2
∫ b

a

∫ b

a

(
s− a+b

2

)(
t − a+b

2

)
f ′(s)g′(t)dtds

= −2
∫ b

a

(
s− a+b

2

)
f ′(s)ds

∫ b

a

(
t − a+b

2

)
g′(t)dt.

Consequently, by (2.7.13), we get
∫ b

a

∫ b

a
( f (x)− f (y))(g(x)−g(y))dydx+

1
2
(b−a)2( f (b)− f (a))(g(b)−g(a))

= (b−a)
∫ b

a
[( f (s)− f (a))(g(s)−g(a))+( f (b)− f (s))(g(b)−g(s))]ds

−2
∫ b

a

(
s− a+b

2

)
f ′(s)ds

∫ b

a

(
t − a+b

2

)
g′(t)dt. (2.7.14)
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Now, dividing by 2 and taking into account the fact that

1
2

∫ b

a

∫ b

a
( f (x)− f (y))(g(x)−g(y))dydx = (b−a)

∫ b

a
f (x)g(x)dx−

∫ b

a
f (x)dx

∫ b

a
g(x)dx,

the identity (2.7.14) becomes

(b−a)
∫ b

a
f (x)g(x)dx−

∫ b

a
f (x)dx

∫ b

a
g(x)dx+

1
4
(b−a)2( f (b)− f (a))(g(b)−g(a))

=
1
2
(b−a)

∫ b

a
[( f (s)− f (a))(g(s)−g(a))+( f (b)− f (s))(g(b)−g(s))]ds

−
∫ b

a

(
s− a+b

2

)
f ′(s)ds

∫ b

a

(
t − a+b

2

)
g′(t)dt. (2.7.15)

Rewriting (2.7.15) and using the properties of modulus, we get∣∣∣∣ 1
b−a

∫ b

a
f (x)g(x)dx−

(
1

b−a

∫ b

a
f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)

+
1
4
( f (b)− f (a))(g(b)−g(a))

∣∣∣∣

� 1
2(b−a)

[(b−a)‖ f − f (a)‖∞‖g−g(a)‖∞ +(b−a)‖ f (b)− f‖∞‖g(b)−g‖∞]

+‖ f ′‖∞

∫ b

a

∣∣∣∣s− a+b
2

∣∣∣∣ds‖g′‖∞

∫ b

a

∣∣∣∣s− a+b
2

∣∣∣∣ds. (2.7.16)

A simple calculation gives
∫ b

a

∣∣∣∣s− a+b
2

∣∣∣∣ds =
(b−a)2

4
. (2.7.17)

Using (2.7.17) in (2.7.16), we deduce the desired inequality in (2.7.12). The proof is com-

plete.

Consider the arbitrary division In = a = x0 < x1 < · · ·< xn−1 < xn = b of [a,b] and Jm = c =

y0 < y1 < · · ·< ym−1 < ym = d of [c,d], put hi := xi+1−xi, l j := y j+1−y j, i = 0,1, . . . ,n−1;

j = 0,1, . . . ,m−1. Define the sum given by

CT ( f , In,Jm) :=
n−1

∑
i=0

m−1

∑
j=0

1
2

hi

∫ y j+1

y j

[ f (xi, t)+ f (xi+1, t)]dt

+
n−1

∑
i=0

m−1

∑
j=0

1
2

l j

∫ x j+1

x j

[
f (s,y j)+ f (s,y j+1)

]
ds

−
n−1

∑
i=0

m−1

∑
j=0

1
4

hil j
[

f (xi,y j)+ f (xi,y j+1)+ f (xi+1,y j)+ f (xi+1,y j+1)
]
. (2.7.18)

As an application of Theorem 2.4.2, in [39], the authors proved the following theorem.
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Theorem 2.7.2. Let f : [a,b]× [c,d] be as in Theorem 2.4.2 and In, Jm as above. Then

we have the cubature formula∫ b

a

∫ d

c
f (s, t)dtds = CT ( f , In,Jm)+RT ( f , In,Jm), (2.7.19)

where the remainder term RT ( f , In,Jm) satisfies the estimation

|RT ( f , In,Jm)| � 1
16

‖D2D1 f‖∞

n−1

∑
i=0

h2
i

m−1

∑
j=0

l2
i . (2.7.20)

Proof. Apply Theorem 2.4.2 on [xi,xi+1] × [y j,y j+1] for i = 0,1, . . . ,n − 1; j =

0,1, . . . ,m−1, to get ∣∣∣∣
∫ xi+1

xi

∫ y j+1

y j
f (s, t)dtds

−
[

1
2

hi

∫ y j+1

y j

[ f (xi, t)+ f (xi+1, t)]dt +
1
2

l j

∫ xi+1

xi

[
f (s,y j)+ f (s,y j+1)

]
ds

−1
4

hil j
[

f (xi,y j)+ f (xi,y j+1)+ f (xi+1,y j)+ f (xi+1,y j+1)
]]∣∣∣∣

� 1
16

h2
i l2

i ‖D2D1 f‖∞. (2.7.21)

Summing both sides of (2.7.21) over i from 0 to n−1 and over j from 0 to m−1 and using

the generalized triangle inequality, we deduce the desired inequality in (2.7.20).

2.7.3 Approximation for the finite Fourier transform of two independent
variables

The Fourier transform has applications in a wide variety of fields in science and engineer-

ing. In this section, we present the inequality established by Hanna, Dragomir and Roume-

liotis [66] for the error, in approximating the finite Fourier transform in two independent

variables.

Let Δ = [a,b]× [c,d] and f : Δ → R be a continuous mapping defined on Δ and F( f ) its

finite Fourier transform. That is

F( f )(u,v;a,b,c,d) =
∫ b

a

∫ d

c
f (x,y)e−2πi(ux+vy)dydx, (2.7.22)

(u,v) ∈ Δ. For a function of one variable we use the notation

F(g)(u,a,b) =
∫ b

a
g(x)e−2πiuxdx.

The following inequality in approximating the finite Fourier transform (2.7.22) in terms of

the exponential means was obtained in [66].
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Theorem 2.7.3. Let f : Δ → R be an absolutely continuous mapping on Δ and assume

that D2D1 f (x,y) exists on (a,b)× (c,d), then we have the inequality

|F( f )(u,v;a,b,c,d)− I1 − I2 + I3| �

⎧⎪⎪⎨
⎪⎪⎩

J1;

J2;

J3;

(2.7.23)

for all (u,v) ∈ Δ, where

I1 := I1(u,v;a,b,c,d) = E(u)
∫ b

a
F( f (s, ·))(v;c,d)ds,

I2 := I2(u,v;a,b,c,d) = E(v)
∫ d

c
F( f (·, t))(u;a,b)dt,

I3 := I3(u,v;a,b,c,d) = E(u)E(v)
∫ b

a

∫ d

c
f (s, t)dtds,

with

E(u) = E(−2πiub,−2πiua),

E(v) = E(−2πivd,−2πivc),

given that E is the exponential mean of complex numbers, that is

E(z,w) :=

⎧⎨
⎩

ez − ew

z−w
if z 	= w,

ew if z = w,

for z, w ∈C, and

J1 := J1(a,b,c,d,‖D2D1 f‖∞) =
(b−a)2(d − c)2

9
‖D2D1 f‖∞,

if D2D1 f (x,y) ∈ L∞(Δ);

J2 := J2(a,b,c,d,‖D2D1 f‖p) =

[
2[(b−a)(d − c)]

q+1
2

(q+1)(q+2)

] 2
q

‖D2D1 f‖p,

if D2D1 f (x,y) ∈ Lp(Δ),
1
p

+
1
q

= 1, p > 1;

J3 := J3(a,b,c,d,‖D2D1 f‖1) = (b−a)(d − c)‖D2D1 f‖1,

if D2D1 f (x,y) ∈ L1(Δ),

where

‖D2D1 f‖∞ = sup
(s,t)∈Δ

|D2D1 f (s, t)| < ∞,

‖D2D1 f‖p =
(∫ b

a

∫ d

c
|D2D1 f (s, t)|pdtds

) 1
p

< ∞, 1 � p < ∞,

are the usual Lebesgue norms.
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Proof. Using the identity obtained by Barnett and Dragomir in [8] (see, Lemma 2.3.2),

we have

f (x,y) =
1

b−a

∫ b

a
f (s,y)ds+

1
d − c

∫ d

c
f (x, t)dt − 1

(b−a)(d − c)

∫ b

a

∫ d

c
f (s, t)dtds

+
1

(b−a)(d− c)

∫ b

a

∫ d

c
P(x,s)Q(y, t)D2D1 f (s, t)dtds, (2.7.24)

provided that f is continuous on Δ and

P(x,s) =

{
s−a, a � s � x,

s−b, x < s � b.

Q(y, t) =

{
t − c, c � t � y,

t −d, y < t � d.

If we replace f (x,y) in (2.7.22) by its representation from (2.7.24), we get

F( f )(u,v;a,b,c,d)

=
∫ b

a

∫ d

c

(
e−2πi(ux+vy)

b−a

∫ b

a
f (s,y)ds

)
dydx+

∫ b

a

∫ d

c

(
e−2πi(ux+vy)

d − c

∫ d

c
f (x, t)dt

)
dydx

−
∫ b

a

∫ d

c

(
e−2πi(ux+vy)

(b−a)(d − c)

∫ b

a

∫ d

c
f (s, t)dtds

)
dydx+R( f ,u,v;a,b,c,d), (2.7.25)

where

R( f ,u,v;a,b,c,d) =
1

(b−a)(d − c)

∫ b

a

∫ d

c

(
e−2πi(ux+vy)

)

×
(∫ b

a

∫ d

c
P(x,s)Q(y, t)D2D1 f (s, t)dtds

)
dydx. (2.7.26)

Let

I1 =
∫ b

a

∫ d

c

(
e−2πi(ux+vy)

b−a

∫ b

a
f (s,y)ds

)
dydx,

then

I1 =
∫ b

a

e−2πiux

b−a
dx
(∫ d

c
e−2πivy

(∫ b

a
f (s,y)ds

)
dy
)

=
e−2πiub − e−2πiua

−2πiu(b−a)

∫ b

a

(∫ d

c
e−2πivy f (s,y)dy

)
ds = E(u)

∫ b

a
F( f (s, ·))(v;c,d)ds.

In a similar fashion we obtain

I2 =
∫ b

a

∫ d

c

(
e−2πi(ux+vy)

d − c

∫ d

c
f (x, t)dt

)
dydx = E(v)

∫ d

c
F( f (·, t))(u;a,b)dt
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and

I3 =
∫ b

a

∫ d

c

(
e−2πi(ux+vy)

(b−a)(d − c)

∫ b

a

∫ d

c
f (s, t)dtds

)
dydx

=
1

(b−a)(d − c)

∫ b

a

∫ d

c
f (s, t)dtds

∫ b

a

∫ d

c
e−2πiuxe−2πivydydx

= E(u)E(v)
∫ b

a

∫ d

c
f (s, t)dtds.

From (2.7.25) and using the properties of modulus, we have

|F( f )(u,v;a,b,c,d)− I1 − I2 + I3|

=

∣∣∣∣∣
∫ b

a

∫ d

c

(∫ b

a

∫ d

c

e−2πi(ux+vy)

(b−a)(d − c)
P(x,s)Q(y, t)D2D1 f (s, t)dtds

)
dydx

∣∣∣∣∣

�
∫ b

a

∫ d

c

∫ b

a

∫ d

c

∣∣∣∣∣
e−2πi(ux+vy)

(b−a)(d − c)

∣∣∣∣∣|p(x,s)||Q(y, t)||D2D1 f (s, t)|dtdsdydz

=
∫ b

a

∫ d

c

∫ b

a

∫ d

c

|p(x,s)||Q(y, t)|
(b−a)(d − c)

|D2D1 f (s, t)|dtdsdydx. (2.7.27)

Now, we observe that
∫ b

a

∫ d

c

∫ b

a

∫ d

c
|p(x,s)||Q(y, t)||D2D1 f (s, t)|dtdsdydx

� ‖D2D1 f‖∞

[∫ b

a

(∫ b

a
|p(x,s)|ds

)
dx
∫ d

c

(∫ d

c
|Q(y, t)|dt

)
dy
]

= ‖D2D1 f‖∞

[∫ b

a

{
(s−a)2

2

∣∣∣∣
x

a
+

(b− s)2

2

∣∣∣∣
b

x

}
dx
∫ d

c

{
(t − c)2

2

∣∣∣∣
y

c
+

(d − t)2

2

∣∣∣∣
d

y

}
dy

]

= ‖D2D1 f‖∞

[(∫ b

a

(x−a)2

2
dx+

∫ b

a

(b− x)2

2
dx
) (∫ d

c

(y− c)2

2
dy+

∫ d

c

(d − y)2

2
dy
)]

= ‖D2D1 f‖∞

[
(b−a)3

3
(d − c)3

3

]
. (2.7.28)

Substituting (2.7.28) in (2.7.27), we obtain the first inequality in (2.7.28).

Applying Hölder’s integral inequality for double integrals, we get
∫ b

a

∫ d

c

∫ b

a

∫ d

c
|p(x,s)||Q(y, t)||D2D1 f (s, t)|dtdsdydx
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�
(∫ b

a

∫ d

c

∫ b

a

∫ d

c
{|p(x,s)||Q(y,s)|}qdtdsdydx

) 1
q

×
(∫ b

a

∫ d

c

∫ b

a

∫ d

c
|D2D1 f (s, t)|pdtdsdydx

) 1
p

= ‖D2D1 f‖p{(b−a)(d − c)}
1
p

×
(∫ b

a

(∫ b

a
|p(x,s)|qds

)
dx
) 1

q
(∫ d

c

(∫ d

c
|Q(y, t)|qdt

)
dy
) 1

q

= ‖D2D1 f‖p{(b−a)(d − c)}
1
p

×
(∫ b

a

(
(x−a)q+1

q+1
+

(b− x)q+1

q+1

)
dx
) 1

q
(∫ d

c

(
(y− c)q+1

q+1
+

(d − y)q+1

q+1

)
dy
) 1

q

= ‖D2D1 f‖p

[
2

2
q (b−a)1+ 2

q (d − c)1+ 2
q

{(q+1)(q+2)}
2
q

]
. (2.7.29)

Using (2.7.29) in (2.7.27), we get the second inequality in (2.7.23)

Finally, we obtain that
∫ b

a

∫ d

c

∫ b

a

∫ d

c
|p(x,s)||Q(y, t)||D2D1 f (s, t)|dtdsdydx

� sup
(x,s)∈[a,b]2

|p(x,s)| sup
(y,t)∈[c,d]2

|Q(y, t)|
∫ b

a

∫ d

c

∫ b

a

∫ d

c
|D2D1 f (s, t)|dtdsdydx

= (b−a)(d − c)
∫ b

a

∫ d

c

∫ b

a

∫ d

c
|D2D1 f (s, t)|dtdsdydx

= ‖D2D1 f‖1(b−a)2(d − c)2. (2.7.30)

Using (2.7.30) in (2.7.27), gives the final inequality in (2.7.23), where we have used the

fact that

max{X ,Y} =
x+ y

2
+
∣∣∣∣y− x

2

∣∣∣∣
The proof is complete.
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2.8 Miscellaneous inequalities

2.8.1 Dragomir [53]

Let (H,(·, ·)) be an inner product space over K (K = R, C) and e ∈ H, ‖e‖= 1. If γ, Γ ∈K

and x, y ∈ H are such that

Re
(

Γe− x+ y
2

,
x+ y

2
− γe

)
� 0

or, equivalently, ∥∥∥∥x+ y
2

− γ +Γ
2

e
∥∥∥∥� 1

2
|Γ− γ|,

then, we have the inequality

Re[(x,y)− (x,e)(e,y)] � 1
4
|Γ− γ|2.

The constant 1
4 is the best possible in the sense that it cannot be replaced by a smaller

constant.

2.8.2 Ujević [153]

Let (X ,(·, ·)) be a real inner product space and {ei}n
1 ⊂ X , (ei,e j) = δi j, where

δi j =

{
1 if i = j,

0 if i 	= j.

If φi, γi, Φi, Γi, i = 1,2, . . . ,n, are real numbers and x, y ∈ X such that the conditions(
x−

n

∑
i=1

γiei,
n

∑
i=1

Γiei − x

)
� 0

and (
y−

n

∑
i=1

φiei,
n

∑
i=1

Φiei − y

)
� 0

hold, then we have the inequality∣∣∣∣∣(x,y)−
n

∑
i=1

(x,ei)(y,ei)

∣∣∣∣∣�
1
4

√
n

∑
i=1

(Φi −φi)2
n

∑
i=1

(Γi − γi)2.

The constant 1
4 is the best possible.
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2.8.3 Dragomir [55]

Let (H,(·, ·)) be an inner product space over K (K = R, C). Let {ei}i∈I be a family of

orthonormal vectors in H, F a finite part of I, φi, Φi, γi, Γi ∈ K, i ∈ F and x, y ∈ H. If

Re

(
n

∑
i=1

Φiei − x,x−
n

∑
i=1

φiei

)
� 0,

Re

(
n

∑
i=1

Γiei − y,y−
n

∑
i=1

γiei

)
� 0,

or, equivalently,
∥∥∥∥∥x− ∑

i∈F

Φi +φi

2
ei

∥∥∥∥∥� 1
2

(
∑
i∈F

|Φi −φi|2
) 1

2

,

∥∥∥∥∥y− ∑
i∈F

Γi + γi

2
ei

∥∥∥∥∥� 1
2

(
∑
i∈F

|Γi − γi|2
) 1

2

,

hold, then we have the inequalities
∣∣∣∣∣(x,y)− ∑

i∈F
(x,ei)(ei,y)

∣∣∣∣∣�
1
4

(
∑
i∈F

|Φi −φi|2
) 1

2
(

∑
i∈F

|Γi − γi|2
) 1

2

−
[

Re

(
∑
i∈F

Φiei − x,x− ∑
i∈F

φiei

)] 1
2

×
[

Re

(
∑
i∈F

Γiei − y,y− ∑
i∈F

γiei

)] 1
2

� 1
4

(
∑
i∈F

|Φi −φi|2
) 1

2
(

∑
i∈F

|Γi − γi|2
) 1

2

.

The constant 1
4 is the best possible.

2.8.4 Dragomir [55]

Let (H,(·, ·)) be an inner product space over K (K = R, C). Let {ei}i∈I be a family of

orthonormal vectors in H, F a finite part of I and φi, Φi ∈ K, i ∈ F , x, y ∈ H and λ ∈ (0,1),

such that either

Re

(
∑
i∈F

Φiei − (λx+(1−λ )y),λx+(1−λ )y− ∑
i∈F

φiei

)
� 0,

or, equivalently,
∥∥∥∥∥λx+(1−λ )y− ∑

i∈F

Φi +φi

2
ei

∥∥∥∥∥� 1
2

(
∑
i∈F

|Φi −φi|2
) 1

2

,
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holds. Then we have the inequality

Re

[
(x,y)− ∑

i∈F
(x,ei)(ei,y)

]
� 1

16
1

λ (1−λ ) ∑
i∈F

|Φi −φi|2

−1
4

1
λ (1−λ ) ∑

i∈F

∣∣∣∣Φi +φi

2
− (λx+(1−λ )y,ei)

∣∣∣∣
2

� 1
16

1
λ (1−λ ) ∑

i∈F
|Φi −φi|2.

The constant 1
16 is the best possible.

2.8.5 Dragomir, Pečarić and Tepeš [56]

Let (H,(·, ·)) be an inner product space over K (K = R, C). Let {ei}i∈I be a family of

orthonormal vectors in H, F a finite part of I and φi, Φi ∈K, i ∈ F, x, y ∈ H such that either

the condition

Re

(
∑
i∈F

Φiei − x,x− ∑
i∈F

φiei

)
� 0,

or, equivalently,
∥∥∥∥∥x− ∑

i∈F

Φi +φi

2
ei

∥∥∥∥∥� 1
2

(
∑
i∈F

|Φi −φi|2
) 1

2

,

holds. Then we have
∣∣∣∣∣(x,y)− ∑

i∈F
(x,ei)(ei,y)

∣∣∣∣∣�
1
2

(
∑
i∈F

|Φi −φi|2
) 1

2

‖y‖− ∑
i∈F

∣∣∣∣Φi +φi

2
− (x,ei)

∣∣∣∣ |(y,ei)|.

2.8.6 Hanna, Dragomir and Roumeliotis [67]

Let (Ω,Σ,μ) be a measure space consisting of a set Ω, Σ a σ -algebra of subsets of Ω and

μ a countable additive and positive measure with values in R∪{∞} and ρ : Ω → [0,∞) be

a μ-measurable function on Ω with
∫

Ω p(s)dμ(s) = 1. Denote by L2
ρ(Ω,K) (K = R, C)

the Hilbert space of all measurable functions f : Ω → K that are 2-ρ-integrable on Ω, i.e.∫
Ω ρ(s)| f (s)|2dμ(s) < ∞. If f , g ∈ L2

ρ(Ω,K) and there exist constants γ, Γ ∈ K such that

either the condition

Re
[
(Γ− f (s))

(
f (s)− γ

)]
� 0,

for μ-a.e., s ∈ Ω or equivalently∣∣∣∣ f (s)− γ +Γ
2

∣∣∣∣� 1
2
|Γ− γ|,
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for μ-a.e., s ∈ Ω holds, then∣∣∣∣
∫

Ω
ρ(s) f (s)g(s)dμ(s)−

∫
Ω

ρ(s) f (s)dμ(s)
∫

Ω
ρ(s)g(s)dμ(s)

∣∣∣∣

� 1
2
|Γ− γ|

[∫
Ω

ρ(s)|g(s)|2dμ(s)−
∣∣∣∣
∫

Ω
ρ(s)g(s)dμ(s)

∣∣∣∣
2
] 1

2

.

2.8.7 Buşe, Cerone, Dragomir and Roumeliotis [12]

Let (H,〈·, ·〉) be a real or complex Hilbert space, Ω ⊂R
n be a Lebesgue measurable set and

ρ : Ω → [0,∞) a Lebesgue measurable function with
∫

Ω ρ(s)ds = 1. Denote by L2,ρ(Ω,H)

the set of all Bochner measurable functions f on Ω such that ‖ f‖2
2,ρ :=

∫
Ω ρ(s)‖ f (s)‖2ds <

∞. Assume that f , g ∈ L2,ρ(Ω,H) and there exist vectors x, X , y, Y ∈ H such that∫
Ω

ρ(t)Re〈X − f (t), f (t)− x〉dt � 0,
∫

Ω
ρ(t)Re〈Y −g(t),g(t)− y〉dt � 0,

or equivalently,
∫

Ω
ρ(t)

∥∥∥∥ f (t)− X + x
2

∥∥∥∥
2

dt � 1
4
‖X − x‖2,

∫
Ω

ρ(t)
∥∥∥∥g(t)− Y + y

2

∥∥∥∥
2

dt � 1
4
‖Y − y‖2.

Then we have the inequality∣∣∣∣
∫

Ω
ρ(t)〈 f (t),g(t)〉dt −

〈∫
Ω

ρ(t) f (t)dt,
∫

Ω
ρ(t)g(t)dt

〉∣∣∣∣� 1
4
‖X − x‖‖Y − y‖

−
[∫

Ω
ρ(t)Re〈X − f (t), f (t)− x〉dt

∫
Ω

ρ(t)Re〈Y −g(t),g(t)− y〉dt
] 1

2
� 1

4
‖X−x‖‖Y −y‖.

The constant 1
4 in both inequalities is sharp.

2.8.8 Hanna, Dragomir and Cerone [62]

Let f , g : [a,b]× [c,d] → R be two mappings such that

| f (x,y)− f (u,v)| � M1|x−u|α1 +M2|y− v|α2 ,

|g(x,y)−g(u,v)| � N1|x−u|β1 +N2|y− v|β2 ,
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where M1, M2, N1, N2 are positive constants and α1, α2, β1, β2 are constants lying in (0,1].

Then we have the inequality:∣∣∣∣ 1
(b−a)(d − c)

∫ b

a

∫ d

c
f (x,y)g(x,y)dydx

−
(

1
(b−a)(d − c)

∫ b

a

∫ d

c
f (x,y)dydx

)(
1

(b−a)(d − c)

∫ b

a

∫ d

c
g(x,y)dydx

)∣∣∣∣

� 4

[
M1N1

(b−a)α1+β1

(α1 +β1 +1)(α1 +β1 +2)
+M1N2

2(b−a)α1(d − c)β2

(α1 +1)(α1 +2)(β2 +1)(β2 +2)

+M2N1
2(b−a)β1(d − c)α2

(α2 +1)(α2 +2)(β1 +1)(β1 +2)
+M2N2

(d − c)α2+β2

(α2 +β2 +1)(α2 +β2 +2)

]
.

2.8.9 Pachpatte [94]

Let the assumptions of Theorem 2.5.3 hold. Then

|A(w, f ,g;D)| � 1
2
∫

D w(x)dx

∫
D

w(x)(H( f ,xi,yi)H(g,xi,yi)w(y)dy)dx,

where A and H are as in Theorem 2.5.3.

2.8.10 Pachpatte [94]

Assume that the hypotheses of Theorem 2.6.3 hold. Let w(x) be a real-valued nonnegative

function defined on Q and ∑x w(x) > 0. Then

|P(w, f ,g;Q)| � 1
2∑x w(x) ∑

x
w(x)

[
|g(x)|∑

y
E( f ,xi,yi)w(y)+ | f (x)|∑

y
E(g,xi,yi)w(y)

]
,

|P(w, f ,g;Q)| � 1

(∑x w(x))2 ∑
x

w(x)

(
∑
y

E( f ,xi,yi)w(y)

)(
∑
y

E(g,xi,yi)w(y)

)
,

|P(w, f ,g;Q)| � 1
2∑x w(x) ∑

x
w(x)

(
∑
y

E( f ,xi,yi)E(g,xi,yi)w(y)

)
,

where we have set the notations

P(w, p,q;Q) = ∑
x

w(x)p(x)q(x)− 1
∑x w(x)

(
∑
x

w(x)p(x)
)(

∑
x

w(x)q(x)
)

,

E(p,xi,yi) =
n

∑
i=1

‖Δi p‖∞|xi − yi|,

for some functions p, q : Q → R.
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2.8.11 Pachpatte [130]

Under the notations and definitions given in section 2.6, let f , g : Q → R be summable

functions on Q and p : Q → R+ a summable function on Q such that p = ∑x p(x) > 0.

Then

|F(P, p, f ,g;Q)| �
√

F(P, p, f , f ;Q)
√

F(P, p,g,g;Q),

and in addition if φ � f (x) � Φ, γ � g(x) � Γ for each x ∈ Q, where φ , Φ, γ, Γ are given

real constants, then

|F(P, p, f ,g;Q)| � 1
4
(Φ−φ)(Γ− γ),

where

F(P, p, f ,g,Q) =
1
P ∑

x
p(x) f (x)g(x)−

(
1
P ∑

x
p(x) f (x)

)(
1
P ∑

x
p(x)g(x)

)
. (o)

2.8.12 Pachpatte [130]

Under the notations and definitions given in Section 2.6, let f , g : Q → R be summable

functions on Q and p : Q → R a summable function on Q such that P = ∑x p(x) > 0. Then

|F(P, p, f ,g;Q)| � 1
P ∑

x
p(x)

∣∣∣∣∣
(

f (x)− 1
P ∑

y
p(y) f (y)

)(
g(x)− 1

P ∑
y

p(y)g(y)

)∣∣∣∣∣
and in addition if φ � f (x) � Φ for each x ∈ Q, where φ , Φ are given real constants, then

|F(P, p, f ,g;Q)| � Φ−φ
2

√
F(P, p,g,g;Q),

where F
(
P, p, f ,g;Q

)
is defined by (o).

2.9 Notes

The Grüss inequality has been generalized and extended over the last years in a number

of ways. In [32], Dragomir investigated the Grüss type inequality in Theorem 2.2.1 in

real or Complex inner product spaces. Lemmas 2.2.1 and 2.2.2 are due to Dragomir [53].

Theorem 2.2.2 provides a new proof of Theorem 2.2.1 by replacing the condition (2.2.5)

by an equivalent but simpler assumption and is due to Dragomir [53]. Theorem 2.2.3 deals

with the refinement of the inequality in Theorem 2.2.1 and is taken from Dragomir [53].

Theorem 2.2.4 is due to Dragomir, Pečarić and Tepeš [56], while Theorem 2.2.5 is due to

Dragomir [43].
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Lemmas 2.3.1 and 2.3.2 are respectively taken from Dragomir, Corone, Barnett and Roule-

liotis [37] and Barnett and Dragomir [8] and the results presented in Theorems 2.3.1–

2.3.4 are taken from Pachpatte [89,122,91,129]. Theorems 2.4.1 and 2.4.2 deal with the

Trapezoid type inequalities and are taken respectively from Pachpatte [86], Dragomir, Bar-

nett and Pearce [39], while Theorems 2.4.3 and 2.4.4 are due to Barnett and Dragomir

[6]. The results presented in Sections 2.5 and 2.6 are due to Pachpatte and taken from

[130,94,103,129,95]. The material included in Section 2.7 is devoted to the applications

and adapted from Dragomir and Gomm [54], Dragomir, Barnett and Pearce [39] and

Hanna, Dragomir and Roumeliotis [66]. Section 2.8 contains a few miscellanous inequali-

ties investigated by various investigators.





Chapter 3

Ostrowski-type inequalities

3.1 Introduction

In [81], A.M. Ostrowski proved the inequality (7), which is now known in the literature as

Ostrowski’s inequality. Since its apperance in 1938, a good deal of research activity has

been concentrated on the investigation of the inequalities of the type (7) and their applica-

tions. The books [50,80] contain a considerable amount of results related to Ostrowski’s

inequality. In the last two decades, the inequalities which claim their origin to the Os-

trowski’s inequality (7) have renewed interests and several studies dedicated to obtain var-

ious generalizations, extensions, variants and applications have appeared in the literature.

In this chapter, we present some of the more recent developments related to the Ostrowski’s

inequality (7), not covered in [50,80]. Applications are discussed to illustrate the usefulness

of certain inequalities.

3.2 Inequalities of the Ostrowski-type

In this section, we present some inequalities of the Ostrowski’s type recently established

by various investigators.

We start with the following generalization of the Ostrowski’s inequality for Lipschitzian

mappings established by Dragomir in [52].

Theorem 3.2.1. Let f : [a,b] → R be an L-lipschitzian mapping on [a,b], i.e.,

| f (x)− f (y)| � L|x− y|,
for all x, y ∈ [a,b] and the constant L � 0. Then we have the inequality∣∣∣∣

∫ b

a
f (t)dt − f (x)(b−a)

∣∣∣∣� L(b−a)2

[
1
4

+

(
x− a+b

2

)2

(b−a)2

]
, (3.2.1)

for all x ∈ [a,b]. The constant 1
4 is the best possible.
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Proof. Using the integration by parts formula for Riemann-Stieltjes integral, we have∫ x

a
(t −a)d f (t) = f (x)(x−a)−

∫ x

a
f (t)dt

and ∫ b

x
(t −b)d f (t) = f (x)(b− x)−

∫ b

x
f (t)dt.

If we add the above two equalities, we get

f (x)(b−a)−
∫ b

a
f (t)dt =

∫ x

a
(t −a)d f (t)+

∫ b

x
(t −b)d f (t). (3.2.2)

Now, assume that Δn : a = x(n)
0 < x(n)

1 < · · · < x(n)
(n−1) < x(n)

n = b is a sequence of di-

visions with ν(Δn) → 0 as n → ∞ where, ν(Δn) := maxi∈{0,...,n−1}
(

x(n)
i+1 − x(n)

i

)
and

ξ (n)
i ∈

[
xn

i ,x
(n)
i+1

]
. If p : [a,b] → R is Riemann integrable on [a,b] and ν : [a,b] → R is

L-Lispschitzian on [a,b], then
∣∣∣∣
∫ b

a
p(x)dν(x)

∣∣∣∣=
∣∣∣∣∣ lim
ν(Δn)→0

n−1

∑
i=0

p
(

ξ (n)
i

)[
ν
(

x(n)
i+1

)
−ν
(

x(n)
i

)]∣∣∣∣∣

� lim
ν(Δn)→0

n−1

∑
i=0

∣∣∣p
(

ξ (n)
i

)∣∣∣
(

x(n)
i+1 − x(n)

i

)∣∣∣∣∣∣
ν
(

x(n)
i+1

)
−ν
(

x(n)
i

)

x(n)
i+1 − x(n)

i

∣∣∣∣∣∣

� L lim
ν(Δn)→0

n−1

∑
i=0

∣∣∣p
(

ξ (n)
i

)∣∣∣
(

x(n)
i+1 − x(n)

i

)

= L
∫ b

a
|p(x)|dx. (3.2.3)

Applying the inequality (3.2.3) on [a,x] and [x,b] successively, we get∣∣∣∣
∫ x

a
(t −a)d f (t)+

∫ b

x
(t −b)d f (t)

∣∣∣∣�
∣∣∣∣
∫ x

a
(t −a)d f (t)

∣∣∣∣+
∣∣∣∣
∫ b

x
(t −b)d f (t)

∣∣∣∣
� L
[∫ x

a
|t −a|dt +

∫ b

x
|t −b|dt

]

=
L
2
[
(x−a)2 +(b− x)2]

= L(b−a)2

[
1
4

+

(
x− a+b

2

)2

(b−a)2

]
. (3.2.4)

and then by (3.2.4), via the identity (3.2.2), we deduce the desired inequality (3.2.1).

Now, assume that the inequality (3.2.1) holds with a constant C > 0, i.e.,
∣∣∣∣
∫ b

a
f (t)dt − f (x)(b−a)

∣∣∣∣� L(b−a)2

[
C +

(
x− a+b

2

)2

(b−a)2

]
(3.2.5)
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for all x ∈ [a,b]. Consider the mapping f : [a,b] → R, f (x) = x in (3.2.5). Then∣∣∣∣x− a+b
2

∣∣∣∣�
[

C +

(
x− a+b

2

)2

(b−a)2

]
(b−a),

for all x ∈ [a,b], and then for x = a, we get
b−a

2
�
[
C +

1
4

]
(b−a),

which implies that C � 1
4 , and the proof is complete.

Remark 3.2.1. If the mapping f is differentiable on (a,b) and with derivative f ′ being

bounded on (a,b), i.e., ‖ f ′‖∞ = supx∈(a,b) | f ′(t)| < ∞, then instead of L in (3.1.1) we can

put ‖ f ′‖∞.

In [26], Dragomir and Wang proved the following Ostrowski-type inequality.

Theorem 3.2.2. Let f : [a,b]→ R be a differentiable mapping on (a,b) (a < b). Suppose

that f ′ is integrable on [a,b] and γ � f ′(x) � Γ for all x ∈ [a,b] and γ, Γ ∈ R. Then∣∣∣∣ f (x)− 1
b−a

∫ b

a
f (t)dt − f (b)− f (a)

b−a

(
x− a+b

2

)∣∣∣∣� 1
4
(b−a)(Γ− γ), (3.2.6)

for all x ∈ [a,b].

Proof. Define the function

p(x, t) =

{
t −a if t ∈ [a,x],

t −b if t ∈ (x,b].
(3.2.7)

Integrating by parts (see the proof of Theorem 1.2.3), we have
1

b−a

∫ b

a
p(x, t) f ′(t)dt = f (x)− 1

b−a

∫ b

a
f (t)dt, (3.2.8)

for all x ∈ [a,b]. It is clear that for all x ∈ [a,b] and t ∈ [a,b] from (3.2.7), we have

x−b � p(x, t) � x−a.

Applying Grüss inequality (3), to the mappings p(x, ·) and f ′(c), we obtain∣∣∣∣ 1
b−a

∫ b

a
p(x, t) f ′(t)dt −

(
1

b−a

∫ b

a
p(x, t)dt

)(
1

b−a

∫ b

a
f ′(t)dt

)∣∣∣∣
� 1

4
(x−a− x+b)(Γ− γ) =

1
4
(b−a)(Γ− γ). (3.2.9)

By simple calculation, we get
1

b−a

∫ b

a
p(x, t)dt =

1
b−a

[∫ x

a
(t −a)dt +

∫ b

x
(t −b)dt

]
= x− a+b

2
,

and
1

b−a

∫ b

a
f ′(t)dt =

f (b)− f (a)
b−a

.

The required inequality (3.2.6) follows from (3.2.9), (3.2.8) and the above two equalities.

The proof is complete.
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Remark 3.2.2. If we choose in (3.2.6), x = a+b
2 and x = b respectively, then we get∣∣∣∣ f

(
a+b

2

)
− 1

(b−a)

∫ b

a
f (t)dt

∣∣∣∣� 1
4
(b−a)(Γ− γ), (3.2.10)

and ∣∣∣∣ f (a)+ f (b)
2

− 1
(b−a)

∫ b

a
f (t)dt

∣∣∣∣� 1
4
(b−a)(Γ− γ). (3.2.11)

An inequality similar to (3.2.6) obtained by Ujević [154], is embodied in the following

theorem.

Theorem 3.2.3. Let f : [a,b] → R be an absolutely continous function with derivative

f ′ ∈ L2[a,b]. Then
∣∣∣∣(b−a) f (x)−

(
x− a+b

2

)
[ f (b)− f (a)]−

∫ b

a
f (t)dt

∣∣∣∣� (b−a)
3
2

2
√

3

√
σ( f ′), (3.2.12)

for all x ∈ [a,b], where

σ( f ′) = (b−a)

[
1

b−a
‖ f ′‖2

2 −
1

(b−a)2

(∫ b

a
f ′(t)dt

)2
]

.

The constant 1
2
√

3
is the best possible.

Proof. Let p(x, t) be the mapping defined by (3.2.7). Integrating by parts, we obtain
∫ b

a
p(x, t) f ′(t)dt = (b−a) f (x)−

∫ b

a
f (t)dt. (3.2.13)

We also have ∫ b

a
p(x, t)dt = (b−a)

(
x− a+b

2

)
, (3.2.14)

and ∫ b

a
f ′(t)dt = f (b)− f (a). (3.2.15)

From (3.2.13)–(3.5.15), it follows
∫ b

a

[
p(x, t)− 1

b−a

∫ b

a
p(x,s)ds

][
f ′(t)− 1

b−a

∫ b

a
f ′(s)ds

]
dt

= (b−a) f (x)−
(

x− a+b
2

)
[ f (b)− f (a)]−

∫ b

a
f (t)dt. (3.2.16)

On the other hand, we have∣∣∣∣
∫ b

a

[
p(x, t)− 1

b−a

∫ b

a
p(x,s)ds

][
f ′(t)− 1

b−a

∫ b

a
f ′(s)ds

]
dt
∣∣∣∣
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�
∥∥∥∥p(x, ·)− 1

b−a

∫ b

a
p(x,s)ds

∥∥∥∥
2

∥∥∥∥ f ′ − 1
b−a

∫ b

a
f ′(s)ds

∥∥∥∥
2
. (3.2.17)

We also have ∥∥∥∥p(x, ·)− 1
b−a

∫ b

a
p(x,s)ds

∥∥∥∥
2

2
=

(b−a)3

12
, (3.2.18)

and ∥∥∥∥ f ′ − 1
b−a

∫ b

a
f ′(s)ds

∥∥∥∥
2

2
= ‖ f ′‖2

2 −
( f (b)− f (a))2

b−a
. (3.2.19)

From (3.2.16)–(3.2.19), we easily get (3.2.12), since

√
σ( f ′) =

[
‖ f ′‖2

2 −
( f (b)− f (a))2

b−a

] 1
2

.

We must show that (3.2.12) is sharp. For that purpose,

We define the function

f (t) =

⎧⎪⎨
⎪⎩

1
2

t2, t ∈ [0,x] ,
1
2

t2 − t + x, t ∈ (x,1],
(3.2.20)

where x ∈ [0,1]. The function given in (3.2.20) is absolutely continuous since it is a con-

tinuous piecewise polynomial function.

We now suppose that (3.2.12) holds with a constant C > 0, i.e.,∣∣∣∣(b−a) f (x)−
(

x− a+b
2

)
[ f (b)− f (a)]−

∫ b

a
f (t)dt

∣∣∣∣

� C(b−a)
3
2

[
‖ f ′‖2

2 −
( f (b)− f (a))2

b−a

] 1
2

. (3.2.21)

Choosing a = 0, b = 1 and f defined by (3.2.20), we get
∫ 1

0
f (t)dt = x− 1

3
− x2

2
, f (0) = 0, f (1) = x− 1

2
, f (x) =

x2

2
,

and the left hand side of (3.2.21) becomes 1
12 . We also find that the right hand side of

(3.2.21) becomes C
2
√

3
and hence, we find that C � 1

2
√

3
, proving that the constant 1

2
√

3
is

the best possible in (3.2.12). The proof is complete.

The following Ostrowski type inequalities established by Ujević in [151] and [150], enlarge

their applicability to obtain better error bounds.
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Theorem 3.2.4. Let f : I → R(where I ⊂ R is an interval), be a mapping differentiable

in
◦
I (the interior of I), and let a, b ∈

◦
I , a < b. If there exist constants γ, Γ ∈ R such that

γ � f ′(t) � Γ, for all t ∈ [a,b] and f ′ is integrable on [a,b], then we have∣∣∣∣ f (x)−
(

x− a+b
2

)
f (b)− f (a)

b−a
− 1

b−a

∫ b

a
f (t)dt

∣∣∣∣� b−a
2

(S− γ), (3.2.22)

and ∣∣∣∣ f (x)−
(

x− a+b
2

)
f (b)− f (a)

b−a
− 1

b−a

∫ b

a
f (t)dt

∣∣∣∣� b−a
2

(Γ−S), (3.2.23)

where S = f (b)− f (a)
b−a .

Proof. Let p(x, t) be the mapping defined by (3.2.7). Integrating by parts, we have

1
b−a

∫ b

a
p(x, t) f ′(t)dt = f (x)− 1

b−a

∫ b

a
f (t)dt. (3.2.24)

We also have

1
b−a

∫ b

a
p(x, t)dt = x− a+b

2
, (3.2.25)

and ∫ b

a
f ′(t)dt = f (b)− f (a). (3.2.26)

From (3.2.24)–(3.2.26), it follows that

f (x)−
(

x− a+b
2

)
f (b)− f (a)

b−a
− 1

b−a

∫ b

a
f (t)dt

=
1

b−a

∫ b

a
p(x, t) f ′(t)dt − 1

(b−a)2

∫ b

a
f ′(t)dt

∫ b

a
p(x, t)dt. (3.2.27)

We denote

Rn(x) =
1

b−a

∫ b

a
p(x, t) f ′(t)dt − 1

(b−a)2

∫ b

a
f ′(t)dt

∫ b

a
p(x, t)dt. (3.2.28)

If C ∈ R is an arbitrary constant, then we have

Rn(x) =
1

b−a

∫ b

a
( f ′(t)−C)

[
p(x, t)− 1

b−a

∫ b

a
p(x,s)ds

]
dt, (3.2.29)

since ∫ b

a

[
p(x, t)− 1

b−a

∫ b

a
p(x,s)ds

]
dt = 0. (3.2.30)

First, we choose C = γ in (3.2.29). Then we have

Rn(x) =
1

b−a

∫ b

a
( f ′(t)−Γ)

[
p(x, t)− 1

b−a

∫ b

a
p(x,s)ds

]
dt,
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and

|Rn(x)| �
1

b−a
max

t∈[a,b]

∣∣∣∣p(x, t)−
(

x− a+b
2

)∣∣∣∣
∫ b

a
| f ′(t)− γ|dt. (3.2.31)

Since

max
t∈[a,b]

∣∣∣∣p(x, t)−
(

x− a+b
2

)∣∣∣∣= b−a
2

, (3.2.32)

and ∫ b

a
| f ′(t)− γ|dt = f (b)− f (a)− γ(b−a) = (S− γ)(b−a),

from (3.2.31), we get

|Rn(x)| �
b−a

2
(S− γ). (3.2.33)

From (3.2.27), (3.2.28), and (3.2.33), we eaisly get (3.2.22).

Second, we choose C = Γ in (3.2.29). Then we have

Rn(x) =
1

b−a

∫ b

a
( f ′(t)−Γ)

[
p(x, t)− 1

b−a

∫ b

a
p(x,s)ds

]
dt,

and

|Rn(x)| �
1

b−a
max

t∈[a,b]

∣∣∣∣p(x, t)−
(

x− a+b
2

)∣∣∣∣
∫ b

a
| f ′(t)−Γ|dt. (3.2.34)

Since ∫ b

a
| f ′(t)−Γ|dt = Γ(b−a)− f (b)+ f (a) = (Γ−S)(b−a). (3.2.35)

From (3.2.34), (3.2.32), and (3.2.35), we get

|Rn(x)| �
b−a

2
(Γ−S). (3.2.36)

From (3.2.27), (3.2.28), and (3.2.36), we eaisly get (3.2.23). The proof is complete.

Theorem 3.2.5. Let I ⊂ R be an open interval and a, b ∈ I, a < b. If f : I → R is a

differentiable function such that γ � f ′(t) � Γ, for all t ∈ [a,b] and some constants γ, Γ∈R,

then ∣∣∣∣(b−a)
[

λ
2

( f (a)+ f (b))+(1−λ ) f (x)− γ(1−λ )
(

x− a+b
2

)]
−
∫ b

a
f (t)dt

∣∣∣∣

� (S− γ)max
{

λ
b−a

2
, x−a−λ

b−a
2

, b− x−λ
b−a

2

}
(b−a), (3.2.37)

∣∣∣∣(b−a)
[

λ
2

( f (a)+ f (b))+(1−λ ) f (x)−Γ(1−λ )
(

x− a+b
2

)]
−
∫ b

a
f (t)dt

∣∣∣∣

� (Γ−S)max
{

λ
b−a

2
, x−a−λ

b−a
2

, b− x−λ
b−a

2

}
(b−a), (3.2.38)

where S = f (b)− f (a)
b−a and a+λ b−a

2 � x � b−λ b−a
2 , for λ ∈ [0,1].
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Proof. Define the mapping

k(x, t) =

⎧⎪⎪⎨
⎪⎪⎩

t −
(

a+λ
b−a

2

)
, t ∈ [a,x],

t −
(

b−λ
b−a

2

)
, t ∈ (x,b].

(3.2.39)

Integrating by parts, we have
∫ b

a
k(x, t) f ′(t)dt =

∫ x

a

[
t −
(

a+λ
b−a

2

)]
f ′(t)dt +

∫ b

x

[
t −
(

b−λ
b−a

2

)]
f ′(t)dt

= (b−a)
[

λ
2

( f (a)+ f (b))+(1−λ ) f (x)
]
−
∫ b

a
f (t)dt. (3.2.40)

We also have∫ b

a
k(x, t)dt =

∫ x

a

[
t −
(

a+λ
b−a

2

)]
dt +

∫ b

x

[
t −
(

b−λ
b−a

2

)]
dt

=
1
2

[
(x−a)−λ

b−a
2

]2

− 1
2

[
(x−b)+λ

b−a
2

]2

= (1−λ )(b−a)
(

x− a+b
2

)
. (3.2.41)

Let C ∈ R be a constant. From (3.2.40) and (3.2.41) it follows that
∫ b

a
k(x, t)[ f ′(t)−C]dt =

∫ b

a
k(x, t) f ′(t)dt −C

∫ b

a
k(x, t)dt

= (b−a)
[

λ
2

( f (a)+ f (b))+(1−λ ) f (x) −C(1−λ )
(

x− a+b
2

)]
−
∫ b

a
f (t)dt.

(3.2.42)

If we choose C = γ in (3.2.42), then we get

(b−a)
[

λ
2

( f (a)+ f (b))+(1−λ ) f (x)− γ(1−λ )
(

x− a+b
2

)]
−
∫ b

a
f (t)dt

=
∫ b

a
k(x, t)[ f ′(t)− γ]dt. (3.2.43)

On the other hand, we have∣∣∣∣
∫ b

a
k(x, t)[ f ′(t)− γ]dt

∣∣∣∣� max
t∈[a,b]

|k(x, t)|
∫ b

a
| f ′(t)−Γ|dt, (3.2.44)

since

max
t∈[a,b]

|k(x, t)| = max
{

λ
b−a

2
, x−a−λ

b−a
2

, b− x−λ
b−a

2

}
, (3.2.45)

and ∫ b

a
| f ′(t)−Γ|dt = f (b)− f (a)− γ(b−a) = (S− γ)(b−a). (3.2.46)
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From (3.2.43)–(3.2.46) it follows that (3.2.37) holds.

If we choose C = Γ in (3.2.42), then we get

(b−a)
[

λ
2

( f (a)+ f (b))+(1−λ ) f (x)−Γ(1−λ )
(

x− a+b
2

)]
−
∫ b

a
f (t)dt

=
∫ b

a
k(x, t)[ f ′(t)− γ]dt, (3.2.47)

and ∫ b

a
| f ′(t)−Γ|dt = Γ(b−a)− ( f (b)− f (a)) = (Γ−S)(b−a). (3.2.48)

From (3.2.47), (3.2.45) and (3.2.48), we easily get (3.2.38). The proof is complete.

Corollary 3.2.1. Under the assumption of Theorem 3.2.5, we have∣∣∣∣ f (x)(b−a)− γ(b−a)
(

x− a+b
2

)
−
∫ b

a
f (t)dt

∣∣∣∣

� (S− γ)
[

b−a
2

+
∣∣∣∣x− a+b

2

∣∣∣∣
]
(b−a), (3.2.49)

∣∣∣∣ f (x)(b−a)−Γ(b−a)
(

x− a+b
2

)
−
∫ b

a
f (t)dt

∣∣∣∣

� (Γ−S)
[

b−a
2

+
∣∣∣∣x− a+b

2

∣∣∣∣
]
(b−a). (3.2.50)

Proof. We set λ = 0 in (3.2.37) and (3.2.38). Then we have

max{x−a,b− x} =
1
2

[b−a+ |2x−a−b|] = b−a
2

+
∣∣∣∣x− a+b

2

∣∣∣∣ . (3.2.51)

In the above proof, we used

max{A,B} =
1
2
[A+B+ |A−B|], a, b ∈ R.

Now, in view of (3.2.51), it is easy to see that (3.2.49) and (3.2.50) are valid.

Corollary 3.2.2. Under the assumptions of Theorem 3.2.5, we have∣∣∣∣b−a
2

[ f (a)+ f (b)]−
∫ b

a
f (t)dt

∣∣∣∣� (S− γ)
(b−a)2

2
, (3.2.52)

∣∣∣∣b−a
2

[ f (a)+ f (b)]−
∫ b

a
f (t)dt

∣∣∣∣� (Γ−S)
(b−a)2

2
(3.2.53)
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Proof. We set λ = 1 in (3.2.37) and (3.2.38). Then we have x = a+b
2 and

max
{

λ
b−a

2
, x−a−λ

b−a
2

, b− x−λ
b−a

2

}
=

b−a
2

.

The proof of (3.2.52) and (3.2.53) is now obvious.

Corollary 3.2.3. Under the assumptions of Theorem 3.2.5, we have∣∣∣∣(b−a)
[

f (a)+ f (b)
4

+
1
2

f (x)− γ
2

(
x− a+b

2

)]
−
∫ b

a
f (t)dt

∣∣∣∣

� (S− γ)
[

b−a
4

+
∣∣∣∣x− a+b

2

∣∣∣∣
]
(b−a), (3.2.54)

∣∣∣∣(b−a)
[

f (a)+ f (b)
4

+
1
2

f (x)− Γ
2

(
x− a+b

2

)]
−
∫ b

a
f (t)dt

∣∣∣∣

� (Γ−S)
[

b−a
4

+
∣∣∣∣x− a+b

2

∣∣∣∣
]
(b−a). (3.2.55)

Proof. We set λ = 1
2 in (3.2.37) and (3.2.38). Then we have

max
{

b−a
4

,x− 3a+b
4

,
a+3b

4
− x
}

= max
{

1
2

(
x−a+

∣∣∣∣x− a+b
2

∣∣∣∣
)

,
1
2

(
b− x+

∣∣∣∣x− a+b
2

∣∣∣∣
)}

=
1
4

[
b−a+2

∣∣∣∣x− a+b
2

∣∣∣∣+ |2x− (a+b)|
]

=
b−a

4
+
∣∣∣∣x− a+b

2

∣∣∣∣ .
The proof of (3.2.54) and (3.2.55) is now obvious.

Corollary 3.2.4. Under the assumptions of Theorem 3.2.5, we have∣∣∣∣b−a
6

[ f (a)+4 f (x)+ f (b)]− 2γ
3

(
x− a+b

2

)
−
∫ b

a
f (t)dt

∣∣∣∣

� (S− γ)
[

b−a
3

+
∣∣∣∣x− a+b

2

∣∣∣∣
]
(b−a), (3.2.56)

∣∣∣∣b−a
6

[ f (a)+4 f (x)+ f (b)]− 2Γ
3

(
x− a+b

2

)
−
∫ b

a
f (t)dt

∣∣∣∣

� (Γ−S)
[

b−a
3

+
∣∣∣∣x− a+b

2

∣∣∣∣
]
(b−a). (3.2.57)
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Proof. We set λ = 1
3 in (3.2.37) and (3.2.38). Then we have

max
{

λ
b−a

2
,x−a−λ

b−a
2

,b− x−λ
b−a

2

}

= max
{

b−a
6

,x− 5a+b
6

,
a+5b

6
− x
}

= max
{

1
2

(
x−a+

∣∣∣∣x− 2a+b
3

∣∣∣∣
)

,
1
2

(
b− x+

∣∣∣∣x− a+2b
3

∣∣∣∣
)}

= max
{

b−a
6

,
b−a

3
+
∣∣∣∣x− a+b

2

∣∣∣∣
}

=
1
2

[
b−a

2
+
∣∣∣∣x− a+b

2

∣∣∣∣+
∣∣∣∣b−a

6
+
(

x− a+b
2

)∣∣∣∣
]

=
b−a

3
+
∣∣∣∣x− a+b

2

∣∣∣∣ .
The proof of (3.2.56) and (3.2.57) is now obvious.

Remark 3.2.3. If we set x = a+b
2 in (3.2.49) and (3.2.50); (3.2.54) and (3.2.55); (3.2.56)

and (3.2.57), then we get corresponding inequalities which do not depend on x.

3.3 Ostrowski-type inequalities involving the product of two functions

In this section, we shall deal with some Ostrowski-type inequalities recently established by

Pachpatte in [93,109,114,139], involving product of two functions.

We start with the following Theorem which contains the Ostrowski-type integral inequali-

ties established in [114].

Theorem 3.3.1. Let f , g ∈C1([a,b],R), [a,b] ∈ R, a < b. Then∣∣∣∣ f (x)g(x)− 1
2
[g(x)F + f (x)G]

∣∣∣∣� 1
4

[
|g(x)|

∫ b

a
| f ′(t)|dt + | f (x)|

∫ b

a
|g′(t)|dt

]
, (3.3.1)

and

| f (x)g(x)− [g(x)F + f (x)G]+FG| � 1
4

(∫ b

a
| f ′(t)|dt

)(∫ b

a
|g′(t)|dt

)
, (3.3.2)

for all x ∈ [a,b], where

F =
f (a)+ f (b)

2
, G =

g(a)+g(b)
2

.

The constant 1
4 in (3.3.1) and (3.3.2) is sharp.
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Proof. From the hypotheses, we have the following identities (see [88], [108, p. 267]):

f (x)−F =
1
2

[∫ x

a
f ′(t)dt −

∫ b

x
f ′(t)dt

]
, (3.3.3)

and

g(x)−G =
1
2

[∫ x

a
g′(t)dt −

∫ b

x
g′(t)dt

]
. (3.3.4)

Multiplying both sides of (3.3.3) and (3.3.4) by g(x) and f (x) respectively, adding the

resulting identities and rewriting, we have

f (x)g(x)− 1
2
[g(x)F + f (x)G]

=
1
4

[
g(x)

[∫ x

a
f ′(t)dt −

∫ b

x
f (t)dt

]
+ f (x)

[∫ x

a
g′(t)dt −

∫ b

x
g′(t)dt

]]
. (3.3.5)

From (3.3.5) and using the properties of modulus and integrals, we have∣∣∣∣ f (x)g(x)− 1
2
[g(x)F + f (x)G]

∣∣∣∣� 1
4

[
|g(x)|

∫ b

a
| f ′(t)|dt + | f (x)|

∫ b

a
|g′(t)|dt

]
.

This is the required inequality in (3.3.1).

Multiplying the left hand sides and right hand sides of (3.3.3) and (3.3.4), we get

f (x)g(x)− [g(x)F + f (x)G]+FG

=
1
4

[∫ x

a
f ′(t)dt −

∫ b

x
f ′(t)dt

][∫ x

a
g′(t)dt −

∫ b

x
g′(t)dt

]
. (3.3.6)

From (3.3.6) and using the properties of modulus and integrals, we have

| f (x)g(x)− [g(x)F + f (x)G]+FG| � 1
4

[∫ b

a
| f ′(t)|dt

][∫ b

a
|g′(t)|dt

]
.

This is the desired inequality in (3.3.2).

To prove the sharpness of the constant 1
4 in (3.3.1) and (3.3.2), assume that the inequalities

(3.3.1) and (3.3.2) hold with constants c > 0 and k > 0. That is,∣∣∣∣ f (x)g(x)− 1
2

[|g(x)|F + | f (x)|G]
∣∣∣∣� c

[
|g(x)|

∫ b

a
| f ′(t)|dt + | f (x)|

∫ b

a
|g′(t)|dt

]
, (3.3.7)

and

| f (x)g(x)− [|g(x)|F + | f (x)|G]+FG| � k
(∫ b

a
| f ′(t)|dt

)(∫ b

a
|g′(t)|dt

)
, (3.3.8)

for x ∈ [a,b]. In (3.3.7) and (3.3.8), choose f (x) = g(x) = x and hence f ′(x) = g′(x) = 1,

F = G = a+b
2 . Then by simple computation, we get∣∣∣∣x− 1

2
(a+b)

∣∣∣∣� 2c(b−a), (3.3.9)

and ∣∣∣∣∣x(x− (a+b))+
(

a+b
2

)2
∣∣∣∣∣� k(b−a)2. (3.3.10)

By taking x = b, from (3.3.9) we observe that c � 1
4 and from (3.3.10) it is easy to observe

that k � 1
4 , which proves the sharpness of the constants in (3.3.1) and (3.3.2). The proof is

complete.
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Remark3.3.1. Dividing both sides of (3.3.5) and (3.3.6) by b− a, then integrating both

sides with respect to x over [a,b] and closely looking at the proof of Theorem 3.3.1, we get∣∣∣∣ 1
b−a

∫ b

a
f (x)g(x)− 1

2(b−a)

[
F
∫ b

a
g(x)dx+G

∫ b

a
f (x)dx

]∣∣∣∣

� 1
4(b−a)

[(∫ b

a
|g(x)|dx

)(∫ b

a
| f ′(x)|dx

)
+
(∫ b

a
| f (x)|dx

)(∫ b

a
|g′(x)|dx

)]
,

(3.3.11)

and ∣∣∣∣ 1
b−a

∫ b

a
f (x)g(x)− 1

b−a

[
F
∫ b

a
g(x)dx+G

∫ b

a
f (x)dx−FG

]∣∣∣∣

� 1
4

(∫ b

a
| f ′(x)|dx

)(∫ b

a
|g′(x)|dx

)
. (3.3.12)

We note that the inequalities (3.3.11) and (3.3.12) are similar to those of the well-known

inequalities due to Grüss-and Čebyšev, see [61,13].

The next Theorem deals with the Ostrowski-type inequalities proved in [109].

Theorem 3.3.2. Let f , g : [a,b] → R be continuous functions on [a,b] and differentiable

on (a,b), with derivatives f ′, g′ : (a,b) → R being bounded on (a,b). Then∣∣∣∣ f (x)g(x)− 1
2(b−a)

[
g(x)

∫ b

a
f (y)dy+ f (x)

∫ b

a
g(y)dy

]∣∣∣∣

� 1
2
{
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

}[1
4

+

(
x− a+b

2

)2

(b−a)2

]
(b−a), (3.3.13)

and ∣∣∣∣ f (x)g(x)− 1
b−a

[
g(x)

∫ b

a
f (y)dy+ f (x)

∫ b

a
g(y)dy

]
+

1
b−a

∫ b

a
f (y)g(y)dy

∣∣∣∣

� 1
b−a

‖ f ′‖∞‖g′‖∞

[
(x−a)3 +(b− x)3

3

]
, (3.3.14)

for all x ∈ [a,b].

Proof. For any x, y ∈ [a,b] we have the following identities:

f (x)− f (y) =
∫ x

y
f ′(t)dt, (3.3.15)

and

g(x)−g(y) =
∫ x

y
g′(t)dt. (3.3.16)
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Multiplying both sides of (3.3.15) and (3.3.16) by g(x) and f (x) respectively and adding,

we get

2 f (x)g(x)− [g(x) f (y)+ f (x)g(y)] = g(x)
∫ x

y
f ′(t)dt + f (x)

∫ x

y
g′(t)dt. (3.3.17)

Integrating both sides of (3.3.17) with respect to y over [a,b] and rewriting, we have

f (x)g(x)− 1
2(b−a)

[
g(x)

∫ b

a
f (y)dy+ f (x)

∫ b

a
g(y)dy

]

=
1

2(b−a)

∫ b

a

{
g(x)

∫ x

y
f ′(t)dt + f (x)

∫ x

y
g′(t)dt

}
dy. (3.3.18)

From (3.3.18) and using the properties of modulus, we have∣∣∣∣ f (x)g(x)− 1
2(b−a)

[
g(x)

∫ b

a
f (y)dy+ f (x)

∫ b

a
g(y)dy

]∣∣∣∣

� 1
2(b−a)

∫ b

a

{
|g(x)|‖ f ′‖∞|x− y|+ | f (x)|‖g′‖∞|x− y|

}
dy

=
1

2(b−a)
{
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

}[ (x−a)2 +(b− x)2

2

]

=
1
2
{
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

}[1
4

+

(
x− a+b

2

)2

(b−a)2

]
(b−a)

This is required inequality in (3.3.13).

Multiplying the left hand and right hand sides of (3.3.15) and (3.3.16), we get

f (x)g(x)− [g(x) f (y)+ f (x)g(y)]+ f (y)g(y) =
{∫ x

y
f ′(t)
}{∫ x

y
g′(t)

}
. (3.3.19)

Integrating both sides of (3.3.19) with respect to y over [a,b] and rewriting, we have

f (x)g(x)− 1
b−a

[
g(x)

∫ b

a
f (y)dy+ f (x)

∫ b

a
g(y)dy

]
+

1
b−a

∫ b

a
f (y)g(y)dy

=
1

b−a

∫ b

a

{∫ x

y
f ′(t)dt

}{∫ x

y
g′(t)dt

}
dy. (3.3.20)

From (3.3.20) and using the properties of modulus, we obtain∣∣∣∣ f (x)g(x)− 1
b−a

[
g(x)

∫ b

a
f (y)dy+ f (x)

∫ b

a
g(y)dy

]
+

1
b−a

∫ b

a
f (y)g(y)dy

∣∣∣∣

� 1
b−a

‖ f ′‖∞‖g′‖∞

∫ b

a
|x− y|2dy =

1
b−a

‖ f ′‖∞‖g′‖∞

[
(x−a)3 +(b− x)3

3

]
.

This is the desired inequality in (3.3.14). The proof is complete.
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Remark 3.3.2. Dividing both sides of (3.3.18) and (3.3.20) by b−a, then integrating both

sides with respect to x over [a,b] and using the properties of modulus and by elementry

calculations, we get∣∣∣∣ 1
b−a

∫ b

a
f (x)g(x)dx−

(
1

b−a

∫ b

a
f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)∣∣∣∣

� 1
2(b−a)2

∫ b

a

[∫ b

a

{
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

}
|x− y|dy

]
dx, (3.3.21)

and ∣∣∣∣ 1
b−a

∫ b

a
f (x)g(x)dx−

(
1

b−a

∫ b

a
f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)∣∣∣∣

� 1
12

(b−a)2‖ f ′‖∞‖g′‖∞. (3.3.22)

Here, it is to be noted that the inequality (3.3.21) is similar to the well-known Grüss in-

equality in (3) and the inequality (3.3.22) is the well-known Čebyšev inequality in (1).

We also note that, by taking g(x) = 1 and hence g′(x) = 0 in (3.3.13), we recapture the

celebrated Ostrowski’s inequality (7).

In the following Theorem we present the results given in [139] where the derivatives of the

functions belong to Lp spaces.

Theorem 3.3.3. Let f , g : [a,b] → R be absolutely continous functions with derivatives

f ′, g′ ∈ Lp[a,b], p > 1. Then∣∣∣∣ f (x)g(x)− 1
2(b−a)

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]∣∣∣∣

� 1
2(b−a)

[
|g(x)|‖ f ′‖p + | f (x)|‖g′‖p

]
(B(x))

1
q , (3.3.23)

and ∣∣∣∣ f (x)g(x)− 1
b−a

[
g(x)

∫ b

a
f (t)dt+ f (x)

∫ b

a
g(t)dt

]

+
(

1
b−a

∫ b

a
f (t)dt

)(
1

b−a

∫ b

a
g(t)dt

)∣∣∣∣

� 1
(b−a)2 ‖ f ′‖p‖g′‖p(B(x))

2
q , (3.3.24)

for all x ∈ [a,b], where

B(x) =
1

q+1
[
(x−a)q+1 +(b− x)q+1] , (3.3.25)

and 1
p + 1

q = 1.
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Proof. From the hypothesis, we have the following identities (see, Theorem 1.2.3):

f (x)− 1
b−a

∫ b

a
f (t)dt =

1
b−a

∫ b

a
p(x, t) f ′(t)dt, (3.3.26)

and

g(x)− 1
b−a

∫ b

a
g(t)dt =

1
b−a

∫ b

a
p(x, t)g′(t)dt, (3.3.27)

for x ∈ [a,b], where p(x, t) is defined by (1.2.11). Multiplying both sides of (3.3.26) and

(3.3.27) by g(x) and f (x) respectively, adding the resulting identities and rewriting, we

have

f (x)g(x)− 1
2(b−a)

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]

=
1

2(b−a)

[
g(x)

∫ b

a
p(x, t) f ′(t)dt + f (x)

∫ b

a
p(x, t)g′(t)dt

]
. (3.3.28)

From (3.3.28), using the properties of modulus and Hölder’s integral inequality, we obtain∣∣∣∣ f (x)g(x)− 1
2(b−a)

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]∣∣∣∣

� 1
2(b−a)

[
|g(x)|

∫ b

a
|p(x, t)|| f ′(t)|dt + | f (x)|

∫ b

a
|p(x, t)||g′(t)|dt

]

� 1
2(b−a)

[
|g(x)|

(∫ b

a
|p(x, t)|qdt

) 1
q
(∫ b

a
| f ′(t)|pdt

) 1
p

+ | f (x)|
(∫ b

a
|p(x, t)|qdt

) 1
q
(∫ b

a
|g′(t)|pdt

) 1
p
]

=
1

2(b−a)
[
|g(x)|‖ f ′‖p + | f (x)|‖g′‖p

](∫ b

a
|p(x, t)|qdt

) 1
q

. (3.3.29)

By a simple calculation, we have
∫ b

a
|p(x, t)|qdt =

∫ x

a
|t −a|qdt +

∫ b

x
|t −b|qdt

=
∫ x

a
(t −a)qdt +

∫ b

x
(b− t)qdt

=
1

q+1
[
(x−a)q+1 +(b− x)q+1]= B(x). (3.3.30)

Using (3.3.30) in (3.3.29), we get (3.3.23).

Multiplying the left hand sides and right hand sides of (3.3.26) and (3.3.27), we have

f (x)g(x)− 1
b−a

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]
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+
(

1
b−a

∫ b

a
f (t)dt

)(
1

b−a

∫ b

a
g(t)dt

)

=
1

(b−a)2

(∫ b

a
p(x, t) f ′(t)dt

)(∫ b

a
p(x, t)g′(t)dt

)
. (3.3.31)

From (3.3.31), using the properties of modulus, Hölder’s integral inequality and (3.3.30),

we have ∣∣∣∣ f (x)g(x)− 1
b−a

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]

+
(

1
b−a

∫ b

a
f (t)dt

)(
1

b−a

∫ b

a
g(t)dt

)∣∣∣∣

� 1
(b−a)2

(∫ b

a
|p(x, t)|| f ′(t)|dt

)(∫ b

a
|p(x, t)||g′(t)|dt

)

� 1
(b−a)2

(∫ b

a
|p(x, t)|qdt

) 1
q
(∫ b

a
| f ′(t)|pdt

) 1
p
(∫ b

a
|p(x, t)|qdt

) 1
q
(∫ b

a
|g′(t)|pdt

) 1
p

=
1

(b−a)2 ‖ f ′‖p‖g′‖p (B(x))
2
q .

This is the required inequality in (3.3.24). The proof is complete.

Remark 3.3.3. By taking g(x) = 1 and hence g′(x) = 0 in (3.3.23) and by simple calcu-

lation, we get ∣∣∣∣ f (x)− 1
b−a

∫ b

a
f (t)dt

∣∣∣∣

� 1

(q+1)
1
q

[(
x−a
b−a

)q+1

+
(

b− x
b−a

)q+1
]

(b−a)
1
q ‖ f ′‖p, (3.3.32)

for all x ∈ [a,b]. We note that the inequality (3.3.32) is established by Dragomir and Wang

in [27].

At the end of this section, we give the following Theorem which contains the inequalities

proved in [93].

For continous function z : [a,b] → R and λ ∈ [0,1], we use the notation

L[z(x)] = (b−a)
[

λ
2

(z(a)+ z(b))+(1−λ )z(x)
]
.
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Theorem 3.3.4. Let f , g : [a,b] → R be continous functions on [a,b], differentiable on

(a,b) with derivatives f ′, g′ : [a,b] → R being bounded on (a,b). Then∣∣∣∣g(x)L[ f (x)]+ f (x)L[g(x)]−g(x)
∫ b

a
f (t)dt − f (x)

∫ b

a
g(t)dt

∣∣∣∣
�
[
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

]
M(x), (3.3.33)

and∣∣∣∣L[ f (x)]L[g(x)]−L[g(x)]
∫ b

a
f (t)dt −L[ f (x)]

∫ b

a
g(t)dt +

(∫ b

a
f (t)dt

)(∫ b

a
g(t)dt

)∣∣∣∣
� ‖ f ′‖∞‖g′‖∞(M(x))2, (3.3.34)

for a+λ b−a
2 � x � b−λ b−a

2 , λ ∈ [0,1], where

M(x) =
1
4
(b−a)2 [λ 2 +(λ −1)2]+

(
x− a+b

2

)2

. (3.3.35)

Proof. From the hypotheses, we have the following identities (see, Theorem 1.4.1 and

Theorem 3.2.5):

L[ f (x)]−
∫ b

a
f (t)dt =

∫ b

a
K(x, t) f ′(t)dt, (3.3.36)

and

L[g(x)]−
∫ b

a
g(t)dt =

∫ b

a
k(x, t)g′(t)dt, (3.3.37)

where k(x, t) is defined by (3.2.39). Multiplying (3.3.36) and (3.3.37) by g(x) and f (x)

respectively and adding the resulting identities, we have

g(x)L[ f (x)]+ f (x)L[g(x)]−g(x)
∫ b

a
f (t)dt − f (x)

∫ b

a
g(t)dt

= g(x)
∫ b

a
k(x, t) f ′(t)dt + f (x)

∫ b

a
k(x, t)g′(t)dt. (3.3.38)

From (3.2.38) and using the properties of modulus, we have∣∣∣∣g(x)L[ f (x)]+ f (x)L[g(x)]−g(x)
∫ b

a
f (t)dt − f (x)

∫ b

a
g(t)dt

∣∣∣∣

�
[
|g(x)|

∫ b

a
|k(x, t)|| f ′(t)|dt + | f (x)|

∫ b

a
|k(x, t)||g′(t)|dt

]

�
[
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

]∫ b

a
|k(x, t)|dt

=
[
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

]
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×
[∫ x

a

∣∣∣∣t −
(

a+λ
b−a

2

)∣∣∣∣dt +
∫ b

x

∣∣∣∣t −
(

b−λ
b−a

2

)∣∣∣∣dt
]
. (3.3.39)

Now, by evaluating the integrals on the right side of (3.2.39) as in the proof of Theo-

rem 1.4.1, we get the required inequality in (3.2.33).

Multiplying the left hand sides and right hand sides of (3.2.36) and (3.2.37), we get

L[ f (x)]L[g(x)]−L[g(x)]
∫ b

a
f (t)dt −L[ f (x)]

∫ b

a
g(t)dt +

(∫ b

a
f (t)dt

)(∫ b

a
g(t)dt

)

=
(∫ b

a
k(x, t) f ′(t)

)(∫ b

a
k(x, t)g′(t)

)
. (3.3.40)

From (3.2.40) and following the proof of inequality (3.2.33) with suitable changes, we get

the desired inequality in (3.2.34). The proof is complete.

Remark 3.3.4. By taking g(x) = 1 and hence g′(x) = 0 in (3.3.29), we get the following

inequality established by Dragomir, Cerone and Roumeliotics in [47]∣∣∣∣L[ f (x)]−
∫ b

a
f (t)dt

∣∣∣∣� M(x)‖ f ′‖∞,

for all λ ∈ [0,1] and a + λ b−a
2 � x � b− λ b−a

2 and in addition if we choose (i) λ = 0,

we get the Ostrowski’s inequality (7) and (ii) λ = 1,x = a+b
2 , we get the Trapezoid-type

inequality.

3.4 Inequalities of the Ostrowski-and Grüss-type

In this section, we offer some inequalities of the Ostrowski-and Grüss-type, that have re-

cently given by Pachpatte [100,131] and Cerone, Dragomir and Roumeliotis [15].

In the following Theorems we present the inequalities proved by Pachpatte in [131].

For suitable functions f , g : [a,b]→R, we use the following notation to simplify the details

of presentation:

S( f ,g) = f (x)g(x)− 1
2(b−a)

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]

−1
2

(
x− a+b

2

)
[Fg(x)+G f (x)] ,

H( f ,g) =
1

b−a

∫ b

a
f (x)g(x)dx−

(
1

b−a

∫ b

a
f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)

− 1
2(b−a)

∫ b

a

(
x− a+b

2

)
[Fg(x)+G f (x)]dx,

in which

F =
f (b)− f (a)

b−a
, G =

g(b)−g(a)
b−a

.



152 Analytic Inequalities: Recent Advances

Theorem 3.4.1. Let f , g : [a,b] → R be absolutely continuous functions with derivatives

f ′,g′ ∈ L2[a,b]. Then we have

|S( f ,g)| � b−a
4
√

3

[
|g(x)|

(
1

b−a
‖ f ′‖2

2 −F2
) 1

2
+ | f (x)|

(
1

b−a
‖g′‖2

2 −G2
) 1

2
]

dx,

(3.4.1)

for all x ∈ [a,b] and

|H( f ,g)| � 1
4
√

3

∫ b

a

[
|g(x)|

(
1

b−a
‖ f ′‖2

2 −F2
) 1

2
+ f (x)|

(
1

b−a
‖g′‖2

2 −G2
) 1

2
]

dx.

(3.4.2)

Theorem 3.4.2. Let the assumptions of Theorem 3.4.1 hold. If γ � f ′(x) � Γ, φ � g′(x) �
Φ for x ∈ [a,b]; where γ, Γ, φ , Φ are real constants. Then we have

|S( f ,g)| � b−a
8
√

3
[|g(x)|(Γ− γ)+ | f (x)|(Φ−φ)] , (3.4.3)

for all x ∈ [a,b] and

|H( f ,g)| � 1
8
√

3

∫ b

a
[|g(x)|(Γ− γ)+ | f (x)|(Φ−φ)]dx. (3.4.4)

Remark 3.4.1. If we take g(x) = 1 and hence g′(x) = 0 in (3.4.1) and (3.4.3), then by

simple computation, we get the inequality established by Barnett, Dragomir and Sofo in [7,

Theorem 2.1] and if we set x = a+b
2 in (3.4.1) and (3.4.3), then we get the corresponding

midpoint inequalities.

Proofs of Theorems 3.4.1 and 3.4.2. Define the function

p(x, t) =

{
t −a if t ∈ [a,x],

t −b if t ∈ (x,b].

By using the well-known Korkine’s identity (see [79]) for mappings f , g : [a,b]→R, which

can be easily proved by direct computation:

T ( f ,g) =
1

2(b−a)2

∫ b

a

∫ b

a
( f (t)− f (s))(g(t)−g(s))dtds,

where T ( f ,g) is defined by (2), we obtain

1
b−a

∫ b

a
p(x, t) f ′(t)dt −

(
1

b−a

∫ b

a
p(x, t)dt

)(
1

b−a

∫ b

a
f ′(t)dt

)

=
1

2(b−a)2

∫ b

a

∫ b

a
(p(x, t)− p(x,s))( f ′(t)− f ′(s))dtds. (3.4.5)
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By simple calculation, we obtain

1
b−a

∫ b

a
p(x, t) f ′(t)dt = f (x)− 1

b−a

∫ b

a
f (t),

1
b−a

∫ b

a
p(x, t)dt = x− a+b

2
,

and
1

b−a

∫ b

a
f ′(t)dt =

f (b)− f (a)
b−a

= F.

Using these facts in (3.4.5), we get the following identity (see [7]):

f (x)− 1
b−a

∫ b

a
f (t)dt −F

(
x− a+b

2

)

=
1

2(b−a)2

∫ b

a

∫ b

a
(p(x, t)− p(x,s))( f ′(t)− f ′(s))dtds, (3.4.6)

for all x ∈ [a,b]. Similarly, we get

g(x)− 1
b−a

∫ b

a
g(t)dt −G

(
x− a+b

2

)

=
1

2(b−a)2

∫ b

a

∫ b

a
(p(x, t)− p(x,s))(g′(t)−g′(s))dtds. (3.4.7)

Multiplying (3.4.6) and (3.4.7) by g(x) and f (x) respectively, adding the resulting identities

and rewriting, we get

S( f ,g) =
1
2

[
g(x)

1
2(b−a)2

∫ b

a

∫ b

a
(p(x, t)− p(x,s))( f ′(t)− f ′(s))dtds

+ f (x)
1

2(b−a)2

∫ b

a

∫ b

a
(p(x, t)− p(x,s))(g′(t)−g′(s))dtds

]
. (3.4.8)

From (3.4.8) and using the properties of modulus, we get

|S( f ,g)| � 1
2

[
|g(x)| 1

2(b−a)2

∫ b

a

∫ b

a
|p(x, t)− p(x,s)|| f ′(t)− f ′(s)|dtds

+ | f (x)| 1
2(b−a)2

∫ b

a

∫ b

a
|p(x, t)− p(x,s)||g′(t)−g′(s)|dtds

]
. (3.4.9)

By using the Cauchy-Schwarz inequality for double integrals, we observe that

1
2(b−a)2

∫ b

a

∫ b

a
|p(x, t)− p(x,s)|| f ′(t)− f ′(s)|dtds

�
(

1
2(b−a)2

∫ b

a

∫ b

a
(p(x, t)− p(x,s))2dtds

) 1
2
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×
(

1
2(b−a)2

∫ b

a

∫ b

a
( f ′(t)− f ′(s))2dtds

) 1
2

. (3.4.10)

It is easy to observe that

1
2(b−a)2

∫ b

a

∫ b

a
(p(x, t)− p(x,s))2dtds =

1
b−a

∫ b

a
p2(x, t)−

(
1

b−a

∫ b

a
p(x, t)dt

)2

=
1

b−a

[∫ x

a
(t −a)2dt +

∫ b

x
(b− t)2dt

]
−
(

x− a+b
2

)2

=
1

b−a

[
(x−a)3 +(b− x)3

3

]
−
(

x− a+b
2

)2

=
1
12

(b−a)2, (3.4.11)

and

1
2(b−a)2

∫ b

a

∫ b

a
( f ′(t)− f ′(s))2dtds =

1
b−a

‖ f ′‖2
2−
(

f (b)− f (a)
b−a

)2

=
1

b−a
‖ f ′‖2

2−F2.

(3.4.12)

Using (3.4.11) and (3.4.12) in (3.4.10), we get

1
2(b−a)2

∫ b

a

∫ b

a
|p(x, t)− p(x,s)|| f ′(t)− f ′(s)|dtds

� b−a
2
√

3

(
1

b−a
‖ f ′‖2

2 −F2
) 1

2
. (3.4.13)

Similarly, we get

1
2(b−a)2

∫ b

a

∫ b

a
|p(x, t)− p(x,s)||g′(t)−g′(s)|dtds

� b−a
2
√

3

(
1

b−a
‖g′‖2

2 −G2
) 1

2
. (3.4.14)

Using (3.4.13) and (3.4.14) in (3.4.9), we get the desired inequality in (3.4.1).

Integrating both sides of (3.4.8) with respect to x over [a,b] and dividing throughout by

(b−a) we get

H( f ,g) =
1

2(b−a)

∫ b

a

[
g(x)

2(b−a)2

∫ b

a

∫ b

a
(p(x, t)− p(x,s))( f ′(t)− f ′(s))dtds

+
f (x)

2(b−a)2

∫ b

a

∫ b

a
(p(x, t)− p(x,s))(g′(t)−g′(s))dtds

]
dx. (3.4.15)

From (3.4.15) and using the properties of modulus, we have

|H( f ,g)| � 1
2(b−a)

∫ b

a

[
|g(x)|

2(b−a)2

∫ b

a

∫ b

a
|p(x, t)− p(x,s)|| f ′(t)− f ′(s)|dtds
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+
| f (x)|

2(b−a)2

∫ b

a

∫ b

a
|p(x, t)− p(x,s)||g′(t)−g′(s)|dtds

]
dx. (3.4.16)

Using (3.4.13) and (3.4.14) in (3.4.16), we get the required inequality in (3.4.2). The proof

of Theorem 3.4.1 is complete.

By using the Grüss inequality (3), it is easy to observe that

0 � 1
b−a

∫ b

a
( f ′(t))2dt −

(
1

b−a

∫ b

a
f ′(t)dt

)2

� 1
4
(Γ− γ)2,

i.e.,

0 � 1
b−a

‖ f ′‖2
2 −F2 � 1

4
(Γ− γ)2. (3.4.17)

Similarly, we have

0 � 1
b−a

‖g′‖2
2 −G2 � 1

4
(Φ−φ)2. (3.4.18)

Using (3.4.17), (3.4.18) in (3.4.1) and (3.4.2), we get the required inequalities in (3.4.3)

and (3.4.4) and the proof of Theorem 3.4.2 is complete.

In [15], Cerone, Dragomir and Roumeliotis have obtained the following Ostrowski-Grüss-

type inequality for twice differentiable mappings.

Theorem 3.4.3. Let f : [a,b]→R be continous on [a,b] and twice differentiable on (a,b),

and assume that the second derivative f ′′ : (a,b)→ R satisfies the condition φ � f ′′(x) � Φ
for all x ∈ (a,b). Then we have the inequality∣∣∣∣∣ f (x)−

(
x− a+b

2

)
f ′(x)+

[
(b−a)2

24
+

1
2

(
x− a+b

2

)2
]

f ′(b)− f ′(a)
b−a

− 1
b−a

∫ b

a
f (t)dt

∣∣∣∣� 1
8
(Φ−φ)

[
1
2
(b−a)+

∣∣∣∣x− a+b
2

∣∣∣∣
]2

, (3.4.19)

for all x ∈ [a,b].

Proof. From the hypotheses, we have the following identity (see Theorem 1.2.5):

1
b−a

∫ b

a
k(x, t) f ′′(t)dt =

1
b−a

∫ b

a
f (t)dt +

(
x− a+b

2

)
f ′(x)− f (x), (3.4.20)

where the kernel k : [a,b]2 → R is defined by

k(x, t) =

⎧⎪⎨
⎪⎩

(t −a)2

2
if t ∈ [a,x],

(t −b)2

2
if t ∈ (x,b].
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It is easy to observe that the kernel k satisfies the estimation

0 � k(x, t) �

⎧⎪⎪⎨
⎪⎪⎩

(b− x)2

2
, x ∈

[
a,

a+b
2

)
,

(x−a)2

2
, x ∈

[
a+b

2
,b
]
,

(3.4.21)

for all t ∈ [a,b]. Applying Grüss integral inequality for the mappings f ′′(·) and k(x, ·), we

get ∣∣∣∣ 1
b−a

∫ b

a
k(x, t) f ′′(t)− 1

b−a

∫ b

a
k(x, t)dt

1
b−a

∫ b

a
f ′′(t)dt

∣∣∣∣

� 1
4
(Φ−φ)×

⎧⎪⎪⎨
⎪⎪⎩

(b− x)2

2
, x ∈

[
a,

a+b
2

)
,

(x−a)2

2
, x ∈

[
a+b

2
,b
]
.

(3.4.22)

We observe that∫ b

a
k(x, t)dt =

∫ x

a

(t −a)2

2
dt +

∫ b

x

(t −b)2

2
dt =

1
6
[
(x−a)3 +(b− x)3] .

Also, a simple computation shows that

(x−a)3 +(b− x)3 = (b−a)
[
(x−a)2 +(b− x)2 − (x−a)(b− x)

]

= (b−a)
[
(b−a)2 −3(x−a)(b− x)

]

= (b−a)
[
(b−a)2 +3

[
x2 − (a+b)x+ab

]]

= (b−a)

[
(b−a)2 +3

[(
x− a+b

2

)2

−
(

b−a
2

)2
]]

= (b−a)

[
(b−a)2

4
+3
(

x− a+b
2

)2
]

.

Consequently,
∫ b

a
k(x, t)dt = (b−a)

[
(b−a)2

24
+

1
2

(
x− a+b

2

)2
]

.

Using (3.4.22), we can state∣∣∣∣∣
1

b−a

∫ b

a
k(x, t) f ′′(t)dt −

[
(b−a)2

24
+

1
2

(
x− a+b

2

)2
]

f ′(b)− f ′(a)
b−a

∣∣∣∣∣

� 1
4
(Φ−φ)×

⎧⎪⎪⎨
⎪⎪⎩

(b− x)2

2
if x ∈

[
a,

a+b
2

)
,

(x−a)2

2
if x ∈

[
a+b

2
,b
]
.

(3.4.23)
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From (3.4.20) and (3.4.23), we get∣∣∣∣ 1
b−a

∫ b

a
f (t)dt − f (x)+

(
x− a+b

2

)
f ′(x)

−
[

(b−a)2

24
+

1
2

(
x− a+b

2

)2
]

f ′(b)− f ′(a)
b−a

∣∣∣∣∣

� 1
4
(Φ−φ)×

⎧⎪⎪⎨
⎪⎪⎩

(b− x)2

2
if x ∈

[
a,

a+b
2

)
,

(x−a)2

2
if x ∈

[
a+b

2
,b
]
.

Now, let us observe that

max
{

(b− x)2

2
,
(x−a)2

2

}
=

⎧⎪⎪⎨
⎪⎪⎩

(b− x)2

2
if x ∈

[
a,

a+b
2

)
,

(x−a)2

2
if x ∈

[
a+b

2
,b
]
.

On the other hand,

max
{

(b− x)2

2
,
(x−a)2

2

}
=

1
2

[
(b− x)2 +(x−a)2

2
+

1
2

∣∣(b− x)2 − (x−a)2∣∣
]

=
1
2

[
(b−a)2

4
+
(

x− a+b
2

)2

+(b−a)
∣∣∣∣x− a+b

2

∣∣∣∣
]

=
1
2

[
1
2
(b−a)+

∣∣∣∣x− a+b
2

∣∣∣∣
]2

,

and the inequality (3.4.19) is proved.

The following corollaries hold.

Corollary 3.4.1. Let f be as in Theorem 3.4.3. Then we have the perturbed midpoint

inequality:∣∣∣∣ f
(

a+b
2

)
+

1
24

(b−a)( f ′(b)− f ′(a))− 1
b−a

∫ b

a
f (t)dt

∣∣∣∣� 1
32

(Φ−φ)(b−a)2.

(3.4.24)

By setting x = a+b
2 in (3.4.19), we get (3.4.24).

Remark 3.4.2. The classical midpoint inequality states that∣∣∣∣ f
(

a+b
2

)
− 1

b−a

∫ b

a
f (t)dt

∣∣∣∣� 1
24

(b−a)2‖ f ′′‖∞, (3.4.25)

where ‖ f ′′‖∞ = supt∈(a,b) | f ′′(t)|< ∞. We note that if Φ−φ � 4
3‖ f ′′‖∞, then the estimation

provided by (3.4.24) is better than the estimation given in (3.4.25). A sufficient condition

for the assumption Φ−φ � 4
3‖ f ′′‖∞ to be true is 0 � φ � Φ.
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Corollary 3.4.2. Let f be as in Theorem 3.4.3. Then we have the following perturbed

trapezoid inequality:∣∣∣∣ f (a)+ f (b)
2

− 1
12

(b−a)( f ′(b)− f ′(a))− 1
b−a

∫ b

a
f (t)dt

∣∣∣∣

� 1
8
(Φ−φ)(b−a)2. (3.4.26)

Proof. Put in (3.4.19) x = a and x = b, to get∣∣∣∣ f (a)+
b−a

2
f ′(a)+

1
6
(b−a)( f ′(b)− f ′(a))− 1

b−a

∫ b

a
f (t)dt

∣∣∣∣

� 1
8
(Φ−φ)(b−a)2, (3.4.27)

and ∣∣∣∣ f (b)+
b−a

2
f ′(b)+

1
6
(b−a)( f ′(b)− f ′(a))− 1

b−a

∫ b

a
f (t)dt

∣∣∣∣

� 1
8
(Φ−φ)(b−a)2, (3.4.28)

respectively. Summing (3.4.27) and (3.4.28), using the triangle inequality and dividing by

2, we get the desired inequality in (3.4.26).

Remark 3.4.3. The classical trapezoid inequality states that∣∣∣∣ f (a)+ f (b)
2

− 1
b−a

∫ b

a
f (t)dt

∣∣∣∣� 1
12

(b−a)2‖ f ′′‖∞. (3.4.29)

Now, if we assume that (Φ− φ) � 2
3‖ f ′′‖∞, and this condition holds if we assume that

the infimum and supremum of the second derivative f ′′ are close enough, then the estima-

tion provided by (3.4.26) is better than the estimation in the classical trapezoid inequality

(3.4.29).

Next, we present the inequalities established by Pachpatte in [100], involving twice differ-

entiable mappings.

Theorem 3.4.4. Let f , g : [a,b] → R be twice differentiable mappings on (a,b) and

f ′′, g′′ : (a,b) → R are bounded. Then∣∣∣∣2
(

1
b−a

∫ b

a
f (t)dt

)(
1

b−a

∫ b

a
g(t)dt

)
−
[

f (x)−
(

x− a+b
2

)
f ′(x)

]

×
(

1
b−a

∫ b

a
g(t)dt

)
−
[

g(x)−
(

x− a+b
2

)
g′(x)

](
1

b−a

∫ b

a
f (t)dt

)∣∣∣∣
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� E(x)
[
‖ f ′′‖∞

(
1

b−a

∫ b

a
|g(t)|dt

)
+‖g′′‖∞

(
1

b−a

∫ b

a
| f (t)|dt

)]
, (3.4.30)

and∣∣∣∣
(

1
b−a

∫ b

a
f (t)dt

)
g(x)+

(
1

b−a

∫ b

a
g(t)dt

)
f (x)+

(
x− a+b

2

)
( f g)′(x)−2 f (x)g(x)

∣∣∣∣
� E(x)

[
‖ f ′′‖∞|g(x)|+‖g′′‖∞| f (x)|

]
, (3.4.31)

for x ∈ [a,b], where

E(x) =
1
24

(b−a)2 +
1
2

(
x− a+b

2

)2

. (3.4.32)

Theorem 3.4.5. Let f , g be as in Theorem 3.4.4. Then∣∣∣∣ f (x)
(

1
b−a

∫ b

a
g(t)dt

)
+ g(x)

(
1

b−a

∫ b

a
f (t)dt

)
−2
(

1
b−a

∫ b

a
f (t)dt

)

×
(

1
b−a

∫ b

a
g(t)dt

)
−
[

f (b)− f (a)
b−a

(
x− a+b

2

)(
1

b−a

∫ b

a
g(t)dt

)

+
g(b)−g(a)

b−a

(
x− a+b

2

)(
1

b−a

∫ b

a
f (t)dt

)]∣∣∣∣

� L(x)
[
‖ f ′′‖∞

(
1

b−a

∫ b

a
|g(t)|dt

)
+‖g′′‖∞

(
1

b−a

∫ b

a
| f (t)|dt

)]
, (3.4.33)

and ∣∣∣∣2 f (x)g(x)−
{[

1
b−a

∫ b

a
f (t)dt +

f (b)− f (a)
b−a

(
x− a+b

2

)]
g(x)

+
[

1
b−a

∫ b

a
g(t)dt +

g(b)−g(a)
b−a

(
x− a+b

2

)]
f (x)
}∣∣∣∣

� L(x)
[
‖ f ′′‖∞|g(x)|+‖g′′‖∞| f (x)|

]
, (3.4.34)

for x ∈ [a,b], where

L(x) =
1
2

⎧⎨
⎩
[(

x− a+b
2

)2

(b−a)2 +
1
4

]2

+
1
12

⎫⎬
⎭(b−a)2. (3.4.35)

Remark 3.4.4. It is easy to observe that, by taking g(x) = 1 and hence g′(x) = 0, g′′(x) =

0 in Theorems 3.4.4 and 3.4.5, we recapture respectively the main inequalities established

by Cerone, Dragomir and Roumeliotis in [14, Theorem 2.1] and Dragomir and Barnett in

[28, Theorem 2.1].
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Proofs of Theorems 3.4.4 and 3.4.5. From the hypotheses, we have the following iden-

tities (See, Theorem 1.2.5):

1
b−a

∫ b

a
f (t)dt =

[
f (x)−

(
x− a+b

2

)
f ′(x)

]
+

1
b−a

∫ b

a
k(x, t) f ′′(t)dt, (3.4.36)

and
1

b−a

∫ b

a
g(t)dt =

[
g(x)−

(
x− a+b

2

)
g′(x)

]
+

1
b−a

∫ b

a
k(x, t)g′′(t)dt, (3.4.37)

for x ∈ [a,b], where k(x, t) is given by (1.2.28). Multiplying both sides of (3.4.36) and

(3.4.37) by 1
b−a
∫ b

a g(t)dt and 1
b−a
∫ b

a f (t)dt respectively and adding the resulting identities,

we get

2
(

1
b−a

∫ b

a
f (t)dt

)(
1

b−a

∫ b

a
g(t)dt

)

=
[

f (x)−
(

x− a+b
2

)
f ′(x)

](
1

b−a

∫ b

a
g(t)dt

)

+
[

g(x)−
(

x− a+b
2

)
g′(x)

](
1

b−a

∫ b

a
f (t)dt

)

+
(

1
b−a

∫ b

a
k(x, t) f ′′(t)dt

)(
1

b−a

∫ b

a
g(t)dt

)

+
(

1
b−a

∫ b

a
k(x, t)g′′(t)dt

)(
1

b−a

∫ b

a
f (t)dt

)
, (3.4.38)

for x ∈ [a,b]. From (3.4.38) and using the properties of modulus, we have∣∣∣∣2
(

1
b−a

∫ b

a
f (t)dt

)(
1

b−a

∫ b

a
g(t)dt

)

−
[

f (x)−
(

x− a+b
2

)
f ′(x)

](
1

b−a

∫ b

a
g(t)dt

)

−
[

g(x)−
(

x− a+b
2

)
g′(x)

](
1

b−a

∫ b

a
f (t)dt

)∣∣∣∣

�
[
‖ f ′′‖∞

(
1

b−a

∫ b

a
|g(t)|dt

)
+‖g′′‖∞

(
1

b−a

∫ b

a
| f (t)|dt

)]

×
(

1
b−a

∫ b

a
|k(x, t)|dt

)
. (3.4.39)

By using the elementary calculations (see, the proof of Theorem 3.4.3), we obtain

1
b−a

∫ b

a
|k(x, t)|dt =

(b−a)2

24
+

1
2

(
x− a+b

2

)2
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= E(x), (3.4.40)

for x ∈ [a,b]. Using (3.4.40) in (3.4.39), we get the required inequality in (3.4.30).

Rewriting (3.4.36) and (3.4.37) as

f (x) =
1

b−a

∫ b

a
f (t)dt +

(
x− a+b

2

)
f ′(x)− 1

b−a

∫ b

a
k(x, t) f ′′(t)dt, (3.4.36′)

and

g(x) =
1

b−a

∫ b

a
g(t)dt +

(
x− a+b

2

)
g′(x)− 1

b−a

∫ b

a
k(x, t)g′′(t)dt, (3.4.37′)

for x ∈ [a,b].

Multiplying both sides of (3.4.36′) and (3.4.37′) by g(x) and f (x) respectively and adding

the resulting identities, we get

2 f (x)g(x) =
(

1
b−a

∫ b

a
f (t)dt

)
g(x)+

(
1

b−a

∫ b

a
g(t)dt

)
f (x)

+
(

x− a+b
2

)
( f g)′ (x)−

(
1

b−a

∫ b

a
k(x, t) f ′′(t)dt

)
g(x)

−
(

1
b−a

∫ b

a
k(x, t)g′′(t)dt

)
f (x). (3.4.41)

Rewriting (3.4.41) and using the properties of modulus and (3.4.40), we get the desired

inequality in (3.4.31). The proof of Theorem 3.4.4 is complete.

From the hypotheses, we have the following identities (See, Lemma 1.5.2):

f (x) =
1

b−a

∫ b

a
f (t)dt +

f (b)− f (a)
b−a

(
x− a+b

2

)

+
1

(b−a)2

∫ b

a

∫ b

a
p(x, t)p(t,s) f ′′(s)dsdt, (3.4.42)

and

g(x) =
1

b−a

∫ b

a
g(t)dt +

g(b)−g(a)
b−a

(
x− a+b

2

)

+
1

(b−a)2

∫ b

a

∫ b

a
p(x, t)p(t,s)g′′(s)dsdt, (3.4.43)

for x ∈ [a,b], where p(x, t) is given by (1.2.11).

Multiplying both sides of (3.4.42) and (3.4.43) by 1
b−a
∫ b

a g(t)dt and 1
b−a
∫ b

a f (t)dt respec-

tively and adding the resulting identities, we get

f (x)
(

1
b−a

∫ b

a
g(t)dt

)
+g(x)

(
1

b−a

∫ b

a
f (t)dt

)
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= 2
(

1
b−a

∫ b

a
f (t)dt

)(
1

b−a

∫ b

a
g(t)dt

)

+
f (b)− f (a)

b−a

(
x− a+b

2

)(
1

b−a

∫ b

a
g(t)dt

)

+
g(b)−g(a)

b−a

(
x− a+b

2

)(
1

b−a

∫ b

a
f (t)dt

)

+
(

1
(b−a)2

∫ b

a

∫ b

a
p(x, t)p(t,s) f ′′(s)dsdt

)(
1

b−a

∫ b

a
g(t)dt

)

+
(

1
(b−a)2

∫ b

a

∫ b

a
p(x, t)p(t,s)g′′(s)dsdt

)(
1

b−a

∫ b

a
f (t)dt

)
, (3.4.44)

for x ∈ [a,b]. From (3.4.44) and using the properties of modulus, we have∣∣∣∣ f (x)
(

1
b−a

∫ b

a
g(t)dt

)
+g(x)

(
1

b−a

∫ b

a
f (t)dt

)

−2
(

1
b−a

∫ b

a
f (t)dt

)(
1

b−a

∫ b

a
g(t)dt

)

− f (b)− f (a)
b−a

(
x− a+b

2

)(
1

b−a

∫ b

a
g(t)dt

)

− g(b)−g(a)
b−a

(
x− a+b

2

)(
1

b−a

∫ b

a
f (t)dt

)∣∣∣∣
�
[
‖ f ′′‖∞

(
1

b−a

∫ b

a
|g(t)|dt

)
+‖g′′‖∞

(
1

b−a

∫ b

a
| f (t)|dt

)]

×
(

1
(b−a)2

∫ b

a

∫ b

a
|p(x, t)| |p(t,s)|dsdt

)
. (3.4.45)

By using (1.2.11) and simple algebraic manipulations (see [28 ]), we obtain
1

(b−a)2

∫ b

a

∫ b

a
|p(x, t)| |p(t,s)|dsdt = L(x), (3.4.46)

for x ∈ [a,b], where L(x) is given by (3.4.35). Using (3.4.46) in (3.4.45), we get the in-

equality (3.4.33).

To prove the inequality (3.4.34), we multiply both sides of (3.4.42) and (3.4.43) by g(x)

and f (x) respectively and adding the resulting identities, we get

2 f (x)g(x) =
[

1
b−a

∫ b

a
f (t)dt +

f (b)− f (a)
b−a

(
x− a+b

2

)]
g(x)

+
[

1
b−a

∫ b

a
g(t)dt +

g(b)−g(a)
b−a

(
x− a+b

2

)]
f (x)

+
(

1
(b−a)2

∫ b

a

∫ b

a
p(x, t)p(t,s) f ′′(s)dsdt

)
g(x)

+
(

1
(b−a)2

∫ b

a

∫ b

a
p(x, t)p(t,s)g′′(s)dsdt

)
f (x). (3.4.47)

Rewriting (3.4.47) and using the properties of modulus and (3.4.46), we get the required

inequality in (3.4.34). The proof of Theorem 3.4.5 is complete.



Ostrowski-type inequalities 163

3.5 Further inequalities of the Ostrowski-type

In this section, we will give some Ostrowski-type inequalities recently established by vari-

ous investigators in [16,73,101,116] involving n-time differentiable mappings.

In [16], Cerone, Dragomir and Roumeliotis proved the following inequality.

Theorem 3.5.1. Let f : [a,b]→R be a mapping such that f (n−1) is absolutely continuous

on [a,b] and f (n) ∈ L∞[a,b]. Then for all x ∈ [a,b], we have the inequality∣∣∣∣∣
∫ b

a
f (t)dt −

n−1

∑
k=0

[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]
f (k)(x)

∣∣∣∣∣

�
∥∥ f (n)

∥∥
∞

(n+1)!
[
(x−a)n+1 +(b− x)n+1]�

∥∥ f (n)
∥∥

∞
(n+1)!

(b−a)n+1 (3.5.1)

where
∥∥ f (n)

∥∥
∞ = supt∈[a,b]

∣∣∣ f (n)(t)
∣∣∣< ∞.

Proof. From the hypotheses, we have the following identity (see Lemma 1.5.3):
∫ b

a
f (t)dt =

n−1

∑
k=0

[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]
f (k)(x)

+(−1)n
∫ b

a
En(x, t) f (n)(t)dt, (3.5.2)

for all x ∈ [a,b], where En(x, t) is given by (1.5.23). From (3.5.2) and (1.5.23), we have∣∣∣∣∣
∫ b

a
f (t)dt −

n−1

∑
k=0

[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]
f (k)(x)

∣∣∣∣∣

=
∣∣∣∣
∫ b

a
En(x, t) f (n)(t)dt

∣∣∣∣�
∥∥ f (n)∥∥

∞

∫ b

a
|En(x, t)|dt

=
∥∥ f (n)∥∥

∞

[∫ x

a

(t −a)n

n!
dt +

∫ b

x

(b− t)n

n!
dt
]

=

∥∥ f (n)
∥∥

∞
(n+1)!

[
(x−a)n+1 +(b− x)n+1] ,

and the inequality (3.5.1) is proved. To prove the second inequality in (3.5.1), we observe

that

(x−a)n+1 +(b− x)n+1 � (b−a)n+1,

for x ∈ [a,b].
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Remark 3.5.1 By taking x = a+b
2 in (3.5.1), we have the inequality∣∣∣∣∣

∫ b

a
f (t)dt −

n−1

∑
k=0

[
1+(−1)k

(k +1)!

]
(b−a)k+1

2k+1 f (k)
(

a+b
2

)∣∣∣∣∣�
∥∥ f (n)

∥∥
∞

2n(n+1)!
(b−a)n+1. (3.5.3)

If we choose n = 1 in the inequality (3.5.1), then by simple calculation, we get the well-

known Ostrowski’s inequality in (7).

Another result analogous to Theorem 3.5.1 obtained by Matić, Pečarić and Ujević [73], is

embodied in the following theorem.

Theorem 3.5.2. Let f : I → R, where I ⊆ R is an interval. Suppose that f is n-time

differentiable in the
◦
I (the interior of I), and let a, b ∈

◦
I , a < b. Let f (n) is integrable on

[a,b] and suppose that γ � f (n) � Γ for all x ∈ [a,b], where γ and Γ are real constants. For

x ∈ [a,b], define

Rn(x) = f (x)+
1

b−a

n−1

∑
k=1

(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!
f (k)(x)

+
(b− x)n+1 +(−1)n(x−a)n+1

(n+1)!(b−a)2

[
f (n−1)(b)− f (n−1)(a)

]
− 1

b−a

∫ b

a
f (t)dt.

Then for all x ∈ [a,b],

|Rn(x)| �
Γ− γ
2(n!)

[
(x−a)2n+1 − (x−b)2n+1

(b−a)(2n+1)
−
(

(x−a)n+1 − (x−b)n+1

(b−a)(n+1)

)2
] 1

2

. (3.5.4)

Proof. From the hypotheses, the identity (3.5.2) holds (see, Lemma 1.5.3). We can

rewrite (3.5.2) as
∫ b

a
f (t)dt = (b−a) f (x)+

n−1

∑
k=1

(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!
f (k)(x)

+(−1)n
∫ b

a
En(x, t) f (n)(t)dt,

or
(−1)n+1

b−a

∫ b

a
En(x, t) f (n)(t)dt

= f (x)+
1

b−a

n−1

∑
k=1

(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!
f (k)(x)− 1

b−a

∫ b

a
f (t)dt. (3.5.5)

Also,
∫ b

a
En(x, t)dt =

∫ x

a

(t −a)n

n!
dt +

∫ b

x

(t −b)n

n!
dt =

(x−a)n+1 − (x−b)n+1

(n+1)!
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= (−1)n+1 (b− x)n+1 +(−1)n(x−a)n+1

(n+1)!
,

and ∫ b

a
f (n)(t)dt = f (n−1)(b)− f (n−1)(a).

So, we have

− (−1)n+1

(b−a)2

∫ b

a
En(x, t)dt

∫ b

a
f (n)(t)dt

=
(b− x)n+1 +(−1)n(x−a)n+1

(n+1)!(b−a)2

[
f (n−1)(b)− f (n−1)(a)

]
. (3.5.6)

Using (3.5.5) and (3.5.6), we see that

(−1)n+1
[

1
b−a

∫ b

a
En(x, t) f (n)(t)dt − 1

(b−a)2

∫ b

a
En(x, t)dt

∫ b

a
f (n)(t)dt

]
,

is equal to Rn(x). We now apply Theorem 1.2.1 with En(x, ·) and f (n)(·) in place of f and

g, respectively, to obtain

|Rn(x)| �
1
2
(Γ− γ)

√
T (En(x, ·),En(x, ·)) , (3.5.7)

where T (·, ·) is given by (2). We have already calculated
∫ b

a
En(x, t)dt =

(x−a)n+1 − (x−b)n+1

(n+1)!
.

Similar calculation gives
∫ b

a
E2

n (x, t)dt =
(x−a)2n+1 − (x−b)2n+1

(n!)2(2n+1)
,

so that

T (En(x, ·),En(x, ·)) =
1

b−a

∫ b

a
E2

n (x, t)dt − 1
(b−a)2

(∫ b

a
En(x, t)dt

)2

=
1

(n!)2

[
(x−a)2n+1 − (x−b)2n+1

(b−a)(2n+1)
−
(

(x−a)n+1 − (x−b)n+1

(b−a)(n+1)

)2
]

. (3.5.8)

Combining (3.5.7) and (3.5.8), we get (3.5.4). The proof is complete.

In a recent paper [101], Pachpatte has established the following new generalization of Milo-

vanović, Pečarić inequality [77], involving a pair of n-time differentiable mappings.
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Theorem 3.5.3. Let f , g : [a,b] → R be continous functions on [a,b] and n-times differ-

entiable on (a,b), and with derivatives f (n), g(n) : (a,b) → R being bounded on (a,b), i.e.∥∥ f (n)
∥∥

∞ = supt∈(a,b)

∣∣∣ f (n)(t)
∣∣∣< ∞,

∥∥g(n)
∥∥

∞ = supt∈(a,b)

∣∣∣g(n)(t)
∣∣∣< ∞. Then

∣∣∣∣∣ f (x)g(x)− 1
2(b−a)

[g(x)I0 + f (x)J0]−
1

2(b−a)

[
g(x)

n−1

∑
k=1

Ik + f (x)
n−1

∑
k=1

Jk

]∣∣∣∣∣

� 1
2(n+1)!

[
|g(x)|

∥∥ f (n)∥∥
∞ + | f (x)|

∥∥g(n)∥∥
∞

][ (x−a)n+1 +(b− x)n+1

b−a

]
, (3.5.9)

for all x ∈ [a,b], where Ik, I0 and Jk, J0 are respectively given by (1.5.9) and (1.5.10) in

Section 1.5.

Proof. Let x ∈ [a,b], y ∈ (a,b). From the hypotheses, by using Taylor’s formula with the

Lagrange form of the remainder (see[77]), we have

f (x) = f (y)+
n−1

∑
k=1

f k(y)
k!

(x− y)k +
1
n!

f (n)(ξ )(x− y)n, (3.5.10)

and

g(x) = g(y)+
n−1

∑
k=1

gk(y)
k!

(x− y)k +
1
n!

g(n)(σ)(x− y)n, (3.5.11)

where ξ = y+α(x−y)(0 < α < 1) and σ = y+β (x−y)(0 < β < 1). Let Fk(x) and Gk(x)

be respectively given by (1.5.6) and (1.5.7) in Section 1.5. From the definitions of Ik, Jk

and integration by parts (see [77]), we have the relations

I0 +
n−1

∑
k=1

Ik = nI0 − (b−a)
n−1

∑
k=1

Fk(x), (3.5.12)

J0 +
n−1

∑
k=1

Jk = nJ0 − (b−a)
n−1

∑
k=1

Gk(x). (3.5.13)

Multiplying (3.5.10) and (3.5.11) by g(x) and f (x) respectively, adding the resulting iden-

tities and rewriting, we have

f (x)g(x) =
1
2

g(x) f (y)+
1
2

f (x)g(y)

+
1
2

g(x)
n−1

∑
k=1

f (k)(y)
k!

(x− y)k +
1
2

f (x)
n−1

∑
k=1

g(k)(y)
k!

(x− y)k

+
1
2

1
n!

g(x) f (n)(ξ )(x− y)n +
1
2

1
n!

f (x)g(n)(σ)(x− y)n. (3.5.14)
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Integrating (3.5.14) with respect to y over (a,b) and rewriting,we obtain

f (x)g(x) =
1

2(b−a)
[g(x)I0 + f (x)J0]+

1
2(b−a)

[
g(x)

n−1

∑
k=1

Ik + f (x)
n−1

∑
k=1

Jk

]

+
1

2(b−a)
1
n!

[
g(x)

∫ b

a
f (n)(ξ )(x− y)ndy+ f (x)

∫ b

a
g(n)(σ)(x− y)ndy

]
. (3.5.15)

From (3.5.15) and using the properties of modulus, we have∣∣∣∣∣ f (x)g(x)− 1
2(b−a)

[g(x)I0 + f (x)J0]−
1

2(b−a)

[
g(x)

n−1

∑
k=1

Ik + f (x)
n−1

∑
k=1

Jk

]∣∣∣∣∣

� 1
2(b−a)

1
n!

[
|g(x)|

∫ b

a

∣∣∣ f (n)(ξ )
∣∣∣ |x− y|ndy+ | f (x)|

∫ b

a

∣∣∣g(n)(σ)
∣∣∣ |x− y|ndy

]

� 1
2(b−a)

1
n!

[
|g(x)|

∥∥ f (n)∥∥
∞ + | f (x)|

∥∥g(n)∥∥
∞

]∫ b

a
|x− y|ndy

=
1
2

1
(n+1)!

[
|g(x)|

∥∥ f (n)∥∥
∞ + | f (x)|

∥∥g(n)∥∥
∞

][ (x−a)n+1 +(b− x)n+1

b−a

]
,

which is the required inequality in (3.5.9). The proof is complete.

The following Corollary holds.

Corollary 3.5.1. Let f , g : [a,b]→ R be continuous functions on [a,b] and differentiable

on (a,b) and with derivatives f ′, g′ : [a,b] → R being bounded on (a,b), i.e., ‖ f ′‖∞ =

supt∈(a,b) | f ′(t)| < ∞, ‖g′‖∞ = supt∈(a,b) |g′(t)| < ∞. Then
∣∣∣∣ f (x)g(x)− 1

2(b−a)
[g(x)I0 + f (x)J0]

∣∣∣∣

� 1
2
[
|g(x)|‖ f ′‖∞ + | f (x)|‖g′‖∞

][1
4

+

(
x− a+b

2

)2

(b−a)2

]
(b−a), (3.5.16)

for all x ∈ [a,b], where I0 and J0 are as in Theorem 3.5.3.

Remark 3.5.2. We note that in the special cases, if we take (i) g(x) = 1 and hence

g(n)(x) = 0 in (3.5.9) and (ii) g(x) = 1 and hence g′(x) = 0 in (3.5.16), then by simple

calculations we get the inequalities given by Milovanović and Pečarić [77] and Ostrowski

[81] respectively.

The following Theorem contains the Ostrowski type inequalities, recently established by

Pachpatte in [116], involving a harmonic sequence of polynomials and a pair of n-time

differentiable functions.
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Theorem 3.5.4. Let (Pn) be a harmonic sequence of polynomials, that is P′
n = Pn−1, n � 1,

P0 = 1. Let f , g : [a,b]→ R be such that f (n−1), g(n−1) are absolutely continuous for n � 1

and f (n), g(n) ∈ Lp[a,b], 1 � p � ∞. Then∣∣∣∣g(x)B[ f (x)]+ f (x)B[g(x)]− 1
b−a

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]∣∣∣∣

� D(n, p,x)
[
|g(x)|

∥∥ f (n)∥∥
p + | f (x)|

∥∥g(n)∥∥
p

]
. (3.5.17)

and ∣∣∣∣B[ f (x)]B[g(x)]− 1
b−a

[
B[g(x)]

∫ b

a
f (t)dt +B[ f (x)]

∫ b

a
g(t)dt

]

+
(

1
b−a

∫ b

a
f (t)dt

)(
1

b−a

∫ b

a
g(t)dt

)∣∣∣∣� {D(n, p,x)}2∥∥ f (n)∥∥
p

∥∥g(n)∥∥
p. (3.5.18)

for all x ∈ [a,b], where B[·] is given by (1.5.4),

D(n, p,x) =
1

n(b−a)
‖Pn−1e(·,x)‖p′ , (3.5.19)

e(t,x) =

{
t −a if t ∈ [a,x],

t −b if t ∈ (x,b],

and as usual 1
p + 1

p′ = 1 with p′ = 1 for p = ∞, p′ = ∞ for p = 1 and ‖ · ‖p is the norm in

Lp[a,b].

Proof. From the hypotheses, we have the following identities (see. Lemma 1.5.4):

B[ f (x)]− 1
b−a

∫ b

a
f (t)dt =

(−1)n−1

n(b−a)

∫ b

a
Pn−1(t)e(t,x) f (n)(t)dt, (3.5.20)

and

B[g(x)]− 1
b−a

∫ b

a
g(t)dt =

(−1)n−1

n(b−a)

∫ b

a
Pn−1(t)e(t,x)g(n)(t)dt, (3.5.21)

for x ∈ [a,b]. Multiplying (3.5.20) and (3.5.21) by g(x) and f (x) respectively and adding

the resulting identities, we have

g(x)B[ f (x)]+ f (x)B[g(x)]− 1
b−a

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]

=
(−1)n−1

n(b−a)

[
g(x)

∫ b

a
Pn−1(t)e(t,x) f (n)(t)dt + f (x)

∫ b

a
Pn−1(t)e(t,x)g(n)(t)dt

]
. (3.5.22)

From (3.5.22) and using the properties of modulus and Hölder’s integral inequality, we

have ∣∣∣∣g(x)B[ f (x)]+ f (x)B[g(x)]− 1
b−a

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]∣∣∣∣
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� 1
n(b−a)

[
|g(x)|

∫ b

a

∣∣∣Pn−1(t)e(t,x) f (n)(t)
∣∣∣dt + | f (x)|

∫ b

a

∣∣∣Pn−1(t)e(t,x)g(n)(t)
∣∣∣dt
]

� 1
n(b−a)

[
|g(x)|

{∫ b

a
|Pn−1(t)e(t,x)|p

′
dt
} 1

p′
{∫ b

a

∣∣∣ f (n)(t)
∣∣∣p dt

} 1
p

+| f (x)|
{∫ b

a
|Pn−1(t)e(t,x)|p

′
dt
} 1

p′
{∫ b

a

∣∣∣g(n)(t)
∣∣∣p dt

} 1
p
]

= D(n, p,x)
[
|g(x)|

∥∥ f (n)∥∥
p + | f (x)|

∥∥g(n)∥∥
p

]
.

This is the required inequality in (3.5.17).

Multiplying the left hand sides and right hand sides of (3.5.20) and (3.5.21), we get

B[ f (x)]B[g(x)]− 1
b−a

[
B[g(x)]

∫ b

a
f (t)dt +B[ f (x)]

∫ b

a
g(t)dt

]

+
(

1
b−a

∫ b

a
f (t)dt

)(
1

b−a

∫ b

a
g(t)dt

)

=
(−1)2n−2

n2(b−a)2

{∫ b

a
Pn−1(t)e(t,x) f (n)(t)dt

}{∫ b

a
Pn−1(t)e(t,x)g(n)(t)dt

}
. (3.5.23)

From (3.5.23) and following the proof of inequality (3.5.17) given above with suitable

modifications, we get the required inequality in (3.5.18). The proof is complete.

Remark 3.5.3. If we take g(t) = 1 and hence g(n−1)(t) = 0 for n � 2 in (3.5.17), then we

get a variant of the Ostrowski-type inequality given by Dedić, Pečarić and Ujević in [22].

For many additional interesting results see [21].

3.6 Discrete Ostrowski-type inequalities

This section is devoted to the discrete Ostrowski-type inequalities that have recently inves-

tigated by Pachpatte in [88,105,114,133].

The first Theorem considers the Ostrowski-type inequalities proved in [88].

Theorem 3.6.1. Let {xi} for i = 0,1, . . . ,n (n ∈ N) be a sequence of real numbers. Then

the following inequalities hold∣∣∣∣∣
n−1

∑
i=0

xi −n
(

x0 + xn

2

)∣∣∣∣∣�
1
2

n
n−1

∑
i=0

|Δxi|, (3.6.1)

and ∣∣∣∣∣
n−1

∑
i=1

x2
i −n

(
x2

0 + x2
n

2

)∣∣∣∣∣� n
n−1

∑
i=0

|(xi+1 + xi)Δxi| , (3.6.2)

where Δxi = xi+1 − xi.
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Proof. It is easy to observe that the following identities hold (see [88]):

xi = x0 +
i−1

∑
j=0

Δx j, (3.6.3)

xi = xn −
n−1

∑
j=i

Δx j, (3.6.4)

x2
i = x2

0 +
i−1

∑
j=0

(x j+1 + x j)(Δx j), (3.6.5)

x2
i = x2

n −
n−1

∑
j=i

(x j+1 + x j)(Δx j). (3.6.6)

From (3.6.3), (3.6.4) and (3.6.5), (3.6.6), we have

xi =
x0 + xn

2
+

1
2

i−1

∑
j=0

Δx j −
1
2

n−1

∑
j=i

Δx j, (3.6.7)

and

x2
i =

x2
0 + x2

n

2
+

1
2

i−1

∑
j=0

(x j+1 + x j)(Δx j)−
1
2

n−1

∑
j=i

(x j+1 + x j)(Δx j). (3.6.8)

Summing both sides of (3.6.7) and (3.6.8) from i = 0 to n− 1 and by making elementary

calculations, we get the required inequalities in (3.6.1) and (3.6.2). The proof is complete.

The next Theorem contains the discrete Ostrowski-type inequalities given in [114], involv-

ing two sequences.

Theorem 3.6.2. Let {ui}, {vi} for i = 0,1, . . . ,n (n ∈ N) be sequences of real numbers.

Then the following inequalities hold
∣∣∣∣uivi −

1
2
[viU +uiV ]

∣∣∣∣� 1
4

[
|vi|

n−1

∑
j=0

∣∣Δu j
∣∣+ |ui|

n−1

∑
j=0

∣∣Δv j
∣∣
]

, (3.6.9)

and

|uivi − [viU +uiV ]+UV | � 1
4

(
n−1

∑
j=0

|Δu j|
)(

n−1

∑
j=0

|Δv j|
)

, (3.6.10)

for i = 0,1, . . . ,n, where

U =
u1 +un

2
, V =

v1 + vn

2
, (3.6.11)

and Δ is the forward difference operator.
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Proof. From the hypotheses, we have the following identities (see [108, p. 352]):

ui −U =
1
2

[
i−1

∑
j=0

Δu j −
n−1

∑
j=i

Δu j

]
, (3.6.12)

and

vi −V =
1
2

[
i−1

∑
j=0

Δv j −
n−1

∑
j=i

Δv j

]
. (3.6.13)

Multiplying both sides of (3.6.12) and (3.6.13) by vi and ui (i = 0,1, . . . ,n) respectively,

adding the resulting identities and rewriting, we get

uivi −
1
2
[viU +uiV ] =

1
4

[
vi

[
i−1

∑
j=0

Δu j −
n−1

∑
j=i

Δu j

]
+ui

[
i−1

∑
j=0

Δv j −
n−1

∑
j=i

Δv j

]]
. (3.6.14)

Multiplying the left hand sides and right hand sides of (3.6.12) and (3.6.13), we have

uivi − [viU +uiV ]+UV =
1
4

[
i−1

∑
j=0

Δu j −
n−1

∑
j=i

Δu j

][
i−1

∑
j=0

Δv j −
n−1

∑
j=i

Δv j

]
. (3.6.15)

From (3.6.14), (3.6.15), using the properties of modulus and sums, we get the desired

inequalities in (3.6.9) and (3.6.10). The proof is complete.

In the following theorem, we present the inequalities established in [133], similar to those

of given in the above theorem, by using somewhat different representation.

Theorem 3.6.3. Let {uk}, {vk} for k = 1, . . . ,n be two finite sequences of real numbers

such that max1�k�n−1{|Δuk|} = A, max1�k�n−1{|Δvk|} = B, where A, B are nonnegative

constants. Then the following inequalities hold∣∣∣∣∣ukvk −
1
2n

[
vk

n

∑
i=1

ui +uk

n

∑
i=1

vi

]∣∣∣∣∣�
1
2

[|vk|A+ |uk|B]Hn(K), (3.6.16)

and ∣∣∣∣∣ukvk −
1
n

[
vk

n

∑
i=1

ui +uk

n

∑
i=1

vi

]
+

1
n2

(
n

∑
i=1

ui

)(
n

∑
i=1

vi

)∣∣∣∣∣� AB{Hn(k)}2 , (3.6.17)

for k = 1, . . . ,n, where Hn(k) is given by (1.6.35).

Proof. Following the proof of Theorem 1.6.5, we have (1.6.38) and (1.6.40). From

(1.6.38) and (1.6.40) and using the properties of modulus, we get the desired inequalities

in (3.6.16) and (3.6.17).
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Remark 3.6.1. By taking vk = 1 and hence Δvk = 0 for k = 1, . . . ,n in (3.6.16) and by

simple computation, we get∣∣∣∣∣uk −
1
n

n

∑
i=1

ui

∣∣∣∣∣� Hn(k) max
1�k�n−1

{|Δuk|} , (3.6.18)

for k = 1, . . . ,n. By simple computation (see [49] ), we have

Hn(k) =
n−1

∑
i=1

|Dn(k, i)| =
1
n

[
n2 −1

4
+
(

k− n+1
2

)2
]

. (3.6.19)

In fact, the inequality (3.6.18) is established by Dragomir [49, Theorem 3.1] in a normed

linear space.

In concluding this section we give the discrete Ostrowski-type inequality recently proved

in [105].

Theorem 3.6.4. Let Na,b = {a,a+1, . . . ,a+n = b} for a ∈ R, n ∈ N. Let f (t), g(t), h(t)

be real-valued functions defined on Na,b and are zero when t /∈ Na,b and |Δ f (t)| � M1,

|Δg(t)| � M2, |Δh(t)| � M3, on Na,b, where M1, M2, M3 are nonnegative constants. Then∣∣∣∣∣ f (t)g(t)h(t)− 1
3(b−a)

[
g(t)h(t)

b−1

∑
s=a

f (s)+h(t) f (t)
b−1

∑
s=a

g(s)+ f (t)g(t)
b−1

∑
s=a

h(s)

]∣∣∣∣∣

� 1
3

[|g(t)||h(t)|M1 + |h(t)|| f (t)|M2 + | f (t)||g(t)|M3]B(t), (3.6.20)

for all t ∈ Na,b, where

B(t) =
[

1
2

+
∣∣∣∣t − a+b

2

∣∣∣∣
]
. (3.6.21)

Proof. For any t, s ∈ Na,b, it is easy to observe that the following identities hold:

f (t)− f (s) =
t−1

∑
m=s

Δ f (m), (3.6.22)

g(t)−g(s) =
t−1

∑
m=s

Δg(m), (3.6.23)

h(t)−h(s) =
t−1

∑
m=s

Δh(m). (3.6.24)

Multiplying both sides of (3.6.22), (3.6.23) and (3.6.24) by g(t)h(t), h(t) f (t) and f (t)g(t)

respectively and adding the resulting identities, we get

3 f (t)g(t)h(t)− [g(t)h(t) f (s)+h(t) f (t)g(s)+ f (t)g(t)h(s)]

= g(t)h(t)
t−1

∑
m=s

Δ f (m)+h(t) f (t)
t−1

∑
m=s

Δg(m)+ f (t)g(t)
t−1

∑
m=s

Δh(m). (3.6.25)
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Summing both sides of (3.6.25) over s from a to b−1 and rewriting, we have

f (t)g(t)h(t)− 1
3(b−a)

[
g(t)h(t)

b−1

∑
s=a

f (s) +h(t) f (t)
b−1

∑
s=a

g(s)+ f (t)g(t)
b−1

∑
s=a

h(s)

]

=
1

3(b−a)

b−1

∑
s=a

[
g(t)h(t)

t−1

∑
m=s

Δ f (m)+h(t) f (t)
t−1

∑
m=s

Δg(m)

+ f (t)g(t)
t−1

∑
m=s

Δh(m)

]
. (3.6.26)

From (3.6.26) and using the properties of modulus, we have∣∣∣∣∣ f (t)g(t)h(t)− 1
3(b−a)

[
g(t)h(t)

b−1

∑
s=a

f (s)+h(t) f (t)
b−1

∑
s=a

g(s)+ f (t)g(t)
b−1

∑
s=a

h(s)

]∣∣∣∣∣

� 1
3(b−a)

[|g(t)||h(t)|M1 + |h(t)|| f (t)|M2 + | f (t)||g(t)|M3]

∣∣∣∣∣
b−1

∑
s=a

(t − s)

∣∣∣∣∣ . (3.6.27)

By using the summation formula for Arithmetic Progression, it is easy to observe that∣∣∣∣∣
b−1

∑
s=a

(t − s)

∣∣∣∣∣=
∣∣∣∣t(b−a)− b−a

2
[2a+b−a−1]

∣∣∣∣

=
[

1
2

+
∣∣∣∣t − a+b

2

∣∣∣∣
]
(b−a) = B(t)(b−a). (3.6.28)

Using (3.6.28) in (3.6.27), we get (3.6.20). The proof is complete.

Remark 3.6.2. By taking h(t) = 1 and hence Δh(t) = 0 in Theorem 3.6.4 and by simple

computations, it is easy to see that the inequality (3.6.20) reduces to∣∣∣∣∣ f (t)g(t)− 1
2(b−a)

[
g(t)

b−1

∑
s=a

f (s)+ f (t)
b−1

∑
s=a

g(s)

]∣∣∣∣∣

� 1
2

[|g(t)|M1 + | f (t)|M2]B(t), (3.6.29)

for all t ∈Na,b. Further by taking g(t) = 1 and hence Δg(t) = 0 in (3.6.29), we get by simple

computation ∣∣∣∣∣ f (t)−
1

b−a

b−1

∑
s=a

f (s)

∣∣∣∣∣� M1B(t), (3.6.30)

for all t ∈ Na,b.
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3.7 Applications

The literature on the applications of inequalities related to the celebrated Ostrowski’s in-

equality is vast and rapidly growing vaster. In this section, we present applications of

certain inequalities given in earlier sections, which have been investigated during the past

few years.

3.7.1 Applications for some special means

We present below, applications of Theorem 3.2.2 given by Dragomir and Wang in [26], to

the estimation of error bounds for some special means. In [26], some important relation-

ships between the following means are given.

(a) The arithmetic mean:

A = A(a,b) =
a+b

2
, a, b � 0.

(b) The geometric mean:

G = G(a,b) =
√

ab, a, b � 0.

(c) The harmonic mean:

H = H(a,b) =
2

1
a

+
1
b

, a, b > 0.

(d) The logarithmic mean:

L = L(a,b) =

⎧⎨
⎩

b−a
logb− loga

if a 	= b,

a if a = b,
a, b > 0.

(e) The identric mean:

I = I(a,b) =

⎧⎪⎨
⎪⎩

1
e

(
bb

aa

) 1
b−a

if a 	= b,

a if a = b,

a, b > 0.

(f) The p-logarithmic mean:

Lp = Lp(a,b) =

⎧⎪⎨
⎪⎩

[
bp+1 −ap+1

(p+1)(b−a)

] 1
p

if a 	= b,

a if a = b,

p ∈ R−{−1,0}; a, b > 0.

The following simple relationships between the means are well known in the literature:

H � G � L � I � A,
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and Lp is monotonically increasing in p ∈ R with L0 = I and L−1 = L.

1. Applying the inequality (3.2.6) to the mapping f (x) = xp (p > 1), x ∈ [a,b]⊂ (0,∞), we

get ∣∣∣xp −Lp
p − pLp−1

p−1(x−a)
∣∣∣� 1

4
(b−a)2(p−1)Lp−2

p−2. (3.7.1)

If we choose x = A and x = I in (3.7.1), then we get, respectively,
∣∣Ap −Lp

p
∣∣� 1

4
(b−a)2(p−1)Lp−2

p−2,

and ∣∣∣I p −Lp
p − pLp−1

p−1(I −A)
∣∣∣� 1

4
(b−a)2(p−1)Lp−2

p−2.

2. Choosing f (x) = 1
x , x ∈ [a,b] ⊂ (0,∞) in (3.2.6) we obtain

∣∣∣∣1x − 1
L
− x−A

G2

∣∣∣∣� A(b−a)2

2G4 , (3.7.2)

for all x ∈ [a,b]. Replacing x in (3.7.2) by A and L, we get

0 � A−L � A2L(b−a)2

2G4 , (3.7.3)

and

0 � A−L � A(b−a)2

2G2 , (3.7.4)

respectively. Note that A2L
G4 � A

G2 , since AL � G2. Then the last term in (3.7.4) is a sharper

bound for A−L than that in (3.7.3).

3. We now apply (3.2.6), to the mapping f (x) = − logx, x ∈ [a,b] ⊂ (0,∞), to get∣∣∣∣∣∣log

⎡
⎣ I
( b

a

)( x−A
b−a )

x

⎤
⎦
∣∣∣∣∣∣� log

(
b
a

) b−a
4

, (3.7.5)

for all x ∈ [a,b]. Putting x = A and x = I in (3.7.5), we obtain respectively, the following

inequalities

1 � A
I

�
(

b
a

) b−a
4

,

and

0 � A− I � 1
4
(b−a)2.

We remark that one can also choose x = L, x = G, and x = H in inequalities (3.7.1), (3.7.2)

and (3.7.5). The resulting inequalities in L, G and H will be similar to those obtained

above. We omit the details.
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3.7.2 Applications in numerical integration

In [150], Ujević used the various special versions of Ostrowski-type inequality in Theo-

rem 3.2.5 to study the numerical integration. We present below the results given in [150],

which deals with the approximations of the integral
∫ b

a f (t)dt.

Theorem 3.7.1. Let all assumptions of Theorem 3.2.5 hold. If In = {a = x0 < x1 < · · · <
xn = b} is a given subdivision of the interval [a,b] and hi = xi+1 − xi, i = 0,1, . . . ,n− 1,

then ∫ b

a
f (t)dt = A(In,ξ , f )+Rγ(In,ξ , f ), (3.7.6)

where

A(In,ξ , f ) =
n−1

∑
i=0

[
f (ξi)− γ

(
ξi −

xi + xi+1

2

)]
hi, (3.7.7)

for xi � ξi � xi+1, i = 0,1, . . . ,n−1. The remainder term satisfies

∣∣Rγ(In,ξ , f )
∣∣� n−1

∑
i=0

(Si − γ)
[

hi

2
+
∣∣∣∣ξi −

xi + xi+1

2

∣∣∣∣
]

hi, (3.7.8)

where Si = 1
hi

( f (xi+1)− f (xi)), i = 0,1, . . . ,n−1. Also,
∫ b

a
f (t)dt = A(In,ξ , f )+RΓ(In,ξ , f ), (3.7.9)

where

|RΓ(In,ξ , f )| �
n−1

∑
i=0

(Γ−Si)
[

hi

2
+
∣∣∣∣ξi −

xi + xi+1

2

∣∣∣∣
]

hi. (3.7.10)

Proof. We apply inequality (3.2.49) in Corollary 3.2.1 to the interval [xi,xi+1], then∣∣∣∣ f (ξi)hi − γ
(

ξi −
xi + xi+1

2

)
hi −

∫ xi+1

xi

f (t)dt
∣∣∣∣

� (Si − γ)
[

hi

2
+
∣∣∣∣ξi −

xi + xi+1

2

∣∣∣∣
]

hi, (3.7.11)

for i = 0,1, . . . ,n−1. We also have

f (ξi)hi − γ
(

ξi −
xi + xi+1

2

)
hi −

∫ xi+1

xi

f (t)dt =
∫ xi+1

xi

k̂(ξi, t)[ f ′(t)− γ]dt, (3.7.12)

where

k̂(ξi, t) =

{
t − xi, t ∈ [xi,ξi] ,

t − xi+1, t ∈ (ξi,xi+1] ,
(3.7.13)

for i = 0,1, . . . ,n−1. If we now sum (3.7.12) over i from 0 to n−1 and apply the triangle

inequality and (3.7.11), then we get (3.7.6), (3.7.7) and (3.7.8). In a similar way, we can

prove that (3.7.9) and (3.7.10) hold.
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Remark 3.7.1. If we set ξi = xi+xi+1
2 in Theorem 3.7.1, then we get the composite mid-

point rule.

Theorem 3.7.2. Let all assumptions of Theorem 3.2.5 hold. If In = {a = x0 < x1 < · · · <
xn = b} is a given subdivision of the interval [a,b] and hi = xi+1 − xi, i = 0,1, . . . ,n− 1,

then ∫ b

a
f (t)dt = AT (In, f )+RTγ (In, f ) , (3.7.14)

where

AT (In, f ) =
n−1

∑
i=0

1
2

[ f (xi)+ f (xi+1)]hi, (3.7.15)

∣∣RTγ(In, f )
∣∣� 1

2

n−1

∑
i=0

(Si − γ)h2
i , (3.7.16)

and Si is as given in Theorem 3.7.1. Also,
∫ b

a
f (t)dt = AT(In, f )+RTΓ(In, f ), (3.7.17)

where

|RTΓ(In, f )| � 1
2

n−1

∑
i=0

(Γ−Si)h2
i . (3.7.18)

Proof. We apply inequality (3.2.52) in Corollary 3.2.2 to the interval [xi,xi+1], then∣∣∣∣ f (xi)+ f (xi+1)
2

hi −
∫ xi+1

xi

f (t)dt
∣∣∣∣� 1

2
(Si − γ)h2

i , (3.7.19)

for i = 0,1, . . . ,n−1. We also have

f (xi)+ f (xi+1)
2

hi −
∫ xi+1

xi

f (t)dt =
∫ xi+1

xi

k̂i(t)[ f ′(t)− γ]dt, (3.7.20)

where

k̂i(t) = t − xi + xi+1

2
, (3.7.21)

for i = 0,1, . . . ,n−1. If we now sum (3.7.20) over i from 0 to n−1 and apply the triangle

inequality and (3.7.19), then we get (3.7.14), (3.7.15) and (3.7.16). In a similar way, we

can prove that (3.7.17) and (3.7.18) hold.
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Theorem 3.7.3. Let the assumptions of Theorem 3.7.1 hold. Then
∫ b

a
f (t)dt = AC(In,ξ , f )+RCγ(In,ξ , f ), (3.7.22)

where

AC(In,ξ , f ) =
1
2

n−1

∑
i=0

f (xi)+ f (xi+1)
2

hi

+
1
2

n−1

∑
i=0

f (ξi)hi −C
n−1

∑
i=0

(
ξi −

xi + xi+1

2

)
hi, (3.7.23)

and
∣∣RCγ(In,ξ , f )

∣∣� n−1

∑
i=0

(Si − γ)
[

hi

4
+
∣∣∣∣ξi −

xi + xi+1

2

∣∣∣∣
]

hi, (3.7.24)

for C = γ
2 , where Si is as given in Theorem 3.7.1. Also,

∫ b

a
f (t)dt = AC(In,ξ , f )+RCΓ(In,ξ , f ), (3.7.25)

where

|RCΓ(In,ξ , f )| �
n−1

∑
i=0

(Γ−Si)
[

hi

4
+
∣∣∣∣ξi −

xi + xi+1

2

∣∣∣∣
]

hi, (3.7.26)

for C = Γ
2 .

Proof. We apply inequality (3.2.54) in Corollary 3.2.3 to the interval [xi,xi+1], then∣∣∣∣ f (xi)+ f (xi+1)
4

hi +
1
2

f (ξi)hi −
γ
2

(
ξi −

xi + xi+1

2

)
hi −

∫ xi+1

xi

f (t)dt
∣∣∣∣

� (Si − γ)
[

hi

4
+
∣∣∣∣ξi −

xi + xi+1

2

∣∣∣∣
]

hi, (3.7.27)

for i = 0,1, . . . ,n−1. We also have

f (xi)+ f (xi+1)
4

hi +
1
2

f (ξi)hi −
γ
2

(
ξi −

xi + xi+1

2

)
hi −

∫ xi+1

xi

f (t)dt

=
∫ xi+1

xi

k(ξi, t)[ f ′(t)− γ]dt, (3.7.28)

where

k(ξi, t) =

⎧⎪⎨
⎪⎩

t − 3xi + xi+1

4
, t ∈ [xi,ξi],

t − xi +3xi+1

4
, t ∈ (ξi,xi+1],

(3.7.29)

for i = 0,1, . . . ,n−1. If we now sum (3.7.28) over i from 0 to n−1 and apply the triangle

inequality and (3.7.27), then we get (3.7.22),(3.7.23) and (3.7.24). In a similar way we can

prove that (3.7.25) and (3.7.26) hold.
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Remark 3.7.2. If we set ξi = xi+xi+1
2 in Theorem 3.7.3, then we get corresponding com-

posite rules which do not depend on ξ .

Theorem 3.7.4. Let the assumptions of Theorem 3.7.1 hold. Then∫ b

a
f (t)dt = AS(In,ξ , f )+RSγ(In,ξ , f ), (3.7.30)

where

AS(In,ξ , f ) =
1
6

n−1

∑
i=0

[ f (xi)+4 f (ξi)+ f (xi+1)]hi −S
n−1

∑
i=0

(
ξi −

xi + xi+1

2

)
hi, (3.7.31)

and
∣∣RSγ(In,ξ , f )

∣∣� n−1

∑
i=0

(Si − γ)
[

hi

3
+
∣∣∣∣ξi =

xi + xi+1

2

∣∣∣∣
]

hi, (3.7.32)

for S = 2γ
3 , where Si is as given in Theorem 3.7.1. Also,

∫ b

a
f (t)dt = AS(In,ξ , f )+RSΓ(In,ξ , f ), (3.7.33)

where

|RSΓ(In,ξ , f )| �
n−1

∑
i=0

(Γ−Si)
[

hi

3
+
∣∣∣∣ξi =

xi + xi+1

2

∣∣∣∣
]

hi, (3.7.34)

and S = 2Γ
3 .

Proof. We apply inequality (3.2.56) in Corollary 3.2.4 to the interval [xi,xi+1], then∣∣∣∣16 [ f (xi)+4 f (ξi)+ f (xi+1)]hi −
2γ
3

(
ξi −

xi + xi+1

2

)
hi −

∫ xi+1

xi

f (t)dt
∣∣∣∣

� (Si − γ)
[

hi

3
+
∣∣∣∣ξi −

xi + xi+1

2

∣∣∣∣
]

hi, (3.7.35)

for i = 0,1, . . . ,n−1. We also have
1
6

[ f (xi)+4 f (ξi)+ f (xi+1)]hi −
2γ
3

(
ξi =

xi + xi+1

2

)
hi −

∫ xi+1

xi

f (t)dt

=
∫ xi+1

xi

k(ξi, t)[ f ′(t)− γ]dt, (3.7.36)

where

k(ξi, t) =

⎧⎪⎨
⎪⎩

t − 5xi + xi+1

6
, t ∈ [xi,ξi] ,

t − xi +5xi+1

6
, t ∈ (ξi,xi+1] ,

(3.7.37)

for i = 0,1, . . . ,n−1. If we now sum (3.7.36) over i from 0 to n−1 and apply the triangle

inequality and (3.7.35), then we get (3.7.30), (3.7.31) and (3.7.32). In a similar way we can

prove that (3.7.33) and (3.7.34) hold.
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Remark 3.7.3. If we set ξi = xi+xi+1
2 in Theorem 3.7.4, then we get the composite Simp-

son’s rule.

3.7.3 More applications in numerical integration

Consider the partition Im : a = x0 < x1 < · · · < xm = b of the interval [a,b] and the inter-

mediate points ξ = (ξ0, . . . ,ξm−1) where ξ j ∈ [x j,x j+1], j = 0,1, . . . ,m− 1. Define the

formula

Fm,k( f , Im,ξ ) =
m−1

∑
j=0

n−1

∑
k=0

[
(x j+1 −ξ j)k+1 +(−1)k(ξ j − x j)k+1

]
(k +1)!

f (k)(ξi),

which can be regarded as a perturbation of Riemann’s sum

Γ( f , Im,ξ ) =
m−1

∑
j=0

f (ξ j)h j,

where h j = x j+1 − x j, j = 0,1, . . . ,m−1.

The following Theorem holds (see [16]).

Theorem 3.7.5. Let f : [a,b]→R be a mapping such that f (n−1) is absolutely continuous

on [a,b] and Im a partitioning of [a,b] as above. Then we have the quadrature formula
∫ b

a
f (x)dx = Fm,k( f , Im,ξ )+Rm,k( f , Im,ξ ), (3.7.38)

where Fm,k is as defined above and the remainder Rm,k satisfies the estimation

∣∣Rm,k( f , Im,ξ )
∣∣�
∥∥ f (n)

∥∥
∞

(n+1)!

m−1

∑
j=0

[
(ξ j − x j)n+1 +(x j+1 −ξ j)n+1]

�
∥∥ f (n)

∥∥
∞

(n+1)!

m−1

∑
j=0

hn+1
j , . (3.7.39)

for all ξ as above.

Proof. Apply Theorem 3.5.1 on the interval [x j,x j+1], to get∣∣∣∣∣
∫ x j+1

x j

f (t)dt −
m−1

∑
k=0

[
(x j+1 −ξ j)k+1 +(−1)k(ξ j − x j)k+1

]
(k +1)!

f (k)(ξi)

∣∣∣∣∣

�
∥∥ f (n)

∥∥
∞

(n+1)!
[
(ξ j − x j)n+1 +(x j+1 −ξ j)n+1]�

∥∥ f (n)
∥∥

∞
(n+1)!

hn+1
j ,

for all j = 0,1, . . . ,m−1.

Summing over j from 0 to m−1 and using the generalized triangle inequality, we deduce

the desired estimation (3.7.39).
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As an interesting particular case, we can consider the following perturbed midpoint formula

Mm,k( f , Im) =
m−1

∑
j=0

n−1

∑
k=0

[
1+(−1)k

(k +1)!

] hk+1
j

2k+1 f (k)
(

x j + x j+1

2

)
,

which in effect involves only even k.

We state the following result concerning the estimation of the remainder term.

Corollary 3.7.1. Let f and Im be as in Theorem 3.7.5. Then we have
∫ b

a
f (x)dx = Mm,k( f , Im)+Rm,k( f , Im), (3.7.40)

where Mm,k is as defined above and the remainder term Rm,k satisfies the estimation

∣∣Rm,k( f , Im)
∣∣�

∥∥ f (n)
∥∥

∞
2n(n+1)!

m−1

∑
j=0

hn+1
j . (3.7.41)

3.8 Miscellaneous inequalities

3.8.1 Dragomir, Barnett and Wang [33]

Let X be a random variable with the probability density function f : [a,b] → R+ and with

cumulative distribution function F(x) = Pr(X � x). If f ∈ Lp[a,b], p > 1, then we have the

inequality

∣∣∣∣Pr(X � x)− b−E(x)
b−a

∣∣∣∣� q
q+1

‖ f‖p(b−a)
1
q

⎡
⎣
(

x−a
b−a

) 1+q
q

+
(

b− x
b−a

) 1+q
q

⎤
⎦

� q
q+1

‖ f‖p(b−a)
1
q ,

for all x ∈ [a,b], where 1
p + 1

q = 1.

3.8.2 Cheng [19]

Let f : I ⊂ R → R be a mapping differentiable in
◦
I (interior of I), and let a, b ∈

◦
I , a < b.

If f ′ is integrable and γ � f ′(t) � Γ for all t ∈ [a,b] and some constants γ, Γ ∈ R, then we

have ∣∣∣∣ f (x)−
(

x− a+b
2

)
f (b)− f (a)

b−a
− 1

b−a

∫ b

a
f (t)dt

∣∣∣∣� b−a
8

(Γ− γ),

for all t ∈ [a,b].
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3.8.3 Dragomir, Cerone and Roumeliotis [47]

Let f : [a,b]→R be continuous on [a,b], differentiable on (a,b) with derivative f ′ : (a,b)→
R being bounded on (a,b). Then∣∣∣∣

∫ b

a
f (t)dt −

[
f (x)(1−λ )+

f (a)+ f (b)
2

λ
]
(b−a)

∣∣∣∣

�
[

1
4
(b−a)2 (λ 2 +(1−λ )2)+

(
x− a+b

2

)2
]
‖ f ′‖∞,

for all λ ∈ [0,1] and a+λ b−a
2 � x � b−λ b−a

2 .

3.8.4 Ujević [155]

Let I ⊂ R be an open interval and a, b ∈ I, a < b. If f : I → R is a differentiable function

such that γ � f ′(t) � Γ, for all t ∈ [a,b] and some constants γ, Γ ∈ R, then we have∣∣∣∣(b−a)
[

λ
2

( f (a)+ f (b))+(1−λ ) f (x)− Γ+ γ
2

(1−λ )
(

x− a+b
2

)]
−
∫ b

a
f (t)dt

∣∣∣∣

� Γ− γ
2

[
1
4
(b−a)2 (λ 2 +(1−λ )2)+

(
x− a+b

2

)2
]

,

where a+λ b−a
2 � x � b−λ b−a

2 and λ ∈ [0,1].

3.8.5 Pachpatte [123]

Let f , g, h : [a,b] → R be continuous on [a,b], a < b and differentiable on (a,b) and

w : [a,b] → [0,∞) be integrable function such that
∫ b

a w(y)dy > 0. If h′(t) 	= 0 for each

t ∈ (a,b). Then∣∣∣∣∣∣∣∣
f (x)g(x)− 1

2
∫ b

a
w(y)dy

[
f (x)

∫ b

a
w(y)g(y)dy+g(x)

∫ b

a
w(y) f (y)dy

]
∣∣∣∣∣∣∣∣

� 1
2

[∥∥∥∥ f ′

h′

∥∥∥∥
∞
|g(x)|+

∥∥∥∥g′

h′

∥∥∥∥
∞
| f (x)|

]
∣∣∣∣∣∣∣∣
h(x)− 1∫ b

a
w(y)dy

∫ b

a
w(y)h(y)dy

∣∣∣∣∣∣∣∣
,

for all x ∈ [a,b], where∥∥∥∥ f ′

h′

∥∥∥∥
∞

= sup
t∈(a,b)

∣∣∣∣ f ′(t)
h′(t)

∣∣∣∣< ∞,

∥∥∥∥g′

h′

∥∥∥∥
∞

= sup
t∈(a,b)

∣∣∣∣g
′(t)

h′(t)

∣∣∣∣< ∞.
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3.8.6 Pachpatte [105]

Let f , g, h : [a,b] → R be continuous functions on [a,b], a < b and differentiable on (a,b)

with derivatives f ′,g′,h′ : (a,b) → R being bounded on (a,b). Then∣∣∣∣ f (x)g(x)h(x)− 1
3(b−a)

[
g(x)h(x)

∫ b

a
f (y)dy

+h(x) f (x)
∫ b

a
g(y)dy+ f (x)g(x)

∫ b

a
h(y)dy

]∣∣∣∣

� 1
3
[
|g(x)||h(x)|‖ f ′‖∞ + |h(x)|| f (x)|‖g′‖∞ + | f (x)||g(x)|‖h′‖∞

]
A(x),

for all x ∈ [a,b], where

A(x) =

[
1
4

+

(
x− a+b

2

)2

(b−a)2

]
(b−a).

3.8.7 Cerone,Dragomir and Roumeliotis [14]

Let f : [a,b]→R be a twice differentiable mapping on (a,b) and f ′′ : (a,b)→R is bounded

on (a,b). Then we have the inequality
∣∣∣∣ f (x)− 1

b−a

∫ b

a
f (t)dt −

(
x− a+b

2

)
f ′(x)

∣∣∣∣�
[

1
24

(b−a)2 +
1
2

(
x− a+b

2

)2
]
‖ f ′′‖∞

� (b−a)2

6
‖ f ′′‖∞,

for all x ∈ [a,b].

3.8.8 Dragomir and Barnett [28]

Let f : [a,b] → R be a continuous function on [a,b] and twice differentiable on (a,b), with

second derivative f ′′ : (a,b) → R being bounded on (a,b). Then we have the inequality∣∣∣∣ f (x)− 1
b−a

∫ b

a
f (t)dt − f (b)− f (a)

b−a

(
x− a+b

2

)∣∣∣∣

� 1
2

⎧⎨
⎩
[(

x− a+b
2

)2

(b−a)2 +
1
4

]2

+
1
12

⎫⎬
⎭(b−a)2‖ f ′′‖∞ � (b−a)2

6
‖ f ′′‖∞,

for all x ∈ [a,b].
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3.8.9 Ujević [151]

Let f : I ⊂ R → R be a twice continuously differentiable mapping in
◦
I (the interior of I)

with f ′′ ∈ L2(a,b) and let a, b ∈
◦
I , a < b. Then we have

∣∣∣∣ f (x)−
(

x− a+b
2

)
f (b)− f (a)

b−a
− 1

b−a

∫ b

a
f (t)dt

∣∣∣∣� (b−a)
3
2

2π
√

3
‖ f ′′‖2,

for x ∈ [a,b].

3.8.10 Pachpatte [100]

Let f , g : [a,b]→R be mappings with first derivatives being absolutely continuous on [a,b]

and assume that the second derivatives f ′′, g′′ ∈ L∞[a,b]. Then∣∣∣∣2
(

1
b−a

∫ b

a
f (t)dt

) (
1

b−a

∫ b

a
g(t)dt

)

−
{

1
2

[
f (x)+

f (a)+ f (b)
2

]
−
(

x− a+b
2

)
f ′(x)

}(
1

b−a

∫ b

a
g(t)dt

)

−
{

1
2

[
g(x)+

g(a)+g(b)
2

]
−
(

x− a+b
2

)
g′(x)

}(
1

b−a

∫ b

a
f (t)dt

)∣∣∣∣

� M(x)
[
‖ f ′′‖∞

(
1

b−a

∫ b

a
g(t)dt

)
+‖g′′‖∞

(
1

b−a

∫ b

a
f (t)dt

)]
,

∣∣∣∣
(

1
b−a

∫ b

a
f (t)dt

)
g(x)+

(
1

b−a

∫ b

a
g(t)dt

)
f (x)− f (x)g(x)

−1
2

[
f (a)+ f (b)

2
g(x)+

g(a)+g(b)
2

f (x)
]
−
(

x− a+b
2

)
( f g)′(x)

∣∣∣∣
� M(x)

[
‖ f ′′‖∞|g(x)|+‖g′′‖∞| f (x)|

]
,

for x ∈ [a,b], where

M(x) =
1

2(b−a)

∫ b

a
|p(x, t)|

∣∣∣∣t − a+b
2

∣∣∣∣dt,

in which p(x, t) is given by (3.2.7).
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3.8.11 Pachpatte [118]

Let f , g : [a,b] → R be twice differentiable functions on (a,b) and f ′′, g′′ : (a,b) → R are

bounded on (a,b). Then∣∣∣∣[g(x)L[ f (x)]+ f (x)L[g(x)]]− 1
b−a

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]∣∣∣∣
� 1

b−a

[
|g(x)|‖ f ′′‖∞ + | f (x)|‖g′′‖∞

]
E(x),

and ∣∣∣∣L[ f (x)]L[g(x)]− 1
b−a

[
L[g(x)]

∫ b

a
f (t)dt +L[ f (x)]

∫ b

a
g(t)dt

]

+
1

(b−a)2

(∫ b

a
f (t)dt

)(∫ b

a
g(t)dt

)∣∣∣∣
� 1

(b−a)2 ‖ f ′′‖∞‖g′′‖∞(E(x))2,

for x ∈ [a,b], where

E(x) =
∫ b

a
|k(x, t)|dt, (3.8.1)

in which k(x, t) is defined as in the proof of Theorem 3.4.3 and for a suitable function

h : [a,b] → R, the notation

L[h(x)] = h(x)−
(

x− a+b
2

)
h′(x),

is set to simplify the presentation.

3.8.12 Pachpatte [124]

Let f , g, h : [a,b]→R be twice differentiable functions on (a,b) and f ′′, g′′, h′′ : (a,b)→R

are bounded on (a,b). Then∣∣∣∣ f (x)g(x)h(x)− 1
3(b−a)

A[ f ,g,h](x)− 1
3

(
x− a+b

2

)
( f (x)g(x)h(x))′

∣∣∣∣
� 1

3(b−a)
B[ f ,g,h](x)E(x),

for all x ∈ [a,b], where

A[ f ,g,h](x) = g(x)h(x)
∫ b

a
f (t)dt

+h(x) f (x)
∫ b

a
g(t)dt + f (x)g(x)

∫ b

a
h(t)dt,

B[ f ,g,h](x) = |g(x)||h(x)|‖ f ′′‖∞

+|h(x)|| f (x)|‖g′′‖∞ + | f (x)||g(x)|‖h′′‖∞,

and E(x) is given by (3.8.1).
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3.8.13 Fink [59]

Let f (n−1)(t) be absolutely continuous on [a,b] with f (n) ∈ Lp[a,b]. Then the inequality∣∣∣∣∣
1
n

(
f (x)+

n−1

∑
k=1

Fk(x)

)
− 1

b−a

∫ b

a
f (y)dy

∣∣∣∣∣

� K(n, p,x)
∥∥ f (n)∥∥

p, (3.8.2)

holds for all x ∈ [a,b], with Fk(x) is given by (1.5.6),

K(n, p,x) =

[
(x−a)np′+1 +(b− x)np′+1

] 1
p′

n!(b−a)
B
(
(n−1)p′ +1, p′ +1

) 1
p′ ,

where 1 < p � ∞, B is the beta function, and

K(n,1,x) =
(n−1)n−1

nnn!(b−a)
max{(x−a)n,(b− x)n} .

Moreover, for p > 1 the inequality (3.8.2) is the best possible in the strong sense that for

any x ∈ (a,b) there is an f for which equality holds at x.

3.8.14 Pachpatte [102]

Let f , g : [a,b]→R be mappings such that f (n−1),g(n−1) are absolutely continuous on [a,b]

and f (n), g(n) ∈ L∞[a,b],n � 1 is a natural number. Then∣∣∣∣2
(∫ b

a
f (t)dt

)(∫ b

a
g(t)dt

)
−
[

F(x)
∫ b

a
g(t)dt +G(x)

∫ b

a
f (t)dt

]∣∣∣∣

�
[∥∥ f (n)∥∥

∞

∫ b

a
|g(t)|dt +

∥∥g(n)∥∥
∞

∫ b

a
| f (t)|dt

]

× 1
(n+1)!

[
(x−a)n+1 +(b− x)n+1] ,

for all x ∈ [a,b], where

F(x) =
n−1

∑
k=0

[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]
f (k)(x),

G(x) =
n−1

∑
k=0

[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]
g(k)(x).
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3.8.15 Pachpatte [135]

Let f , g ∈Cn+1([a,b],R), n ∈ N and x ∈ [a,b] be fixed, such that f (k)(x) = 0, g(k)(x) = 0,

k = 1, . . . ,n. Then∣∣∣∣2
∫ b

a
f (y)g(y)dy−

[
f (x)

∫ b

a
g(y)dy+g(x)

∫ b

a
f (y)dy

]∣∣∣∣

� 1
(n+1)!

∫ b

a

[
|g(y)|

∥∥∥ f (n+1)
∥∥∥

∞
+ | f (y)|

∥∥∥g(n+1)
∥∥∥

∞

]
|y− x|n+1dy,

and ∣∣∣∣
∫ b

a
f (y)g(y)dy−

[
f (x)

∫ b

a
g(y)dy+g(x)

∫ b

a
f (y)dy

]
+(b−a) f (x)g(x)

∣∣∣∣

�
{

1
(n+1)!

}2∥∥∥ f (n+1)
∥∥∥

∞

∥∥∥g(n+1)
∥∥∥

∞

(
(x−a)2n+3 +(b− x)2n+3

2n+3

)
.

3.8.16 Pachpatte [121]

Let f , g, h : [a,b]→R be continuous functions on [a,b] and n-times differentiable on (a,b)

with derivatives f (n),g(n),h(n) : (a,b) → R being bounded on (a,b). Then∣∣∣∣∣ f (x)g(x)h(x)− 1
3(b−a)

[
g(x)h(x)

{
I0 +

n−1

∑
k=1

Ik

}

+h(x) f (x)

{
J0 +

n−1

∑
k=1

Jk

}
+ f (x)g(x)

{
L0 +

n−1

∑
k=1

Lk

}]∣∣∣∣∣

� 1
3(b−a)

[
|g(x)||h(x)|

∥∥ f (n)∥∥
∞

+|h(x)|| f (x)|
∥∥g(n)∥∥

∞ + | f (x)||g(x)|
∥∥h(n)∥∥

∞

]
Mn(x),

for all x ∈ [a,b], where I0, Ik,J0,Jk,L0,Lk and Mn(x) are as given in Theorem 1.5.5.

3.8.17 Pachpatte [120]

Let f , g : [a,b]→R be functions such that f (n−1),g(n−1) are absolutely continuous on [a,b]

and f (n), g(n) ∈ L∞[a,b],n � 1 is a natural number. Then∣∣∣∣g(x)A[ f (x)]+ f (x)A[g(x)]− 1
b−a

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]∣∣∣∣

� 1
b−a

[
|g(x)|

∥∥ f (n)∥∥
∞ + | f (x)|

∥∥g(n)∥∥
∞

]
Hn(x),
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and ∣∣∣∣A[ f (x)]A[g(x)]− 1
b−a

[
A[g(x)]

∫ b

a
f (t)dt +A[ f (x)]

∫ b

a
g(t)dt

]

+
1

(b−a)2

(∫ b

a
f (t)dt

)(∫ b

a
g(t)dt

)∣∣∣∣
� 1

(b−a)2

∥∥ f (n)∥∥
∞

∥∥g(n)∥∥
∞(Hn(x))2,

for all x ∈ [a,b], where

Hn(x) =
∫ b

a
|En(x, t)|dt,

in which En(x, t) is defined by (1.5.23) and for a suitable function h : [a,b]→R, the notation

A[h(x)] is given by (1.5.3).

3.8.18 Pachpatte [120]

Let (Pn) be a harmonic sequence of polynomials and f , g : [a,b] → R, be functions such

that f (n−1), g(n−1) are respectively L-Lipschitz and M-Lipschitz functions (for some n � 1

is a natural number), i.e., ∣∣∣ f (n−1)(x)− f (n−1)(y)
∣∣∣� L|x− y|,

∣∣∣g(n−1)(x)−g(n−1)(y)
∣∣∣� M|x− y|,

for all x, y ∈ [a,b], where L, M are nonnegative constants. Then∣∣∣∣g(x)B[ f (x)]+ f (x)B[g(x)]− 1
b−a

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]∣∣∣∣
� 1

b−a
[L|g(x)|+M| f (x)|]Dn(x),

and ∣∣∣∣B[ f (x)]B[g(x)]− 1
b−a

[
B[g(x)]

∫ b

a
f (t)dt +B[ f (x)]

∫ b

a
g(t)dt

]

+
1

(b−a)2

(∫ b

a
f (t)dt

)(∫ b

a
g(t)dt

)∣∣∣∣
� 1

(b−a)2 LM(Dn(x))2,

for all x ∈ [a,b], where

Dn(x) =
1
n

∫ b

a
|Pn−1(t)p(x, t)|dt,

in which p(x, t) is defined by (1.2.11) and for a suitable function h : [a,b]→R, the notation

B[h(x)] is given by (1.5.4).
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3.8.19 Dragomir [49]

Let (X ,‖ · ‖) be a normed linear space and xi (i = 1, . . . ,n) be vectors in X . Then we have

the inequality ∥∥∥∥∥xi −
1
n

n

∑
k=1

xk

∥∥∥∥∥� 1
n

[(
i− n+1

2

)2

+
n2 −1

4

]
max

k=1,...,n−1
|Δxk|,

for all i ∈ {1, . . . ,n}. The constant 1
4 in the right hand side is the best possible.

3.8.20 Aglic Aljinović and Pečarić [1]

Let (X ,‖ · ‖) be a normed linear space, {x1, . . . ,xn} a finite sequence of vectors in X ,

{w1, . . . ,wn} a finite sequence of positive real numbers. Let (p,q) be a pair of conjugate

exponents, that is 1 < p, q < ∞, 1
p + 1

q = 1, m ∈ {2,3, . . . ,n− 1} k ∈ {1, . . . ,n}. Then the

following inequality holds∥∥∥∥∥xk −
1

Wn

n

∑
i=1

wixi −
m−1

∑
r=1

1
n− r

(
n−r

∑
i=1

Δrxi

)

×
(

n−1

∑
i1=1

n−2

∑
i2=1

· · ·
n−r

∑
ir=1

Dw(k, i1)Dn−1(i1, i2) · · ·Dn−r+1(ir−1, ir)

)∥∥∥∥∥

�
∥∥∥∥∥

n−1

∑
i1=1

n−2

∑
i2=1

· · ·
n−m+1

∑
im−1=1

Dw(k, i1)Dn−1(i1, i2) · · ·Dn−m+1(im−1, ·)
∥∥∥∥∥

q

‖Δmx‖p,

where

‖Δmx‖p =

⎧⎨
⎩
(
∑n−m

i=1 ‖Δmxi‖p
) 1

p if 1 � p < ∞,

max1�i�n−m ‖Δmxi‖ if p = ∞,

and Wn, Dw(k, i), Dn(k, i) are as given in Lemma 1.6.1.

3.9 Notes

A number of authors have written about extensions, generalizations and variants of the

Ostrowski’s inequality. Theorem 3.2.1 deals with the generalization of the Ostrowski’s

inequality for Lipschitzian mappings and is taken from Dragomir [52]. Theorem 3.2.2

contains the Ostrowski-type inequality and is due to Dragomir and Wang [26] and The-

orem 3.2.3 is taken from Ujević [154]. The inequalities in Theorems 3.2.4 and 3.2.5 are
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adapted from Ujević [151] and [150]. Section 3.3 contains some Ostrowski-type inequal-

ities involving two functions and their derivatives established by Pachpatte in [93,109,

114,139].

Section 3.4 is devoted to the inequalities of Ostrowski- and Grüss-type involving functions

and their derivatives. The results in Theorems 3.4.1 and 3.4.2 and Theorems 3.4.4 and 3.4.5

are due to Pachpatte and taken from [131] and [100]. Theorem 3.4.3 is adapted from

Cerone, Dragomir and Roumeliotis [15]. Section 3.5 contains further inequalities of the

Ostrowski-type involving functions and their higher order derivatives. Theorem 3.5.1 is

taken from Cerone, Dragomir and Roumeliotis [16] and Theorem 3.5.2 is adapted from

Matić, Pečarić and Ujević [73]. The results in Theorems 3.5.3 and 3.5.4 are taken from

Pachpatte [101,116]. The discrete Ostrowski-type inequalities in Theorems 3.6.1–3.6.4 are

due to Pachpatte and taken from [88,105,114,133]. Section 3.7 contains applications of

some of the inequalities given in earlier sections and taken from Dragomir and Wang [26],

Ujević [150] and Cerone, Dragomir and Roumeliotis [16]. Section 3.8 deals with some

useful miscellaneous inequalities established by various investigators.



Chapter 4

Multidimensional Ostrowski-type inequalities

4.1 Introduction

The Ostrowski inequality (7) has been generalized over the last years in a number of

ways. The first multidimensional version of the Ostrowski’s inequality was given by G.V.

Milovanović in [76] (see also [80, p. 468]). Recently a number of authors have written

about multidimensional generalizations, extensions and variants of the Ostrowski’s inequal-

ity, see [8,29,37,44,64,65,83,86,87,91,94,115]. In this way, some new multidimensional

Ostrowski-type inequalities have been found in the literature. Inspired and motivated by

the recent work going on in this direction, in this chapter, we present some new multi-

dimensional Ostrowski-type inequalities, recently investigated in order to achieve various

goals. We also present some immediate applications of certain inequalities. In our subse-

quent discussion, we make use of some of the notation and definitions given in Chapter 2

without further mention.

4.2 Ostrowski-type inequalities in two variables

In this section we shall give some fundamental Ostrowski-type inequalities involving func-

tions of two independent variables recently investigated in [8,37,64,115,125].

We start with the Ostrowski-type inequality established by Barnett and Dragomir [8] for

mappings of two variables.

Theorem 4.2.1. Let Δ = [a,b]× [c,d] and f : Δ → R be continuous on Δ, D2D1 f (x,y)

exists on (a,b)× (c,d) and is bounded, then we have the inequality∣∣∣∣
∫ b

a

∫ d

c
f (s, t)dtds−

[
(b−a)

∫ d

c
f (x, t)dt +(d − c)

∫ b

a
f (s,y)ds− (d− c)(b−a) f (x,y)

]∣∣∣∣

191
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�
[

1
4
(b−a)2 +

(
x− a+b

2

)2
][

1
4
(d − c)2 +

(
y− c+d

2

)2
]
‖D2D1 f‖∞, (4.2.1)

for all (x,y) ∈ Δ.

Proof. From the hypotheses, we have the following identity (see Lemma 2.3.2):

(d − c)(b−a) f (x,y)− (b−a)
∫ d

c
f (x, t)dt − (d − c)

∫ b

a
f (s,y)ds+

∫ b

a

∫ d

c
f (s, t)dtds

=
∫ b

a

∫ d

c
p(x,s)q(y, t)D2D1 f (s, t)dtds, (4.2.2)

for all (x,y) ∈ Δ. From (4.2.2) we get∣∣∣∣
∫ b

a

∫ d

c
f (s, t)dtds−

[
(b−a)

∫ d

c
f (x, t)dt +(d − c)

∫ b

a
f (s,y)ds− (d− c)(b−a) f (x,y)

]∣∣∣∣

�
∫ b

a

∫ d

c
|p(x,s)||Q(y, t)||D2D1 f (s, t)|dtds

� ‖D2D1 f‖∞

∫ b

a

∫ d

c
|p(x,s)||Q(y, t)|dtds. (4.2.3)

Now, observe that
∫ b

a
|p(x,s)|ds =

∫ x

a
(s−a)ds+

∫ b

x
(b− s)ds

=
(x−a)2 +(b− x)2

2
=

1
4
(b−a)2 +

(
x− a+b

2

)2

, (4.2.4)

and, similarly,
∫ d

c
|Q(y, t)|dt =

1
4
(d − c)2 +

(
y− c+d

2

)2

. (4.2.5)

Using (4.2.4), (4.2.5) in (4.2.3), we get the required inequality in (4.2.1).

Remark 4.2.1. The constants 1
4 from the first and the second bracket on the right hand

side in (4.2.1) are optimal in the sense that not both of them can be less than 1
4 .

Indeed, if we had assumed that there exists c1,c2 ∈
(
0, 1

4

)
so that∣∣∣∣

∫ b

a

∫ d

c
f (s, t)dtds−

[
(b−a)

∫ d

c
f (x, t)dt +(d − c)

∫ b

a
f (s,y)ds− (d− c)(b−a) f (x,y)

]∣∣∣∣

�
[

c1(b−a)2 +
(

x− a+b
2

)2
]
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×
[

c2(d − c)2 +
(

y− c+d
2

)2
]
‖D2D1 f‖∞, (4.2.6)

for all f as in Theorem 4.2.1 and (x,y) ∈ Δ, then we would have had for f (s, t) = st and

x = a, y = c that
∫ b

a

∫ d

c
f (s, t)dtds =

(b2 −a2)(d2 − c2)
4

,
∫ d

c
f (x, t)dt = a

(d2 − c2)
2

,

∫ b

a
f (s,y)ds = c

(b2 −a2)
2

, ‖D2D1 f‖ = 1,

and by (4.2.6), the inequality∣∣∣∣ (b
2 −a2)(d2 − c2)

4
− (b−a)a

(d2 − c2)
2

− (d − c)c
(b2 −a2)

2
+(d − c)(b−a)ac

∣∣∣∣

� (b−a)2
(

c1 +
1
4

)
(d − c)2

(
c2 +

1
4

)
,

i.e.,

(b2 −a2)(d2 − c2)
4

� (b−a)2
(

c1 +
1
4

)
(d − c)2

(
c2 +

1
4

)
,

i.e.,

1
4

�
(

c1 +
1
4

)(
c2 +

1
4

)
. (4.2.7)

Now, as we have assumed that c1, c2 ∈
(
0, 1

4

)
, we get

c1 +
1
4

<
1
2
, c2 +

1
4

<
1
2
,

and then
(
c1 + 1

4

)(
c2 + 1

4

)
< 1

4 which contradicts the inequality (4.2.7), and the statement

in Remark 4.2.1 is proved.

A particular case which is of interest is embodied in the following corollary.

Corollary 4.2.1. Assume that the hypotheses of Theorem 4.2.1 hold. Then we have the

inequality ∣∣∣∣
∫ b

a

∫ d

c
f (s, t)dtds−

[
(b−a)

∫ d

c
f
(

a+b
2

, t
)

dt

+(d − c)
∫ b

a
f
(

s,
c+d

2

)
ds− (d − c)(b−a) f

(
a+b

2
,

c+d
2

)]∣∣∣∣

� 1
16

(b−a)2(d − c)2‖D2D1 f‖∞. (4.2.8)
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Remark 4.2.2. If we assume that f (s, t) = h(s)h(t), h : [a,b] → R, h is continuous and

suppose that ‖h′‖∞ < ∞, then from (4.2.1) we get (for x = y)∣∣∣∣
∫ b

a
h(s)ds

∫ b

a
h(s)ds−h(x)(b−a)

∫ b

a
h(s)ds−h(x)(b−a)

∫ b

a
h(s)ds+(b−a)2h2(x)

∣∣∣∣

�
[

1
4
(b−a)2 +

(
x− a+b

2

)2
]2

‖h′‖2
∞,

i.e., [∫ b

a
h(s)ds−h(x)(b−a)

]2

�
[

1
4
(b−a)2 +

(
x− a+b

2

)2
]2

‖h′‖2
∞,

which is clearly equivalent to Ostrowski’s inequality. Consequently (4.2.1) can be also

regarded as a generalization for double integrals of the classical result due to Ostrowski

given in (7).

The following inequality of the Ostrowski-type which holds for mappings of two indepen-

dent variables is given by Dragomir, Cerone, Barnett and Roumeliotis in [37].

Theorem 4.2.2. Let f : Δ → R be such that the partial derivatives D1 f (x,y) D2 f (x,y),

D2D1 f (x,y) exist and are continuous on Δ. Then we have the inequality∣∣∣∣ f (x,y)− 1
(b−a)(d − c)

∫ b

a

∫ d

c
f (t,s)dsdt

∣∣∣∣� M1(x)+M2(y)+M3(x,y), (4.2.9)

where

M1(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
b−a

[
1
4
(b−a)2 +

(
x− a+b

2

)2
]
‖D1 f‖∞, if D1 f (x,y) ∈ L∞(Δ);

[
1

q1 +1
[
(b− x)q1+1 +(x−a)q1+1

]] 1
q1

[(b−a)(d − c)]
1

p1

‖D1 f‖p1 , if D1 f (x,y) ∈ Lp1(Δ),

1
p1

+
1
q1

= 1, p1 > 1;

1
(b−a)(d − c)

[
1
2
(b−a)+

∣∣∣∣x− a+b
2

∣∣∣∣
]
‖D1 f‖1, if D1 f (x,y) ∈ L1(Δ),

M2(y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
d − c

[
1
4
(d − c)2 +

(
y− c+d

2

)2
]
‖D2 f‖∞, if D2 f (x,y) ∈ L∞(Δ);

[
1

q2 +1
[
(d − y)q2+1 +(y− c)q2+1

]] 1
q2

[(d − c)(b−a)]
1

p2

‖D2 f‖p2 , if D2 f (x,y) ∈ Lp2(Δ),

1
p2

+
1
q2

= 1, p2 > 1;

1
(b−a)(d−c)

[
1
2
(d − c)+

∣∣∣∣y− c+d
2

∣∣∣∣
]
‖D2 f‖1, if D2 f (x,y) ∈ L1(Δ),
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and

M3(x,y) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
(b−a)(d − c)

[
1
4
(b−a)2 +

(
x− a+b

2

)2
][

1
4
(d − c)2 +

(
y− c+d

2

)2
]
‖D2D1 f‖∞,

if D2D1 f (x,y) ∈ L∞(Δ);[[
(b− x)q3+1 +(x−a)q3+1

]
q3 +1

] 1
q3
[[

(d − y)q3+1 +(y− c)q3+1
]

q3 +1

] 1
q3

(b−a)(d − c)
‖D2D1 f‖p3 ,

if D2D1 f (x,y) ∈ Lp3(Δ),
1
p3

+
1
q3

= 1, p3 > 1;

1
(b−a)(d − c)

[
1
2
(b−a)+

∣∣∣∣x− a+b
2

∣∣∣∣
][

1
2
(d − c)+

∣∣∣∣y− c+d
2

∣∣∣∣
]
‖D2D1 f‖1,

if D2D1 f (x,y) ∈ L1(Δ),

for all (x,y) ∈ Δ, where ‖ · ‖p (1 � p < ∞) are the usual p-norms on Δ.

Proof. From the hypotheses we have the following identity (see, Lemma 2.3.1):

f (x,y)− 1
(b−a)(d − c)

∫ b

a

∫ d

c
f (t,s)dsdt =

1
(b−a)(d − c)

[∫ b

a

∫ d

c
p(x, t)D1 f (t,s)dsdt

+
∫ b

a

∫ d

c
q(y,s)D2 f (t,s)dsdt +

∫ b

a

∫ d

c
p(x, t)q(y,s)D2D1 f (t,s)dsdt

]
, (4.2.10)

for all (x,y) ∈ Δ. From (4.2.10),we have∣∣∣∣ f (x,y)− 1
(b−a)(d − c)

∫ b

a

∫ d

c
f (t,s)dsdt

∣∣∣∣

� 1
(b−a)(d − c)

[∫ b

a

∫ d

c
|p(x, t)||D1 f (t,s)|dsdt

+
∫ b

a

∫ d

c
|q(y,s)||D2 f (t,s)|dsdt +

∫ b

a

∫ d

c
|p(x, t)||q(y,s)||D2D1 f (t,s)|dsdt

]
. (4.2.11)

We have that ∫ b

a

∫ d

c
|p(x, t)||D1 f (t,s)|dsdt �

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

‖D1 f‖∞

∫ b

a

∫ d

c
|p(x, t)|dsdt, if D1 f (x,y) ∈ L∞(Δ);

‖D1 f‖p1

(∫ b

a

∫ d

c
|p(x, t)|q1dsdt

) 1
q1

, if D1 f (x,y) ∈ Lp1(Δ),

1
p1

+
1
q1

= 1, p1 > 1;

‖D1 f‖1 sup
t∈[a,b]

|p(x, t)|, if D1 f (x,y) ∈ L1(Δ);

(4.2.12)
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and as ∫ b

a

∫ d

c
|p(x, t)|dsdt =

∫ d

c

(∫ b

a
|p(x, t)|dt

)
ds

= (d − c)
[∫ x

a
|p(x, t)|dt +

∫ b

x
|p(x, t)|dt

]

= (d − c)
[∫ x

a
(t −a)dt +

∫ b

x
(b− t)dt

]

= (d − c)
[
(x−a)2 +(b− x)2

2

]

= (d − c)

[
1
4
(b−a)2 +

(
x− a+b

2

)2
]

,

[∫ b

a

∫ d

c
|p(x, t)|q1dsdt

] 1
q1

=
[∫ d

c

(∫ b

a
|p(x, t)|q1dt

)
ds
] 1

q1

= (d − c)
1

q1

[∫ x

a
|p(x, t)|q1dt +

∫ b

x
|p(x, t)|q1dt

] 1
q1

= (d − c)
1

q1

[∫ x

a
(t −a)q1dt +

∫ b

x
(b− t)q1dt

] 1
q1

= (d − c)
1

q1

[
(b− x)q1+1 +(x−a)q1+1

q1 +1

] 1
q1

,

and

sup
t∈[a,b]

|p(x, t)| = max{x−a,b− x} =
b−a

2
+
∣∣∣∣x− a+b

2

∣∣∣∣ ,
then, by (4.2.12), we obtain

∫ b

a

∫ d

c
|p(x, t)||D1 f (t,s)|dsdt �

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(d − c)

[
1
4
(b−a)2 +

(
x− a+b

2

)2
]
‖D1 f‖∞, if D1 f (x,y) ∈ L∞(Δ);

(d − c)
1

q1

[
(b− x)q1+1 +(x−a)q1+1

q1 +1

] 1
q1
‖D1 f‖p1 , if D1 f (x,y) ∈ Lp1(Δ), 1

p1
+ 1

q1
= 1, p1 > 1;[

b−a
2

+
∣∣∣∣x− a+b

2

∣∣∣∣
]
‖D1 f‖1, if D1 f (x,y) ∈ L1(Δ).

(4.2.13)

In a similar fashion, we state that the following inequality holds
∫ b

a

∫ d

c
|q(y,s)||D2 f (t,s)|dsdt �
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(b−a)

[
1
4
(d − c)2 +

(
y− c+d

2

)2
]
‖D2 f‖∞, if D2 f (x,y) ∈ L∞(Δ);

(b−a)
1

q2

[
(d − y)q2+1 +(y− c)q2+1

q2 +1

] 1
q2
‖D2 f‖p2 , if D2 f (x,y) ∈ Lp2(Δ),

1
p2

+
1
q2

= 1, p2 > 1;[
d − c

2
+
∣∣∣∣y− c+d

2

∣∣∣∣
]
‖D2 f‖1, if D2 f (x,y) ∈ L1(Δ).

(4.2.14)

In addition, we have
∫ b

a

∫ d

c
|p(x, t)||q(y,s)||D2D1 f (t,s)|dsdt

�

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

‖D2D1 f‖∞

∫ b

a
|p(x, t)|dt

∫ d

c
|q(y,s)|ds,

if D2D1 f (x,y) ∈ L∞(Δ);

‖D2D1 f‖p3

(∫ b

a
|p(x, t)|q3dt

) 1
q3
(∫ d

c
|q(y,s)|q3ds

) 1
q3

,

if D2D1 f (x,y) ∈ Lp3(Δ);
1
p3

+
1
q3

= 1, p3 > 1;

‖D2D1 f‖1 sup
t∈[a,b]

|p(x, t)| sup
s∈[c,d]

|q(y,s)|,

if D2D1 f (x,y) ∈ L1(Δ)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
1
4
(b−a)2 +

(
x− a+b

2

)2
][

1
4
(d − c)2 +

(
y− c+d

2

)2
]
‖D2D1 f‖∞,

if D2D1 f (x,y) ∈ L∞(Δ);[
(b− x)q3+1 +(x−a)q3+1

q3 +1

] 1
q3
[
(d − y)q3+1 +(y− c)q3+1

q3 +1

] 1
q3
‖D2D1 f‖p3 ,

if D2D1 f (x,y) ∈ Lp3(Δ);
1
p3

+
1
q3

= 1, p3 > 1;[
1
2
(b−a)+

∣∣∣∣x− a+b
2

∣∣∣∣
][

1
2
(d − c)+

∣∣∣∣y− c+d
2

∣∣∣∣
]
‖D2D1 f‖1,

if D2D1 f (x,y) ∈ L1(Δ).
(4.2.15)

The required inequality in (4.2.9) follows from (4.2.11), (4.2.13)–(4.2.15).

The following integral identity proved in [64] is useful in the proof of the next theorem.

Lemma 4.2.1. Let f : Δ → R be a continuous mapping such that the partial derivatives
∂ l+k f (·,·)

∂xk∂yl , k = 0,1, . . . ,n−1; l = 0,1, . . . ,m−1 exist and are continuous on Δ = [a,b]× [c,d]
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and Kn : [a,b]2 → R, Sm : [c,d]2 → R are given by

Kn(x, t) =

⎧⎪⎨
⎪⎩

(t −a)n

n!
, t ∈ [a,x],

(t −b)n

n!
, t ∈ (x,b],

(4.2.16)

Sm(y,s) =

⎧⎪⎨
⎪⎩

(s− c)m

m!
, s ∈ [c,y],

(s−d)m

m!
, s ∈ (y,d].

(4.2.17)

Then for all (x,y) ∈ Δ, we have the identity
∫ b

a

∫ d

c
f (t,s)dsdt =

n−1

∑
k=0

m−1

∑
l=0

Xk(x)Yl(y)
∂ l+k f (x,y)

∂xk∂yl

+(−1)m
n−1

∑
k=0

Xk(x)
∫ d

c
Sm(y,s)

∂ k+m f (x,s)
∂xk∂ sm ds+(−1)n

m−1

∑
l=0

Yl(y)
∫ b

a
Kn(x, t)

∂ n+l f (t,y)
∂ tn∂yl dt

+(−1)m+n
∫ b

a

∫ d

c
Kn(x, t)Sm(y,s)

∂ n+m f (t,s)
∂ tn∂ sm dsdt, (4.2.18)

where

Xk(x) =
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!
, (4.2.19)

Yl(y) =
(d − y)l+1 +(−1)l(y− c)l+1

(l +1)!
. (4.2.20)

Proof. Applying the identity (see, Lemma 1.5.3)
∫ b

a
g(t)dt =

n−1

∑
k=0

[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]
g(k)(x)

+(−1)n
∫ b

a
Pn(x, t)g(n)(t)dt, (4.2.21)

where

Pn(x, t) =

⎧⎪⎨
⎪⎩

(t −a)n

n!
, t ∈ [a,x],

(t −b)n

n!
, t ∈ (x,b],

for the partial mapping f (·,s), s ∈ [c,d], we can write
∫ b

a
f (t,s)dt =

n−1

∑
k=0

[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]
∂ k f (x,s)

∂xk

+(−1)n
∫ b

a
Kn(x, t)

∂ n f (t,s)
∂ tn dt, (4.2.22)
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for every x ∈ [a,b] and s ∈ [c,d].

Integrating (4.2.22) over s on [c,d], we deduce
∫ b

a

∫ d

c
f (t,s)dsdt =

n−1

∑
k=0

[
(b− x)k+1 +(−1)k(x−a)k+1

(k +1)!

]∫ d

c

∂ k f (x,s)
∂xk ds

+(−1)n
∫ b

a
Kn(x, t)

(∫ d

c

∂ n f (t,s)
∂ tn ds

)
dt, (4.2.23)

for all x ∈ [a,b].

Applying the identity (4.2.21) again for the partial mapping ∂ k f (x,·)
∂xk on [c,d], we obtain

∫ d

c

∂ k f (x,s)
∂xk ds =

m−1

∑
l=0

[
(d − y)l+1 +(−1)l(y− c)l+1

(l +1)!

]
∂ l

∂yl

(
∂ k f (x,y)

∂xk

)

+(−1)m
∫ d

c
Sm(y,s)

∂ m

∂ sm

(
∂ k f (x,s)

∂xk

)
ds

=
m−1

∑
l=0

[
(d − y)l+1 +(−1)l(y− c)l+1

(l +1)!

]
∂ l+k f (x,y)

∂xk∂yl

+(−1)m
∫ d

c
Sm(y,s)

∂ k+m f (x,s)
∂xk∂ sm ds. (4.2.24)

In addition, the identity (4.2.22) applied for the partial derivative ∂ n f (t,·)
∂ tn also gives

∫ d

c

∂ n f (t,s)
∂ tn ds =

m−1

∑
l=0

[
(d − y)l+1 +(−1)l(y− c)l+1

(l +1)!

]
∂ n+l f (t,y)

∂ tn∂yl

+(−1)m
∫ d

c
Sm(y,s)

∂ n+m f (t,s)
∂ tn∂ sm ds. (4.2.25)

Substituting (4.2.24) and (4.2.25) in (4.2.23) and rewriting will produce the desired identity

in (4.2.18).

The inequality of the Ostrowski-type given by Hanna, Dragomir and Cerone [64] is em-

bodied in the following theorem.

Theorem 4.2.3. Let f : Δ → R be continuous on Δ and assume that ∂ n+m f (t,s)
∂ tn∂ sm exist on

(a,b)× (c,d). Then we have the inequality∣∣∣∣∣
∫ b

a

∫ d

c
f (t,s)dsdt −

n−1

∑
k=0

m−1

∑
l=0

Xk(x)Yl(y)
∂ l+k f (x,y)

∂xk∂yl

−(−1)m
n−1

∑
k=0

Xk(x)
∫ d

c
Sm(y,s)

∂ k+m f (x,s)
∂xk∂ sm ds −(−1)n

m−1

∑
l=0

Yl(y)
∫ b

a
Kn(x, t)

∂ n+l f (t,y)
∂ tn∂yl dt

∣∣∣∣∣
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1
(n+1)!(m+1)!

[
(x−a)n+1 +(b− x)n+1

]

×
[
(y− c)m+1 +(d − y)m+1

]∥∥∥∥ ∂ n+m f
∂ tn∂ sm

∥∥∥∥
∞

,

if
∂ n+m f (t,s)

∂ tn∂ sm ∈ L∞(Δ);

1
n!m!

[
(x−a)nq+1 +(b− x)nq+1

nq+1

] 1
q

×
[
(y− c)mq+1 +(d − y)mq+1

mq+1

] 1
q
∥∥∥∥ ∂ n+m f

∂ tn∂ sm

∥∥∥∥
p

if
∂ n+m f (t,s)

∂ tn∂ sm ∈ Lp(Δ),
1
p

+
1
q

= 1, p > 1;

1
4n!m!

[(x−a)n +(b− x)n + |(x−a)n − (b− x)n|]

× [(y− c)m +(d − y)m + |(y− c)m − (d − y)m|]
∥∥∥∥ ∂ n+m f

∂ tn∂ sm

∥∥∥∥
1
,

if
∂ n+m f (t,s)

∂ tn∂ sm ∈ L1(Δ);

(4.2.26)

for all (x,y) ∈ Δ, where∥∥∥∥ ∂ n+m f
∂ tn∂ sm

∥∥∥∥
∞

= sup
(t,s)∈Δ

∣∣∣∣∂
n+m f (t,s)
∂ tn∂ sm

∣∣∣∣< ∞,

∥∥∥∥ ∂ n+m f
∂ tn∂ sm

∥∥∥∥
p
=
(∫ b

a

∫ d

c

∣∣∣∣∂
n+m f (t,s)
∂ tn∂ sm

∣∣∣∣
p

dsdt
) 1

p

< ∞.

Proof. From the hypotheses, the identity (4.2.18) holds. From (4.2.18), we get∣∣∣∣∣
∫ b

a

∫ d

c
f (t,s)dsdt −

n−1

∑
k=0

m−1

∑
l=0

Xk(x)Yl(y)
∂ l+k f (x,y)

∂xk∂yl

−(−1)m
n−1

∑
k=0

Xk(x)
∫ d

c
Sm(y,s)

∂ k+m f (x,s)
∂xk∂ sm ds −(−1)n

m−1

∑
l=0

Yl(y)
∫ b

a
Kn(x, t)

∂ n+l f (t,y)
∂ tn∂yl dt

∣∣∣∣∣

�
∫ b

a

∫ d

c
|Kn(x, t)||Sm(y,s)|

∣∣∣∣∂
n+m f (t,s)
∂ tn∂ sm

∣∣∣∣dsdt. (4.2.27)

We observe that ∫ b

a

∫ d

c
|Kn(x, t)||Sm(y,s)|

∣∣∣∣∂
n+m f (t,s)
∂ tn∂ sm

∣∣∣∣dsdt

�

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∥∥∥∥ ∂ n+m f
∂ tn∂ sm

∥∥∥∥
∞

∫ b

a

∫ d

c
|Kn(x, t)||Sm(y,s)|dsdt,

∥∥∥∥ ∂ n+m f
∂ tn∂ sm

∥∥∥∥
p

(∫ b

a

∫ d

c
|Kn(x, t)|q|Sm(y,s)|qdsdt

) 1
q

,
1
p

+
1
q

= 1, p > 1;
∥∥∥∥ ∂ n+m f

∂ tn∂ sm

∥∥∥∥
1

sup
(t,s)∈Δ

|Kn(x, t)||Sm(y,s)|.

(4.2.28)
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Now, using (4.2.16), (4.2.17), we have
∫ b

a

∫ d

c
|Kn(x, t)Sm(y,s)|dtds =

∫ b

a
|Kn(x, t)|dt

∫ d

c
|Sm(y,s)|ds

=
[∫ x

a

(t −a)n

n!
dt +

∫ b

x

(b− t)n

n!
dt
][∫ y

c

(s− c)m

m!
ds+

∫ d

y

(d − s)m

m!
ds
]

=

[
(x−a)n+1 +(b− x)n+1

][
(y− c)m+1 +(d − y)m+1

]
(n+1)!(m+1)!

. (4.2.29)

Using (4.2.29) in the first inequality in (4.2.28), we get the first inequality in (4.2.26).

Further, using (4.2.16), (4.2.17) we have
(∫ b

a

∫ d

c
|Kn(x, t)Sm(y,s)|qdtds

) 1
q

=
(∫ b

a
|Kn(x, t)|qdt

) 1
q
(∫ d

c
|Sm(y,s)|qds

) 1
q

=
1

n!m!

[∫ x

a
(t −a)nqdt +

∫ b

x
(b− t)nqdt

] 1
q
[∫ y

c
(s− c)mqds+

∫ d

y
(d − s)mqds

] 1
q

=
1

n!m!

[
(x−a)nq+1 +(b− x)nq+1

nq+1

] 1
q
[
(y− c)mq+1 +(d − y)mq+1

mq+1

] 1
q

. (4.2.30)

Using (4.2.30) in the second inequality in (4.2.28), we get the second inequality in (4.2.26).

Finally, using (4.2.16), (4.2.17), we have

sup
(t,s)∈Δ

|Kn(x, t)Sm(y,s)| = sup
t∈[a,b]

|Kn(x, t)| sup
s∈[c,d]

|Sm(y,s)|

= max
{

(x−a)n

n!
,
(b− x)n

n!

}{
(y− c)m

m!
,
(d − y)m

m!

}

=
1

n!m!

[
(x−a)n +(b− x)n

2
+
∣∣∣∣ (x−a)n − (b− x)n

2

∣∣∣∣
]

×
[
(y− c)m +(d − y)m

2
+
∣∣∣∣ (y− c)m − (d − y)m

2

∣∣∣∣
]
, (4.2.31)

where, we have used the fact that

max{X ,Y} =
X +Y

2
+
∣∣∣∣X −Y

2

∣∣∣∣ .
Using (4.2.31) in the third inequality in (4.2.28), we get the third inequality in (4.2.26).

The proof is complete.

In a recent paper [115], Pachpatte investigated the following Ostrowski-type inequality for

double integrals.
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Theorem 4.2.4. Let f , g : Δ → R be continuous mappings such that D2D1 f (x,y),

D2D1g(x,y) exist and are continuous on Δ. Then∣∣∣∣ f (x,y)g(x,y)− 1
2

g(x,y)
[

1
b−a

∫ b

a
f (s,y)ds +

1
d − c

∫ b

a
f (x, t)dt

− 1
(b−a)(d − c)

∫ b

a

∫ d

c
f (s, t)dtds

]

−1
2

f (x,y)
[

1
b−a

∫ b

a
g(s,y)ds+

1
d − c

∫ d

c
g(x, t)dt − 1

(b−a)(d − c)

∫ b

a

∫ d

c
g(s, t)dtds

]∣∣∣∣
� 1

2(b−a)(d − c)

∫ b

a

∫ d

c

[
|g(x,y)|

∣∣∣∣
∫ x

s

∫ y

t
D2D1 f (σ ,τ)dτdσ

∣∣∣∣
+| f (x,y)|

∣∣∣∣
∫ x

s

∫ y

t
D2D1g(σ ,τ)dτdσ

∣∣∣∣
]

dydx, (4.2.32)

for all (x,y) ∈ Δ.

Proof. From the hypotheses, it is easy to observe that, the following identities hold:

f (x,y)− f (s,y)− f (x, t)+ f (s, t) =
∫ x

s

∫ y

t
D2D1 f (σ , t)dτdσ , (4.2.33)

and

g(x,y)−g(s,y)−g(x, t)+g(s, t) =
∫ x

s

∫ y

t
D2D1g(σ ,τ)dτdσ , (4.2.34)

for (x,y),(s, t) ∈ Δ. Multiplying both sides of (4.2.33) and (4.2.34) by g(x,y) and f (x,y)

respectively and adding the resulting identities, we have

2 f (x,y)g(x,y)−g(x,y)[ f (s,y)+ f (x, t)− f (s, t)]− f (x,y)[g(s,y)+g(x, t)−g(s, t)]

= g(x,y)
∫ x

s

∫ y

t
D2D1 f (σ , t)dτdσ + f (x,y)

∫ x

s

∫ y

t
D2D1g(σ , t)dτdσ . (4.2.35)

Integrating both sides of (4.2.35) with respect to (s, t) over Δ and rewriting, we have

f (x,y)g(x,y)− 1
2

g(x,y)
[

1
b−a

∫ b

a
f (s,y)ds+

1
d − c

∫ d

c
f (x, t)dt

− 1
(b−a)(d − c)

∫ b

a

∫ d

c
f (s, t)dtds

]

−1
2

f (x,y)
[

1
b−a

∫ b

a
g(s,y)ds+

1
d − c

∫ d

c
g(x, t)dt − 1

(b−a)(d − c)

∫ b

a

∫ d

c
g(s, t)dtds

]

=
1

2(b−a)(d − c)

∫ b

a

∫ d

c

[
g(x,y)

∫ x

s

∫ y

t
D2D1 f (σ ,τ)dτdσ

+ f (x,y)
∫ x

s

∫ y

t
D2D1g(σ ,τ)dτdσ

]
dydx. (4.2.36)

From (4.2.36) and using the properties of modulus, it is easy to observe that the required

inequality in (4.2.32) holds. The proof is complete.
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Remark 4.2.3. By taking g(x,y) = 1 and hence D2D1g(x,y) = 0 in Theorem 4.2.4, we

get∣∣∣∣ f (x,y)−
[

1
b−a

∫ b

a
f (s,y)ds+

1
d − c

∫ d

c
f (x, t)dt − 1

(b−a)(d − c)

∫ b

a

∫ d

c
f (s, t)dtds

]∣∣∣∣
� 1

(b−a)(d − c)

∫ b

a

∫ d

c

∣∣∣∣
∫ x

s

∫ y

t
D2D1 f (σ ,τ)dτdσ

∣∣∣∣dydx, (4.2.37)

for all (x,y) ∈ Δ. Further, if we assume that D2D1 f (x,y) is bounded on (a,b)× (c,d), i.e.,

‖D2D1 f‖∞ = sup
(x,y)∈(a,b)×(c,d)

|D2D1 f (x,y)| < ∞,

then after rewriting (4.2.37) and by elementary calculations, we get the inequality (4.2.1)

given in Theorem 4.2.1.

In another paper [125], Pachpatte has given the following generalization of Theorem 4.2.4,

involving three functions.

Theorem 4.2.5. Let f , g, h : Δ → R be continuous functions such that D2D1 f (x,y),

D2D1g(x,y), D2D1h(x,y) exist and are continuous on Δ. Then

|A( f ,g,h;F,G,H; l)(x,y)| � 1
3Δ

B(| f |, |g|, |h|; |I|)(x,y), (4.2.38)

for all (x,y) ∈ Δ, where

A( f ,g,h;F,G,H; l)(x,y) = f (x,y)g(x,y)h(x,y)

− 1
3l

[
g(x,y)h(x,y)

{
F(x,y)−

∫ b

a

∫ d

c
f (s, t)dtds

}

+h(x,y) f (x,y)
{

G(x,y)−
∫ b

a

∫ d

c
g(s, t)dtds

}

+ f (x,y)g(x,y)
{

H(x,y)−
∫ b

a

∫ d

c
h(s, t)dtds

}]
,

B( f ,g,h; I)(x,y) = g(x,y)h(x,y)
∫ b

a

∫ d

c
I[ f ]dtds

+h(x,y) f (x,y)
∫ b

a

∫ d

c
I[g]dtds+ f (x,y)g(x,y)

∫ b

a

∫ d

c
I[h]dtds,

in which l = (b−a)(d − c),

F(x,y) = (c−d)
∫ b

a
f (s,y)ds+(b−a)

∫ d

c
f (x, t)dt,

G(x,y) = (c−d)
∫ b

a
g(s,y)ds+(b−a)

∫ d

c
g(x, t)dt,

H(x,y) = (c−d)
∫ b

a
h(s,y)ds+(b−a)

∫ d

c
h(x, t)dt,

and for a suitable function p : Δ → R, the notation

I[p] =
∫ x

s

∫ y

t
D2D1 p(σ ,τ)dτdσ ,

is set to simplify the presentation.



204 Analytic Inequalities: Recent Advances

Proof. From the hypotheses, it is easy to observe that the following identities hold:

f (x,y)− f (s,y)− f (x, t)+ f (s, t) = I[ f ], (4.2.39)

g(x,y)−g(s,y)−g(x, t)+g(s, t) = I[g], (4.2.40)

h(x,y)−h(s,y)−h(x, t)+h(s, t) = I[h], (4.2.41)

for (x,y), (s, t) ∈ Δ. Multiplying both sides of (4.2.39), (4.2.40) and (4.2.41) by

g(x,y)h(x,y), h(x,y) f (x,y) and f (x,y)g(x,y) respectively and adding the resulting iden-

tities, we get

3 f (x,y)g(x,y)h(x,y)−g(x,y)h(x,y)[ f (s,y)+ f (x, t)− f (s, t)]

−h(x,y) f (x,y)[g(s,y)+g(x, t)−g(s, t)]− f (x,y)g(x,y)[h(s,y)+h(x, t)−h(s, t)]

= g(x,y)h(x,y)I[ f ]+h(x,y) f (x,y)I[g]+ f (x,y)g(x,y)I[h]. (4.2.42)

Integrating both sides of (4.2.42) with respect to (s, t) over Δ and rewriting, we have

A( f ,g,h;F,G,H; l)(x,y) =
1
3l

B( f ,g,h; I)(x,y). (4.2.43)

From (4.2.43) and using the properties of modulus, we get the desired inequality in (4.2.38).

The proof is complete.

Remark 4.2.4. If we take h(x,y) = 1 and hence D2D1h(x,y) = 0 in Theorem 4.2.5, then

by elementary calculations, we get∣∣∣∣ f (x,y)g(x,y)− 1
2l

[
g(x,y)

{
F(x,y)−

∫ b

a

∫ d

c
f (s, t)dtds

}

+ f (x,y)
{

G(x,y)−
∫ b

a

∫ d

c
g(s, t)dtds

}]∣∣∣∣

� 1
2l

[
|g(x,y)|

∫ b

a

∫ d

c
|I[ f ]|dtds+ | f (x,y)|

∫ b

a

∫ d

c
|I[g]|dtds

]
, (4.2.44)

which in turn is the inequality given in Theorem 4.2.4.

Remark 4.2.5. Integrating both sides of (4.2.43) with respect to (x,y) over Δ and rewrit-

ing, we get

T ( f ,g,h;F,G,H; l) =
1

3l2

∫ b

a

∫ d

c
B( f ,g,h; I)(x,y)dydx, (4.2.45)

where

T ( f ,g,h;F,G,H; l) =
1
l

∫ b

a

∫ d

c
f (x,y)g(x,y)h(x,y)dydx− 1

3l2

∫ b

a

∫ d

c
[g(x,y)h(x,y)F(x,y)



Multidimensional Ostrowski-type inequalities 205

+h(x,y) f (x,y)G(x,y)+ f (x,y)g(x,y)H(x,y)]dydx

+
1
3

[(
1
l

∫ b

a

∫ d

c
g(x,y)h(x,y)dydx

)(
1
l

∫ b

a

∫ d

c
f (x,y)dydx

)

+
(

1
l

∫ b

a

∫ d

c
h(x,y) f (x,y)dydx

)(
1
l

∫ b

a

∫ d

c
g(x,y)dydx

)

+
(

1
l

∫ b

a

∫ d

c
f (x,y)g(x,y)dydx

)(
1
l

∫ b

a

∫ d

c
h(x,y)dydx

)]
.

From (4.2.45) and using the properties of modulus and integrals, we get

|T ( f ,g,h;F,G,H; l)| � 1
3l2

∫ b

a

∫ d

c
B(| f |, |g|, |h|; |I|)(x,y)dydx. (4.2.46)

We note that the inequality obtained in (4.2.46) is similar to the Grüss-type inequalities

given in [89].

4.3 Ostrowski-type inequalities in three variables

This section is devoted to some basic Ostrowski-type inequalities involving functions of

three independent variables, recently investigated in [83,126,148].

The following Ostrowski-type inequality is proved by Pachpatte in [83].

Theorem 4.3.1. Let Ω = [a,k]× [b,m]× [c,n]; a, b, c, k, m, n ∈ R and f : Ω → R be a

continuous function on Ω, D3D2D1 f (r,s, t) = ∂ 3 f (r,s,t)
∂ t∂ s∂ r exists and is continuous on Ω. Then∣∣∣∣

∫ k

a

∫ m

b

∫ n

c
f (r,s, t)dtdsdr − 1

8
(k−a)(m−b)(n− c)[ f (a,b,c)+ f (k,m,n)]

+
1
4
(m−b)(n− c)

∫ k

a
[ f (r,b,c)+ f (r,m,n)+ f (r,m,c)+ f (r,b,n)]dr

+
1
4
(k−a)(n− c)

∫ m

b
[ f (a,s,c)+ f (k,s,n)+ f (a,s,n)+ f (k,s,c)]ds

+
1
4
(k−a)(m−b)

∫ n

c
[ f (a,b, t)+ f (k,m, t)+ f (k,b, t)+ f (a,m, t)]dt

−1
2
(k−a)

∫ m

b

∫ n

c
[ f (a,s, t)+ f (k,s, t)]dtds

−1
2
(m−b)

∫ k

a

∫ n

c
[ f (r,b, t)+ f (r,m, t)]dtdr

−1
2
(n− c)

∫ k

a

∫ m

b
[ f (r,s,c)+ f (r,s,n)]dsdr

∣∣∣∣

� 1
8
(k−a)(m−b)(n− c)

∫ k

a

∫ m

b

∫ n

c
|D3D2D1 f (r,s, t)|dtdsdr. (4.3.1)
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Proof. As in the proof of Theorem 2.3.4, we have the following identity:

f (r,s, t)−L( f (r,s, t)) =
1
8

B(D3D2D1 f (r,s, t)) , (4.3.2)

for (r,s, t) ∈ Ω, where L( f (r,s, t)) and B(D3D2D1 f (r,s, t)) are as given in Section 2.3.

Integrating both sides of (4.3.2) over Ω and by elementary calculations, we get
∫ k

a

∫ m

b

∫ n

c
f (r,s, t)dtdsdr− 1

8
(k−a)(m−b)(n− c)[ f (a,b,c)+ f (k,m,n)]

+
1
4
(m−b)(n− c)

∫ k

a
[ f (r,b,c)+ f (r,m,n)+ f (r,m,c)+ f (r,b,n)]dr

+
1
4
(k−a)(n− c)

∫ m

b
[ f (a,s,c)+ f (k,s,n)+ f (a,s,n)+ f (k,s,c)]ds

+
1
4
(k−a)(m−b)

∫ n

c
[ f (a,b, t)+ f (k,m, t)+ f (k,b, t)+ f (a,m, t)]dt

−1
2
(k−a)

∫ m

b

∫ n

c
[ f (a,s, t)+ f (k,s, t)]dtds

−1
2
(m−b)

∫ k

a

∫ n

c
[ f (r,b, t)+ f (r,m, t)]dtdr

−1
2
(n− c)

∫ k

a

∫ m

b
[ f (r,s,c)+ f (r,s,n)]dsdr

=
1
8

∫ k

a

∫ m

b

∫ n

c
B(D3D2D1 f (r,s, t))dtdsdr. (4.3.3)

Using the properties of modulus and integrals, we observe that

|B(D3D2D1 f (r,s, t))| �
∫ k

a

∫ m

b

∫ n

c
|D3D2D1 f (u,v,w)|dwdvdu. (4.3.4)

Now, from (4.3.3) and (4.3.4), we easily get the required inequality in (4.3.1) and the proof

is complete.

Remark 4.3.1. From (4.3.2) and using (4.3.4), it is easy to observe that the following

inequality also holds

| f (r,s, t)−L( f (r,s, t))| � 1
8

∫ k

a

∫ m

b

∫ n

c
|D3D2D1 f (u,v,w)|dwdvdu. (4.3.5)

for (r,s, t) ∈ Ω.

We give below an integral identity proved in [148], which is essential for our proof of the

next theorem.
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Lemma 4.3.1. Let H = [a1,b1]× [a2,b2]× [a3,b3] (ai < bi, i = 1,2,3) and f : H → R

be a continuous mapping such that the partial derivatives ∂ i+ j+k f (·,·,·)
∂xi∂y j∂ zk ; i = 0,1, . . . ,n− 1;

j = 0,1, . . . ,m−1; k = 0,1, . . . , p−1; exist and are continuous on H. Also, let

Pn(x,r) =

⎧⎪⎨
⎪⎩

(r−a1)n

n!
; r ∈ [a1,x],

(r−b1)n

n!
; r ∈ (x,b1],

(4.3.6)

Qm(y,s) =

⎧⎪⎨
⎪⎩

(s−a2)m

m!
; s ∈ [a2,y],

(s−b2)m

m!
; s ∈ (y,b2],

(4.3.7)

Sp(z, t) =

⎧⎪⎨
⎪⎩

(t −a3)p

p!
; t ∈ [a3,z],

(t −b3)p

p!
; t ∈ (z,b3],

(4.3.8)

then for all (x,y,z) ∈ H, we have the identity:

V (x,y,z) :=
∫ b1

a1

∫ b2

a2

∫ b3

a3

f (r,s, t)dtdsdr−
n−1

∑
i=0

m−1

∑
j=0

p−1

∑
k=0

Xi(x)Yj(y)Zk(z)
∂ i+ j+k f (x,y,z)

∂xi∂y j∂ zk

+(−1)p
n−1

∑
i=0

m−1

∑
j=0

Xi(x)Yj(y)
∫ b3

a3

Sp(z, t)
∂ i+ j+p f (x,y, t)

∂xi∂y j∂ t p dt

+(−1)m
n−1

∑
i=0

p−1

∑
k=0

Xi(x)Zk(z)
∫ b2

a2

Qm(y,s)
∂ i+m+k f (x,s,z)

∂xi∂ sm∂ zk ds

+(−1)n
m−1

∑
j=0

p−1

∑
k=0

Yj(y)Zk(z)
∫ b1

a1

Pn(x,r)
∂ n+ j+k f (r,y,z)

∂ rn∂y j∂ zk dr

−(−1)m+p
n−1

∑
i=0

Xi(x)
∫ b2

a2

∫ b3

a3

Qm(y,s)Sp(z, t)
∂ i+m+p f (x,s, t)

∂xi∂ sm∂ t p dtds

−(−1)n+p
m−1

∑
j=0

Yj(y)
∫ b1

a1

∫ b3

a3

Pn(x,r)Sp(z, t)
∂ n+ j+p f (r,y, t)

∂ rn∂y j∂ t p dtdr

−(−1)n+m
p−1

∑
k=0

Zk(z)
∫ b1

a1

∫ b2

a2

Pn(x,r)Qm(y,s)
∂ n+m+k f (r,s,z)

∂ rn∂ sm∂ zk dsdr

= −(−1)n+m+p
∫ b1

a1

∫ b2

a2

∫ b3

a3

Pn(x,r)Qm(y,s)Sp(z, t)
∂ n+m+p f (r,s, t)

∂ rn∂ sm∂ t p dtdsdr, (4.3.9)

where

Xi(x) =
(b1 − x)i+1 +(−1)i(x−a1)i+1

(i+1)!
, (4.3.10)

Yj(y) =
(b2 − y) j+1 +(−1) j(y−a2) j+1

( j +1)!
, (4.3.11)

Zk(z) =
(b3 − z)k+1 +(−1)k(z−a3)k+1

(k +1)!
. (4.3.12)
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Proof. As in the proof of Lemma 4.2.1, we have an identity
∫ b1

a1

g(r)dr =
n−1

∑
i=0

Xi(x)g(I)(x)+(−1)n
∫ b1

a1

Pn(x,r)g(n) (r)dr. (4.3.13)

Now, for the partial mapping f (·,s, t) we have
∫ b1

a1

f (r,s, t)dr =
n−1

∑
i=0

Xi(x)
∂ i f
∂xi +(−1)n

∫ b1

a1

Pn(x,r)
∂ n f
∂ rn dr, (4.3.14)

for every r ∈ [a1,b1], s ∈ [a2,b2] and t ∈ [a3,b3]. Now, integrate (4.3.14) over s ∈ [a2,b2],

to get
∫ b1

a1

∫ b2

a2

f (r,s, t)dsdr =
n−1

∑
i=0

Xi(x)
∫ b2

a2

∂ i f
∂xi ds+(−1)n

∫ b1

a1

Pn(x,r)
(∫ b2

a2

∂ n f
∂ rn ds

)
dr,

(4.3.15)

for all x ∈ [a1,b1].

From (4.3.13) for the partial mapping ∂ i f
∂xi , we have

∫ b2

a2

∂ i

∂xi f (x,s, t)ds =
m−1

∑
j=0

Yj(y)
∂ j

∂y j

(
∂ i f
∂xi

)
+(−1)m

∫ b2

a2

Qm(y,s)
∂ m

∂ sm

(
∂ i f
∂xi

)
ds

=
m−1

∑
j=0

Yj(y)
∂ i+ j f
∂xi∂y j +(−1)m

∫ b2

a2

Qm(y,s)
∂ i+m f
∂xi∂ sm ds. (4.3.16)

Also, from (4.3.13), we have
∫ b2

a2

∂ n f
∂ rn ds =

m−1

∑
j=0

Yj(y)
∂ j+n f
∂y j∂ rn +(−1)m

∫ b2

a2

Qm(y,s)
∂ m

∂ sm

(
∂ n f
∂ rn

)
ds. (4.3.17)

From (4.3.16), (4.3.17) and (4.3.15), we get
∫ b1

a1

∫ b2

a2

f (r,s, t)dsdr =
n−1

∑
i=0

Xi(x)

[
m−1

∑
j=0

Yj(y)
∂ i+ j f
∂xi∂y j +(−1)m

∫ b2

a2

Qm(y,s)
∂ i+m f
∂xi∂ sm ds

]

+(−1)n
∫ b1

a1

Pn(x,r)

[
m−1

∑
j=0

Yj(y)
∂ j+n f
∂y j∂ rn +(−1)m

∫ b2

a2

Qm(y,s)
(

∂ n f
∂ rn

)
ds

]
dr

=
n−1

∑
i=0

Xi(x)
m−1

∑
j=0

Yj(y)
∂ i+ j f
∂xi∂y j +(−1)m

n−1

∑
i=0

Xi(x)
∫ b2

a2

Qm(y,s)
∂ i+m f
∂xi∂ sm ds

+(−1)n
m−1

∑
j=0

Yj(y)
∫ b1

a1

Pn(x,r)
∂ j+n f
∂y j∂ rn dr

+(−1)n+m
∫ b1

a1

∫ b2

a2

Pn(x,r)Qm(y,s)
∂ n+m f
∂ sm∂ rn dsdr. (4.3.18)



Multidimensional Ostrowski-type inequalities 209

Now, integrate (4.3.18) over t ∈ [a3,b3] to get
∫ b1

a1

∫ b2

a2

∫ b3

a3

f (r,s, t)dtdsdr =
n−1

∑
i=0

m−1

∑
j=0

Xi(x)Yj(y)
∫ b3

a3

∂ i+ j f
∂xi∂y j dt

+(−1)m
n−1

∑
i=0

Xi(x)
∫ b2

a2

Qm(y,s)
(∫ b3

a3

∂ i+m f
∂xi∂ sm dt

)
ds

+(−1)n
m−1

∑
j=0

Yj(y)
∫ b1

a1

Pn(x,r)
(∫ b3

a3

∂ j+n f
∂y j∂ rn dt

)
dr

+(−1)n+m
∫ b1

a1

∫ b2

a2

Pn(x,r)Qm(y,s)
(∫ b3

a3

∂ n+m f
∂ sm∂ rn dt

)
dsdr. (4.3.19)

Also, from (4.3.13) we have
∫ b3

a3

∂ i+ j f
∂xi∂y j dt =

p−1

∑
k=0

Zk(z)
∂ k

∂ zk

(
∂ i+ j f
∂xi∂y j

)

+(−1)p
∫ b3

a3

Sp(z, t)
∂ p

∂ t p

(
∂ i+ j f
∂xi∂y j

)
dt, (4.3.20)

∫ b3

a3

∂ i+m f
∂xi∂ sm dt =

p−1

∑
k=0

Zk(z)
∂ k

∂ zk

(
∂ i+m f
∂xi∂ sm

)

+(−1)p
∫ b3

a3

Sp(z, t)
∂ p

∂ t p

(
∂ i+m f
∂xi∂ sm

)
dt, (4.3.21)

∫ b3

a3

∂ j+n f
∂y j∂ rn dt =

p−1

∑
k=0

Zk(z)
∂ k

∂ zk

(
∂ j+n f
∂y j∂ rn

)

+(−1)p
∫ b3

a3

Sp(z, t)
∂ p

∂ t p

(
∂ j+n f
∂y j∂ rn

)
dt, (4.3.22)

∫ b3

a3

∂ n+m f
∂ sm∂ rn dt =

p−1

∑
k=0

Zk(z)
∂ k

∂ zk

(
∂ n+m f
∂ rn∂ sm

)

+(−1)p
∫ b3

a3

Sp(z, t)
∂ p

∂ t p

(
∂ n+m f
∂ rn∂ sm

)
dt. (4.3.23)

Using (4.3.20)–(4.3.23) in (4.3.19), we get the required identity in (4.3.9).

The following result deals with the Ostrowski-type inequality investigated by Sofo in [148].
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Theorem 4.3.2. Assume that the hypotheses of Lemma 4.3.1 hold. Then we have the

inequality

|V (x,y,z)| �

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∥∥∥∥ ∂ n+m+p f
∂ rn∂ sn∂ t p

∥∥∥∥
∞

N1(x,y,z), if
∂ n+m+p f (r,s, t)

∂ rn∂ sn∂ t p ∈ L∞(H);∥∥∥∥ ∂ n+m+p f
∂ rn∂ sn∂ t p

∥∥∥∥
α

N2(x,y,z), if
∂ n+m+p f (r,s, t)

∂ rn∂ sn∂ t p ∈ Lα(H);

1
α

+
1
β

= 1, α > 1;∥∥∥∥ ∂ n+m+p f
∂ rn∂ sn∂ t p

∥∥∥∥
1

N3(x,y,z), if
∂ n+m+p f (r,s, t)

∂ rn∂ sn∂ t p ∈ L1(H);

(4.3.24)

for all (x,y,z) ∈ H, where∥∥∥∥ ∂ n+m+p f
∂ rn∂ sn∂ t p

∥∥∥∥
∞

= sup
(r,s,t)∈H

∣∣∣∣∂
n+m+p f (r,s, t)
∂ rn∂ sn∂ t p

∣∣∣∣< ∞,

∥∥∥∥ ∂ n+m+p f
∂ rn∂ sn∂ t p

∥∥∥∥
α

=
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣∣∣∂
n+m+p f (r,s, t)
∂ rn∂ sn∂ t p

∣∣∣∣
α

dtdsdr
) 1

α

< ∞,

and

N1(x,y,z) =
[
(x−a1)n+1 +(b1 − x)n+1

(n+1)!

]

×
[
(y−a2)m+1 +(b2 − y)m+1

(m+1)!

][
(z−a3)p+1 +(b3 − z)p+1

(p+1)!

]
,

N2(x,y,z) =
1

n!m!p!

[
(x−a1)nβ+1 +(b1 − x)nβ+1

nβ +1

] 1
β

×
[

(y−a2)mβ+1 +(b2 − y)mβ+1

mβ +1

] 1
β
[

(z−a3)pβ+1 +(b3 − z)pβ+1

pβ +1

] 1
β

,

N3(x,y,z) =
1
8

1
n!m!p!

[(x−a1)n +(b1 − x)n + |(x−a1)n − (b1 − x)n|]

× [(y−a2)m +(b2 − y)m + |(y−a2)m − (b2 − y)m|]

× [(z−a3)p +(b3 − z)p + |(z−a3)p − (b3 − z)p|] .
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Proof. From the hypotheses, the identity (4.3.9) holds. From (4.3.9), we have

|V (x,y,z)| �
∫ b1

a1

∫ b2

a2

∫ b3

a3

|Pn(x,r)Qm(y,s)Sp(z, t)|
∣∣∣∣∂

n+m+p f (r,s, t)
∂ rn∂ sm∂ t p

∣∣∣∣dtdsdr

= U(x,y,z) (say). (4.3.25)

Now, using Hölder’s inequality and property of the modulus and integral, we have

U(x,y,z) �
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∥∥∥∥ ∂ n+m+p f
∂ rn∂ sm∂ t p

∥∥∥∥
∞

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣Pn(x,r)Qm(y,s)Sp(z, t)
∣∣dtdsdr;

∥∥∥∥ ∂ n+m+p f
∂ rn∂ sm∂ t p

∥∥∥∥
α

(∫ b1

a1

∫ b2

a2

∫ b3

a3

|Pn(x,r)Qm(y,s)Sp(z, t)|β dtdsdr
) 1

β
,

1
α

+
1
β

= 1, α > 1;∥∥∥∥ ∂ n+m+p f
∂ rn∂ sm∂ t p

∥∥∥∥
1

sup
(r,s,t)∈H

|Pn(x,r)Qm(y,s)Sp(z, t)|.

(4.3.26)

Using (4.3.6), (4.3.7) and (4.3.8), we have
∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣Pn(x,r)Qm(y,s)Sp(z, t)
∣∣dtdsdr

=
∫ b1

a1

|Pn(x,r)|dr
∫ b2

a2

|Qm(y,s)|ds
∫ b3

a3

|Sp(z, t)|dt

=
[∫ x

a1

(r−a1)n

n!
dr +

∫ b1

x

(b1 − r)n

n!
dr
]

×
[∫ y

a2

(s−a2)m

m!
ds+

∫ b2

y

(b2 − s)m

m!
ds
][∫ z

a3

(t −a3)p

p!
dt +

∫ b3

z

(b3 − t)p

p!
dt
]

= N1(x,y,z). (4.3.27)

Further, by using (4.3.6), (4.3.7) and (4.3.8), we have
(∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣Pn(x,r)Qm(y,s)Sp(z, t)
∣∣β dtdsdr

) 1
β

=
(∫ b1

a1

|Pn(x,r)|β dr
) 1

β
(∫ b2

a2

|Qm(y,s)|β ds
) 1

β
(∫ b3

a3

|Sp(z, t)|β dt
) 1

β

=
1

n!m!p!

[∫ x

a1

(r−a1)nβ dr +
∫ b1

x
(b1 − r)nβ dr

] 1
β
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×
[∫ y

a2

(s−a2)mβ ds+
∫ b2

y
(b2 − s)mβ ds

] 1
β
[∫ z

a3

(t −a3)pβ dt +
∫ b3

z
(b3 − t)pβ dt

] 1
β

= N2(x,y,z). (4.3.28)

Finally, using (4.3.6), (4.3.7) and (4.3.8), we have

sup
(r,s,t)∈H

|Pn(x,r)Qm(y,s)Sp(z, t)| = sup
r∈[a1,b1]

|Pn(x,r)| sup
s∈[a2,b2]

|Qm(y,s)| sup
t∈[a3,b3]

|Sp(z, t)|

= max
{

(x−a1)n

n!
,
(b1 − x)n

n!

}
max

{
(y−a2)m

m!
,
(b2 − y)m

m!

}
max

{
(z−a3)p

p!
,
(b3 − z)p

p!

}

= N3(x,y,z), (4.3.29)

here we have used the fact that

max{A,B} =
a+b

2
+
∣∣∣∣b−a

2

∣∣∣∣ .
The required inequality in (4.3.24) follows from (4.3.25)–(4.3.29) and the proof is com-

plete.

In our further discussion, we make use of the following notation to simplify the details

of presentation. The partial derivatives of a function e = e(x,y,z) : H → R are denoted

by D1e = ∂e
∂x , D2e = ∂e

∂y , D3e = ∂e
∂ z , D1D2e = ∂ 2e

∂x∂y , D2D3e = ∂ 2e
∂y∂ z , D3D1e = ∂ 2e

∂ z∂x and

D3D2D1e = ∂ 3e
∂ z∂y∂x . We denote by F(H) the class of continuous functions e : H → R for

which D1e, D2e, D3e, D1D2e, D2D3e, D3D1e, D3D2D1e exist and are continuous on H.

For (x,y,z), (r,s, t) ∈ H and some suitable functions p, f , g, h : H → R, we set

l = (b1 −a1)(b2 −a2)(b3 −a3),

I[p] =
∫ x

r

∫ y

s

∫ z

t
D3D2D1 p(u,v,w)dwdvdu,

J[p] = (b2 −a2)(b3 −a3)
∫ b1

a1

p(r,y,z)dr

+(b1 −a1)(b3 −a3)
∫ b2

a2

p(x,s,z)ds+(b1 −a1)(b2 −a2)
∫ b3

a3

p(x,y, t)dt,

L[p] = (b3 −a3)
∫ b1

a1

∫ b2

a2

p(r,s,z)dsdr

+(b2 −a2)
∫ b1

a1

∫ b3

a3

p(r,y, t)dtdr +(b1 −a1)
∫ b2

a2

∫ b3

a3

p(x,s, t)dtds,

A( f ,g,h;J,L; l)(x,y,z) = f (x,y,z)g(x,y,z)h(x,y,z)
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− 1
3l

[
g(x,y,z)h(x,y,z)

{
J[ f ]−L[ f ]+

∫ b1

a1

∫ b2

a2

∫ b3

a3

f (r,s, t)dtdsdr
}

+h(x,y,z) f (x,y,z)
{

J[g]−L[g]+
∫ b1

a1

∫ b2

a2

∫ b3

a3

g(r,s, t)dtdsdr
}

+ f (x,y,z)g(x,y,z)
{

J[h]−L[h]+
∫ b1

a1

∫ b2

a2

∫ b3

a3

h(r,s, t)dtdsdr
}]

,

B( f ,g,h; I)(x,y,z) = g(x,y,z)h(x,y,z)
∫ b1

a1

∫ b2

a2

∫ b3

a3

I[ f ]dtdsdr

+h(x,y,z) f (x,y,z)
∫ b1

a1

∫ b2

a2

∫ b3

a3

I[g]dtdsdr + f (x,y,z)g(x,y,z)
∫ b1

a1

∫ b2

a2

∫ b3

a3

I[h]dtdsdr.

In [126], Pachpatte has established the following Ostrowski-type inequality for triple inte-

grals.

Theorem 4.3.3. Let f ∈ F(H). Then∣∣∣∣ f (x,y,z)−
[

1
b1 −a1

∫ b1

a1

f (r,y,z)dr +
1

b2 −a2

∫ b2

a2

f (x,s,z)ds

+
1

b3 −a3

∫ b3

a3

f (x,y, t)dt
]

+
[

1
(b1 −a1)(b2 −a2)

∫ b1

a1

∫ b2

a2

f (r,s,z)dsdr

+
1

(b1 −a1)(b3 −a3)

∫ b1

a1

∫ b3

a3

f (r,y, t)dtdr +
1

(b2 −a2)(b3 −a3)

∫ b2

a2

∫ b3

a3

f (x,s, t)dtds
]

−1
l

∫ b1

a1

∫ b2

a2

∫ b3

a3

f (r,s, t)dtdsdr
∣∣∣∣� 1

l

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣I[ f ]
∣∣dtdsdr, (4.3.30)

for all (x,y,z) ∈ H.

Proof. First, we prove the following identity

I[ f ] = f (x,y,z)− [ f (r,y,z)+ f (x,s,z)+ f (x,y, t)]

+[ f (r,s,z)+ f (r,y, t)+ f (x,s, t)]− f (r,s, t), (4.3.31)

for (x,y,z), (r,s, t) ∈ H, where

I[ f ] =
∫ x

r

∫ y

s

∫ z

t
D3D2D1 f (u,v,w)dwdvdu. (4.3.32)

From (4.3.32), it is easy to observe that

I[ f ] =
∫ x

r

∫ y

s
D2D1 f (u,v,z)dvdu−

∫ x

r

∫ y

s
D2D1 f (u,v, t)dvdu = I1[ f ]− I2[ f ]. (4.3.33)
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By simple computation, we have

I1[ f ] =
∫ x

r

∫ y

s
D2D1 f (u,v,z)dvdu

=
∫ x

r
D1 f (u,y,z)du−

∫ x

r
D1 f (u,s,z)du

= f (x,y,z)− f (r,y,z)− f (x,s,z)+ f (r,s,z). (4.3.34)

Similarly, we have

I2[ f ] =
∫ x

r

∫ y

s
D2D1 f (u,v, t)dvdu

= f (x,y, t)− f (r,y, t)− f (x,s, t)+ f (r,s, t). (4.3.35)

Using (4.3.34) and (4.3.35) in (4.3.33), we get (4.3.31).

Integrating both sides of (4.3.31) with respect to (r,s, t) over H and rewriting, we get

f (x,y,z)−
[

1
b1 −a1

∫ b1

a1

f (r,y,z)dr +
1

b2 −a2

∫ b2

a2

f (x,s,z)ds

+
1

b3 −a3

∫ b3

a3

f (x,y, t)dt
]

+
[

1
(b1 −a1)(b2 −a2)

∫ b1

a1

∫ b2

a2

f (r,s,z)dsdr

+
1

(b1 −a1)(b3 −a3)

∫ b1

a1

∫ b3

a3

f (r,y, t)dtdr +
1

(b2 −a2)(b3 −a3)

∫ b2

a2

∫ b3

a3

f (x,s, t)dtds
]

−1
l

∫ b1

a1

∫ b2

a2

∫ b3

a3

f (r,s, t)dtdsdr =
1
l

∫ b1

a1

∫ b2

a2

∫ b3

a3

{
I[ f ]
}

dtdsdr, (4.3.36)

for (x,y,z) ∈ H. From (4.3.36) and using the properties of modulus and integrals, we get

the required inequality in (4.3.30). The proof is complete.

The following corollary holds.

Corollary 4.3.1. Let f be as in Theorem 4.3.3, then∣∣∣∣ f
(

a1 +b1

2
,

a2 +b2

2
,

a3 +b3

2

)
−
[

1
b1 −a1

∫ b1

a1

f
(

r,
a2 +b2

2
,

a3 +b3

2

)
dr

+
1

b2 −a2

∫ b2

a2

f
(

a1 +b1

2
,s,

a3 +b3

2

)
ds+

1
b3 −a3

∫ b3

a3

f
(

a1 +b1

2
,

a2 +b2

2
, t
)

dt
]

+
[

1
(b1 −a1)(b2 −a2)

∫ b1

a1

∫ b2

a2

f
(

r,s,
a3 +b3

2

)
dsdr

+
1

(b1 −a1)(b3 −a3)

∫ b1

a1

∫ b3

a3

f
(

r,
a2 +b2

2
, t
)

dtdr
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+
1

(b2 −a2)(b3 −a3)

∫ b2

a2

∫ b3

a3

f
(

a1 +b1

2
,s, t
)

dtds
]

−1
l

∫ b1

a1

∫ b2

a2

∫ b3

a3

f (r,s, t)dtdsdr
∣∣∣∣� l

64
‖D3D2D1 f‖∞, (4.3.37)

where

‖D3D2D1 f‖∞ = sup
(u,v,w)∈H

|D3D2D1 f (u,v,w)| < ∞.

By taking x = a1+b1
2 , y = a2+b2

2 , z = a3+b3
2 in (4.3.30) and simple computation, we get the

desired inequality in (4.3.37).

Before concluding this section, we shall give the following generalization of Theorem 4.3.3

recently investigated by Pachpatte in [134].

Theorem 4.3.4. Let f , g, h ∈ F(H). Then
∣∣A( f ,g,h;J,L; l

)
(x,y,z)

∣∣� 1
3l

B
(
| f |, |g|, |h|; |I|

)
(x,y,z), (4.3.38)

for all (x,y,z) ∈ H.

Proof. From the hypotheses, we have the following identities (see, the proof of Theo-

rem 4.3.3):

I[ f ] = f (x,y,z)− [ f (r,y,z)+ f (x,s,z)+ f (x,y, t)]

+[ f (r,s,z)+ f (r,y, t)+ f (x,s, t)]− f (r,s, t), (4.3.39)

I[g] = g(x,y,z)− [g(r,y,z)+g(x,s,z)+g(x,y, t)]

+[g(r,s,z)+g(r,y, t)+g(x,s, t)]−g(r,s, t), (4.3.40)

I[h] = h(x,y,z)− [h(r,y,z)+h(x,s,z)+h(x,y, t)]

+[h(r,s,z)+h(r,y, t)+h(x,s, t)]−h(r,s, t), (4.3.41)

for all (x,y,z),(r,s, t) ∈ H.

Multiplying both sides of (4.3.39), (4.3.40) and (4.3.41) by g(x,y,z)h(x,y,z),

h(x,y,z) f (x,y,z) and f (x,y,z)g(x,y,z) respectively and adding the resulting identities, we

get

3 f (x,y,z)g(x,y,z)h(x,y,z)−g(x,y,z)h(x,y,z){[ f (r,y,z)+ f (x,s,z)+ f (x,y, t)]

−[ f (r,s,z)+ f (r,y, t)+ f (x,s, t)]+ f (r,s, t)}
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−h(x,y,z) f (x,y,z){[g(r,y,z)+g(x,s,z)+g(x,y, t)]

−[g(r,s,z)+g(r,y, t)+g(x,s, t)]+g(r,s, t)}

− f (x,y,z)g(x,y,z){[h(r,y,z)+h(x,s,z)+h(x,y, t)]

−[h(r,s,z)+h(r,y, t)+h(x,s, t)]+h(r,s, t)}

= g(x,y,z)h(x,y,z)I[ f ]+h(x,y,z) f (x,y,z)I[g]+ f (x,y,z)g(x,y,z)I[h]. (4.3.42)

Integrating both sides of (4.3.42) with respect to (r,s, t) over H and rewriting, we have

A
(

f ,g,h;J,L; l
)
(x,y,z) =

1
3l

B( f ,g,h; I)(x,y,z). (4.3.43)

From (4.3.43) and using the properties of modulus, we get the desired inequality in (4.3.38).

The proof is complete.

Remark 4.3.2 If we take h(x,y,z) = 1 and hence I[h] = 0 in Theorem 4.3.4, then by

elementary calculation, we get∣∣∣∣ f (x,y,z)g(x,y,z)− 1
2l

[
g(x,y,z)

{
J[ f ]−L[ f ]+

∫ b1

a1

∫ b2

a2

∫ b3

a3

f (r,s, t)dtdsdr
}

+ f (x,y,z)
{

J[g]−L[g]+
∫ b1

a1

∫ b2

a2

∫ b3

a3

g(r,s, t)dtdsdr
}]∣∣∣∣

� 1
2l

[
|g(x,y,z)|

∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣I[ f ]
∣∣dtdsdr

+| f (x,y,z)|
∫ b1

a1

∫ b2

a2

∫ b3

a3

∣∣I[g]
∣∣dtdsdr

]
, (4.3.44)

for all (x,y,z) ∈ H. Further, by taking g(x,y,z) = 1 and hence I[g] = 0 in (4.3.44) and by

simple computation, we get (4.3.30).

Remark 4.3.3. Integrating both sides of (4.3.43) with respect to (x,y,z) over H and

rewriting, we have

T ( f ,g,h;J,L; l) =
1

3l
2

∫ b1

a1

∫ b2

a2

∫ b3

a3

B( f ,g,h; I)(x,y,z)dzdydx, (4.3.45)

where

T ( f ,g,h;J,L; l) =
1
l

∫ b1

a1

∫ b2

a2

∫ b3

a3

f (x,y,z)g(x,y,z)h(x,y,z)dzdydx

− 1

3l
2

∫ b1

a1

∫ b2

a2

∫ b3

a3

[g(x,y,z)h(x,y,z)(J[ f ]−L[ f ])
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+h(x,y,z) f (x,y,z)(J[g]−L[g]) + f (x,y,z)g(x,y,z)(J[h]−L[h])]dzdydx

−1
3

[(
1
l

∫ b1

a1

∫ b2

a2

∫ b3

a3

g(x,y,z)h(x,y,z)dzdydx
) (

1
l

∫ b1

a1

∫ b2

a2

∫ b3

a3

f (x,y,z)dzdydx
)

+
(

1
l

∫ b1

a1

∫ b2

a2

∫ b3

a3

h(x,y,z) f (x,y,z)dzdydx
)(

1
l

∫ b1

a1

∫ b2

a2

∫ b3

a3

g(x,y,z)dzdydx
)

+
(

1
l

∫ b1

a1

∫ b2

a2

∫ b3

a3

f (x,y,z)g(x,y,z)dzdydx
)(

1
l

∫ b1

a1

∫ b2

a2

∫ b3

a3

h(x,y,z)dzdydx
)]

.

From (4.3.45) and using the properties of modulus and integrals, we get the following

Grüss-type inequality

∣∣T ( f ,g,h;J,L; l)
∣∣� 1

3l
2

∫ b1

a1

∫ b2

a2

∫ b3

a3

B(| f |, |g|, |h|; |I|)(x,y,z)dzdydx. (4.3.46)

For similar results see [89].

4.4 Ostrowski-type inequalities in several variables

In this section, we offer some multivariate inequalities related to the Ostrowski’s inequality,

investigated in [44,76,87].

In 1975, Milovanović [76] first proved the following multivariate version of the Ostrowski’s

inequality given in (7).

Theorem 4.4.1. Let D = {(x1, . . . ,xn) : ai < xi < bi (i = 1, . . . ,n)} and let D be the closure

of D. Let f : R
n → R be a differentiable function defined on D and let

∣∣∣ ∂ f
∂xi

∣∣∣� Mi (Mi > 0;

i = 1, . . . ,n) in D. Then, for every x = (x1, . . . ,xn) ∈ D,

∣∣∣∣∣∣∣∣
f (x)− 1

n
∏
i=1

(bi −ai)

∫
D

f (y)dy

∣∣∣∣∣∣∣∣
�

n

∑
i=1

⎛
⎜⎜⎜⎝

1
4

+

(
xi −

ai +bi

2

)2

(bi −ai)2

⎞
⎟⎟⎟⎠(bi −ai)Mi, (4.4.1)

where,
∫

D f (y)dy =
∫ b1

a1
· · ·
∫ bn

an
f (y1, . . . ,yn)dyn · · ·dy1.

Proof. Let x = (x1, . . . ,xn) and y = (y1, . . . ,yn) (x ∈ D,y ∈ D). From the n-dimensional

version of the mean value Theorem (see [146, p. 174], [76, p. 121]), we have

f (x)− f (y) =
n

∑
i=1

∂ f (c)
∂xi

(xi − yi), (4.4.2)

where, c = (y1 +α(x1 − y1), . . . ,yn +α(xn − yn)) (0 < α < 1).
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Integrating both sides of (4.4.2) with respect to y over D, we obtain

f (x)mesD−
∫

D
f (y)dy =

n

∑
i=1

∫
D

∂ f (c)
∂xi

(xi − yi)dy, (4.4.3)

where mesD = ∏n
i=1(bi −ai). From (4.4.3), it follows that∣∣∣∣ f (x)mesD−

∫
D

f (y)dy
∣∣∣∣�

n

∑
i=1

∣∣∣∣
∫

D

∂ f (c)
∂xi

(xi − yi)dy
∣∣∣∣

�
n

∑
i=1

∫
D

∣∣∣∣∂ f (c)
∂xi

∣∣∣∣ |xi − yi|dy �
n

∑
i=1

Mi

∫
D
|xi − yi|dy. (4.4.4)

Since
∫ bi

ai

|xi − yi|dyi =
1
4
(bi −ai)2 +

(
xi −

ai +bi

2

)2

,

we have ∫
D
|xi − yi|dy =

mesD
bi −ai

∫ bi

ai

|xi − yi|dyi

= (mesD)(bi −ai)

⎛
⎜⎝1

4
+

(
xi − ai+bi

2

)2

(bi −ai)2

⎞
⎟⎠ . (4.4.5)

Using (4.4.5) in (4.4.4) and the fact that mesD > 0, we get the required inequality in (4.4.1).

The proof is complete.

In [44], Dragomir, Barnett and Cerone established the following Ostrowski-type inequality

for multivariate mappings of the r-Hölder type.

Theorem 4.4.2. Let B = ∏n
i=1[ai,bi] ⊂ R

n. Assume that the mapping f : B → R satisfies

the following r-Hölder type condition

| f (x)− f (y)| �
n

∑
i=1

Li|xi − yi|ri (Li � 0, i = 1, . . . ,n), (4.4.6)

for all x = (x1, . . . ,xn), y = (y1, . . . ,yn) in B, where ri ∈ (0,1], i = 1, . . . ,n. Then we have

the inequality∣∣∣∣∣∣∣∣
f (x)− 1

n
∏
i=1

(bi −ai)

∫
B

f (y)dy

∣∣∣∣∣∣∣∣
�

n

∑
i=1

Li

ri +1

[(
xi −ai

bi −ai

)ri+1

+
(

bi − xi

bi −ai

)ri+1
]

(bi −ai)ri

�
n

∑
i=1

Li

ri +1
(bi −ai)ri , (4.4.7)

for all x ∈ B, where
∫

B f (y)dy =
∫ b1

a1
· · ·
∫ bn

an
f (y1, . . . ,yn)dyn · · ·dy1.
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Proof. Using the properties of modulus and (4.4.6), we observe that∣∣∣∣ f (x)
∫

B
dy−

∫
B

f (y)dy
∣∣∣∣�
∫

B
| f (x)− f (y)|dy

�
n

∑
i=1

Li

∫ b1

a1

· · ·
∫ bn

an

|xi − yi|ridyn · · ·dy1. (4.4.8)

As ∫
B

dy =
∫ b1

a1

· · ·
∫ bn

an

dyn · · ·dy1 =
n

∏
i=1

(bi −ai),

and ∫ b1

a1

· · ·
∫ bn

an

|xi − yi|ridyn · · ·dy1 =
n

∏
j=1
j 	=i

(b j −a j)
∫ bi

ai

|xi − yi|ridyi

=
n

∏
j=1
j 	=i

(b j −a j)
[
(bi − xi)ri+1 +(xi −ai)ri+1

ri +1

]

=
n

∏
j=1

(b j −a j)
1

ri +1

[(
xi −ai

bi −ai

)ri+1

+
(

bi − xi

bi −ai

)ri+1
]

(bi −ai)ri ,

then dividing (4.4.8) by ∏n
j=1(b j −a j), we get the first part of (4.4.7).

Using the elementary inequality

(y−α)p+1 +(β − y)p+1 � (β −α)p+1,

for all α � y � β and p > 0, we get
(

xi −ai

bi −ai

)ri+1

+
(

bi − xi

bi −ai

)ri+1

� 1, i = 1, . . . ,n,

and the last part of (4.4.7) is also proved.

The following Corollaries hold.

Corollary 4.4.1. Under the assumptions of Theorem 4.4.2, we have the mid-point in-

equality∣∣∣∣∣∣∣∣
f
(

a1 +b1

2
, . . . ,

an +bn

2

)
− 1

n
∏
i=1

(bi −ai)

∫
B

f (y)dy

∣∣∣∣∣∣∣∣
�

n

∑
i=1

Li(bi −ai)ri

2ri(ri +1)
, (4.4.9)

which is the best inequality we can get from (4.4.7).
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Proof. Note that the mapping hp(y) : [α,β ] → R, hp(y) = (y − α)p+1 + (β − y)p+1

(p > 0) has its infimum at y0 = α+β
2 and

inf
y∈[α,β ]

hp(y) =
(β −α)p+1

2p .

Consequently, the best inequality we can get from (4.4.7) is the one for which xi = ai+bi
2 ,

giving the desired inequality (4.4.9).

Corollary 4.4.2. Under the assumptions of Theorem 4.4.2, we have the trapezoid-type

inequality∣∣∣∣∣∣∣∣
f (a1, . . . ,an)+ f (b1, . . . ,bn)

2
− 1

n
∏
i=1

(bi −ai)

∫
B

f (y)dy

∣∣∣∣∣∣∣∣
�

n

∑
i=1

Li(bi −ai)ri

ri +1
. (4.4.10)

Proof. Put in (4.4.7), x = (x1, . . . ,xn) = (a1, . . . ,an) and then x = (x1, . . . ,xn) =

(b1, . . . ,bn), add the obtained inequalities and use the triangle inequality, to get (4.4.10).

An important particular case is one for which the mapping f is Lipschitzian, i.e.,

| f (x)− f (y)| �
n

∑
i=1

Li|xi − yi|, (4.4.11)

for all x, y ∈ B and Li � 0, i = 1, . . . ,n.

The following Corollary holds.

Corollary 4.4.3. Let f be a Lipschitzian mapping with constants Li. Then we have∣∣∣∣∣∣∣∣
f (x)− 1

n
∏
i=1

(bi −ai)

∫
B

f (y)dy

∣∣∣∣∣∣∣∣
�

n

∑
i=1

Li

⎡
⎢⎢⎣1

4
+

⎛
⎜⎝

x− ai +bi

2
bi −ai

⎞
⎟⎠

2
⎤
⎥⎥⎦(bi −ai), (4.4.12)

for all x ∈ B. The constant 1
4 , in all the brackets, is the best possible.

Proof. Choose ri = 1 (i = 1, . . . ,n) in (4.4.7), to get∣∣∣∣∣∣∣∣
f (x)− 1

n
∏
i=1

(bi −ai)

∫
B

f (y)dy

∣∣∣∣∣∣∣∣
� 1

2

n

∑
i=1

Li

[(
xi −ai

bi −ai

)2

+
(

bi − xi

bi −ai

)2
]

(bi −ai).

A simple computation shows that

1
2

[(
xi −ai

bi −ai

)2

+
(

bi − xi

bi −ai

)2
]

=
1
4

+

(
x− ai+bi

2
bi −ai

)2

,

for i = 1, . . . ,n, giving the desired inequality (4.4.12).
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To prove the sharpness of the constants 1
4 , assume that the inequality (4.4.12) holds for

some constants ci > 0, i.e.,∣∣∣∣∣∣∣∣
f (x)− 1

n
∏
i=1

(bi −ai)

∫
B

f (y)dy

∣∣∣∣∣∣∣∣
�

n

∑
i=1

Li

⎡
⎣ci +

(
x− ai+bi

2
bi −ai

)2
⎤
⎦(bi −ai), (4.4.13)

for all x ∈ B.

Choose f (x) = xi(i = 1, . . . ,n). Then by (4.4.13), we get
∣∣∣∣xi −

ai +bi

2

∣∣∣∣�
⎡
⎣ci +

(
x− ai+bi

2
bi −ai

)2
⎤
⎦(bi −ai),

for all xi ∈ [ai,bi]. Put xi = ai, to get

bi −ai

2
�
(

ci +
1
4

)
(bi −ai),

from which we deduce ci � 1
4 , and the sharpness of 1

4 is proved.

The multivariate Ostrowski-type inequality investigated by Pachpatte in [87], is embodied

in the following theorem.

Theorem 4.4.3. Let the set B and the n-fold integral be as defined in Theorem 4.4.2. Let

f : B → R be a differentiable function and

vi(x1, . . . ,xi−1,xi+1, . . . ,xn) = f (x)
∣∣
xi=ai

+ f (x)
∣∣
xi=bi

,

for i = 1, . . . ,n. Then∣∣∣∣∣
∫

B
f (x)dx− 1

2n

n

∑
i=1

∫
B

vi(x1, . . . ,xi−1,xi+1, . . . ,xn)dx

∣∣∣∣∣

� 1
2n

(
n

∑
i=1

(bi −ai)
∫

B

∣∣∣∣∂ f (x)
∂xi

∣∣∣∣dx

)
. (4.4.14)

Proof. For x ∈ B it is easy to observe that the following identities hold (see [108, p. 392]):

n f (x) = f (a1,x2, . . . ,xn)+ · · ·+ f (x1, . . . ,xn−1,an)

+
∫ x1

a1

∂
∂ t1

f (t1,x2, . . . ,xn)dt1 + · · ·+
∫ xn

an

∂
∂ tn

f (x1,x2, . . . ,xn−1, tn)dtn, (4.4.15)

and

n f (x) = f (b1,x2, . . . ,xn)+ · · ·+ f (x1, . . . ,xn−1,bn)

−
∫ b1

x1

∂
∂ t1

f (t1,x2, . . . ,xn)dt1 −·· ·−
∫ bn

xn

∂
∂ tn

f (x1,x2, . . . ,xn−1, tn)dtn. (4.4.16)
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From (4.4.15) and (4.4.16), we get

f (x) =
1
2n

{
n

∑
i=1

vi(x1, . . . ,xi−1,xi+1, . . . ,xn)

+
[∫ x1

a1

∂
∂ t1

f (t1,x2, . . . ,xn)dt1 −
∫ b1

x1

∂
∂ t1

f (t1,x2, . . . ,xn)dt1

]
+ · · ·

...

+
[∫ xn

an

∂
∂ tn

f (x1, . . . ,xn−1, tn)dtn −
∫ bn

xn

∂
∂ tn

f (x1, . . . ,xn−1, tn)dtn

]}
. (4.4.17)

Integrating both sides of (4.4.17) over B and by making elementary calculations, we get the

desired inequality in (4.4.14) and the proof is complete.

4.5 More Ostrowski-type inequalities in several variables

The main goal of this section is to present certain Ostrowski-type inequalities involving

two functions of several independent variables.

Let D = {(x1, . . . ,xn) : ai < xi < bi (i = 1, . . . ,n)} and D be the closure of D. For xi ∈R, x =

(x1, . . . ,xn) is a variable point in D and dx = dx1 · · ·dxn. The first order partial derivatives

of a function u(x) : D → R are denoted by ∂u(x)
∂xi

(i = 1, . . . ,n) and said to be bounded if
∥∥∥∥ ∂u

∂xi

∥∥∥∥
∞

= sup
x∈D

∣∣∣∣∂u(x)
∂xi

∣∣∣∣< ∞.

For any integrable function u(x) : D → R we denote by
∫

D u(x)dx the n-fold integral∫ b1
a1

· · ·
∫ bn

an
u(x1, . . . ,xn)dx1 · · ·dxn.

The first Theorem deals with the Ostrowski-type inequality involving two functions of

several variables established by Pachpatte in [92].

Theorem 4.5.1. Let f , g : R
n → R be continuous functions on D and differentiable on D,

with derivatives ∂ f (x)
∂xi

, ∂g(x)
∂xi

being bounded. Then for all x ∈ D,
∣∣∣∣ f (x)g(x)− 1

2M

[
g(x)

∫
D

f (y)dy+ f (x)
∫

D
g(y)dy

]∣∣∣∣

� 1
2M

n

∑
i=1

[
|g(x)|

∥∥∥∥ ∂ f
∂xi

∥∥∥∥
∞

+ | f (x)|
∥∥∥∥ ∂g

∂xi

∥∥∥∥
∞

]
Ei(x), (4.5.1)

where, M = mesD =
n
∏
i=1

(bi −ai) and Ei(x) =
∫

D |xi − yi|dy.
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Proof. Let x = (x1, . . . ,xn), y = (y1, . . . ,yn)
(
x ∈ D,y ∈ D

)
. From the n-dimensional ver-

sion of the mean value Theorem (see [146, p. 174] or [76, p. 121]), we have

f (x)− f (y) =
n

∑
i=1

∂ f (c1)
∂xi

(xi − yi), (4.5.2)

g(x)−g(y) =
n

∑
i=1

∂g(c2)
∂xi

(xi − yi), (4.5.3)

where, ci = (y1 +αi(x1 − y1), . . . ,yn +αi(xn − yn))(0 < αi < 1), i = 1,2. Multiplying both

sides of (4.5.2) and (4.5.3) by g(x) and f (x) respectively and adding, we get

2 f (x)g(x)−g(x) f (y)− f (x)g(y)

= g(x)
n

∑
i=1

∂ f (c1)
∂xi

(xi − yi)+ f (x)
n

∑
i=1

∂g(c2)
∂xi

(xi − yi). (4.5.4)

Integrating both sides of (4.5.4) with respect to y over D, using the fact that mesD > 0 and

rewriting, we have

f (x)g(x)− 1
2M

g(x)
∫

D
f (y)dy− 1

2M
f (x)

∫
D

g(y)dy

=
1

2M

[
g(x)

∫
D

n

∑
i=1

∂ f (c1)
∂xi

(xi − yi)dy + f (x)
∫

D

n

∑
i=1

∂g(c2)
∂xi

(xi − yi)dy

]
. (4.5.5)

From (4.5.5) and using the properties of modulus, we have∣∣∣∣ f (x)g(x)− 1
2M

[
g(x)

∫
D

f (y)dy+ f (x)
∫

D
g(y)dy

]∣∣∣∣

� 1
2M

[
|g(x)|

∫
D

n

∑
i=1

∣∣∣∣∂ f (c1)
∂xi

∣∣∣∣|xi − yi|dy+ | f (x)|
∫

D

n

∑
i=1

∣∣∣∣∂g(c2)
∂xi

∣∣∣∣ |xi − yi|dy

]

� 1
2M

n

∑
i=1

[
|g(x)|

∥∥∥∥ ∂ f
∂xi

∥∥∥∥
∞

+ | f (x)|
∥∥∥∥ ∂g

∂xi

∥∥∥∥
∞

]
Ei(x).

The proof is complete.

Remark 4.5.1. If we take g(x) = 1 and hence ∂g(x)
∂xi

= 0 in Theorem 4.5.1, then the in-

equality (4.5.1) reduces to the inequality established by Milovanović in [76, Theorem 2],

which in turn is a generalization of the well-known Ostrowski’s inequality given in (7).

The inequalities in the following Theorem are also established by Pachpatte in [92].
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Theorem 4.5.2. Let f (x),g(x), ∂ f (x)
∂xi

, ∂g(x)
∂xi

be as in Theorem 4.5.1. Then for all x ∈ D,
∣∣∣∣ f (x)g(x)− 1

M

[
f (x)

∫
D

g(y)dy+g(x)
∫

D
f (y)dy

]
+

1
M

∫
D

f (y)g(y)dy
∣∣∣∣

� 1
M

∫
D

(
n

∑
i=1

∥∥∥∥ ∂ f
∂xi

∥∥∥∥
∞
|xi − yi|

)(
n

∑
i=1

∥∥∥∥ ∂g
∂xi

∥∥∥∥
∞
|xi − yi|

)
dy, (4.5.6)

and∣∣∣∣ f (x)g(x)− 1
M

[
f (x)

∫
D

g(y)dy+g(x)
∫

D
f (y)dy

]
+

1
M2

(∫
D

f (y)dy
)(∫

D
g(y)dy

)∣∣∣∣

� 1
M2

(
n

∑
i=1

∥∥∥∥ ∂ f
∂xi

∥∥∥∥
∞

Ei(x)

)(
n

∑
i=1

∥∥∥∥ ∂g
∂xi

∥∥∥∥
∞

Ei(x)

)
, (4.5.7)

where M and Ei(x) are as defined in Theorem 4.5.1.

Proof. From the hypotheses, the identities (4.5.2) and (4.5.3) hold. Multiplying the left

hand and right hand sides of (4.5.2) and (4.5.3), we get

f (x)g(x)− f (x)g(y)−g(x) f (y)+ f (y)g(y)

=

(
n

∑
i=1

∂ f (c1)
∂xi

(xi − yi)

)(
n

∑
i=1

∂g(c2)
∂xi

(xi − yi)

)
. (4.5.8)

Integrating both sides of (4.5.8) with respect to y over D and rewriting, we have

f (x)g(x)− 1
M

f (x)
∫

D
g(y)dy− 1

M
g(x)

∫
D

f (y)dy+
1
M

∫
D

f (y)g(y)dy

=
1
M

∫
D

(
n

∑
i=1

∂ f (c1)
∂xi

(xi − yi)

)(
n

∑
i=1

∂g(c2)
∂xi

(xi − yi)

)
dy. (4.5.9)

From (4.5.9) and using the properties of the modulus, we have∣∣∣∣ f (x)g(x)− 1
M

[
f (x)

∫
D

g(y)dy+g(x)
∫

D
f (y)dy

]
+

1
M

∫
D

f (y)g(y)dy
∣∣∣∣

� 1
M

∫
D

(
n

∑
i=1

∣∣∣∣∂ f (c1)
∂xi

∣∣∣∣ |xi − yi|
)(

n

∑
i=1

∣∣∣∣∂g(c2)
∂xi

∣∣∣∣ |xi − yi|
)

dy

� 1
M

∫
D

(
n

∑
i=1

∥∥∥∥ ∂ f
∂xi

∥∥∥∥
∞
|xi − yi|

)(
n

∑
i=1

∥∥∥∥ ∂g
∂xi

∥∥∥∥
∞
|xi − yi|

)
dy,

which is the required inequality in (4.5.6).
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Integrating both sides of (4.5.2) and (4.5.3) with respect to y over D and rewriting, we get

f (x)− 1
M

∫
D

f (y)dy =
1
M

∫
D

n

∑
i=1

∂ f (c1)
∂xi

(xi − yi)dy, (4.5.10)

and

g(x)− 1
M

∫
D

g(y)dy =
1
M

∫
D

n

∑
i=1

∂g(c2)
∂xi

(xi − yi)dy, (4.5.11)

respectively. Multiplying the left hand and right hand sides of (4.5.10) and (4.5.11), we get

f (x)g(x)− 1
M

[
f (x)

∫
D

g(y)dy+g(x)
∫

D
f (y)dy

]
+

1
M2

(∫
D

f (y)dy
)(∫

D
g(y)dy

)

=
1

M2

(∫
D

n

∑
i=1

∂ f (c1)
∂xi

(xi − yi)dy

)(∫
D

n

∑
i=1

∂g(c2)
∂xi

(xi − yi)dy

)
. (4.5.12)

From (4.5.12) and using the properties of modulus, we have∣∣∣∣ f (x)g(x)− 1
M

[
f (x)

∫
D

g(y)dy+g(x)
∫

D
f (y)dy

]
+

1
M2

(∫
D

f (y)dy
)(∫

D
g(y)dy

)∣∣∣∣

� 1
M2

(∫
D

n

∑
i=1

∣∣∣∣∂ f (c1)
∂xi

∣∣∣∣ |xi − yi|dy

)(∫
D

n

∑
i=1

∣∣∣∣∂g(c2)
∂xi

∣∣∣∣ |xi − yi|dy

)

� 1
M2

(
n

∑
i=1

∥∥∥∥ ∂ f
∂xi

∥∥∥∥
∞

Ei(x)

)(
n

∑
i=1

∥∥∥∥ ∂g
∂xi

∥∥∥∥
∞

Ei(x)

)
.

This is the desired inequality in (4.5.7) and the proof is complete.

Remark 4.5.2. In [2,74], the authors have established a number of Ostrowski-type in-

equalities for functions of several variables by using different techniques. We note that the

inequalities given in Theorems 4.5.1 and 4.5.2 are different from those established in [2,74],

and the proofs are extremely simple. We also note that, by closely looking at the results

obtained in [105,125,134], one can very easily extend the inequalities in Theorems 4.5.1

and 4.5.2 involving three functions of several independent variables. We omit the details.

Another Ostrowski-type inequality for mappings of the Hölder type involving two functions

of several independent variables is given in the following theorem.
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Theorem 4.5.3. Let the set B be as defined in Theorem 4.4.2. Suppose that f : B → R is

of r-Hölder type, g : B → R is of s-Hölder type, i.e.,

| f (x)− f (y)| �
n

∑
i=1

Hi | xi − yi|ri (Hi � 0, i = 1, . . . ,n),

|g(x)−g(y)| �
n

∑
i=1

Li | xi − yi|si (Li � 0, i = 1, . . . ,n),

for all x, y ∈ B, where ri, si ∈ (0,1], i = 1, . . . ,n. Then we have the inequality∣∣∣∣ f (x)g(x)− 1
M

[
f (x)

∫
B

g(y)dy+g(x)
∫

B
f (y)dy

]
+

1
M

∫
B

f (y)g(y)dy
∣∣∣∣

� 1
M

∫
B

(
n

∑
i=1

Hi|xi − yi|ri

)(
n

∑
i=1

Li|xi − yi|si

)
dy, (4.5.13)

for all x ∈ B, where M = mesB = ∏n
i=1(bi −ai).

Proof. From the assumptions, we have

|( f (x)− f (y))(g(x)−g(y))| �
(

n

∑
i=1

Hi|xi − yi|ri

)(
n

∑
i=1

Li|xi − yi|si

)
. (4.5.14)

Integrating both sides of (4.5.14) with respect to y over B, we get
∫

B
|( f (x)− f (y))(g(x)−g(y))|dy �

∫
B

(
n

∑
i=1

Hi|xi − yi|ri

)(
n

∑
i=1

Li|xi − yi|si

)
dy. (4.5.15)

On the other hand, from the properties of integrals, we have
∫

B
|( f (x)− f (y))(g(x)−g(y))|dy �

∣∣∣∣
∫

B
( f (x)− f (y))(g(x)−g(y))dy

∣∣∣∣

=
∣∣∣∣ f (x)g(x)− f (x)

∫
B

g(y)dy−g(x)
∫

B
f (y)dy+

∫
B

f (y)g(y)dy
∣∣∣∣ . (4.5.16)

Using (4.5.16) in (4.5.15) and the fact that M = mesB > 0, we get the required inequality

in (4.5.13). The proof is complete.

Remark 4.5.3. If we take g = f and hence Li = Hi, si = ri, i = 1, . . . ,n in Theorem 4.5.3,

then we get
∣∣∣∣ f 2(x)− 2

M
f (x)

∫
B

f (y)dy+
1
M

∫
B

f 2(y)dy
∣∣∣∣� 1

M

∫
B

(
n

∑
i=1

Hi|xi − yi|ri

)2

dy,

for all x ∈ B.
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4.6 Discrete inequalities of the Ostrowski-type in several variables

In this section, we offer some discrete inequalities of Ostrowski-type involving functions

of many independent variables, recently investigated by Pachpatte in [95,125,134].

In what follows, we use the following notation for simplicity of presentation.

Let U = {1, . . . ,k + 1}, V = {1, . . . ,r + 1} (k,r ∈ N) and W = U ×V. For some suitable

functions p, f , g, h : W → R, we set

e = kr,

S[p] =
m−1

∑
σ=s

n−1

∑
τ=t

Δ2Δ1 p(σ ,τ),

F(m,n) = r
k

∑
s=1

f (s,n)+ k
r

∑
t=1

f (m, t),

G(m,n) = r
k

∑
s=1

g(s,n)+ k
r

∑
t=1

g(m, t),

H(m,n) = r
k

∑
s=1

h(s,n)+ k
r

∑
t=1

h(m, t),

P( f ,g,h;F,G,H;e)(m,n) = f (m,n)g(m,n)h(m,n)

− 1
3e

[
g(m,n)h(m,n)

{
F(m,n)−

k

∑
s=1

r

∑
t=1

f (s, t)

}

+h(m,n) f (m,n)

{
G(m,n)−

k

∑
s=1

r

∑
t=1

g(s, t)

}

+ f (m,n)g(m,n)

{
H(m,n)−

k

∑
s=1

r

∑
t=1

h(s, t)

}]
,

Q0( f ,g,h;S)(m,n) = g(m,n)h(m,n)
k

∑
s=1

r

∑
t=1

S[ f ]

+h(m,n) f (m,n)
k

∑
s=1

r

∑
t=1

S[g]+ f (m,n)g(m,n)
k

∑
s=1

r

∑
t=1

S[h],

Let A = {1, . . . ,a + 1}, B = {1, . . . ,b + 1}, C = {1, . . . ,c + 1} (a, b, c ∈ N) and E = A×
B×C. For some suitable functions p, f , g, h : E → R, we set

e = abc,
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S[p] =
k−1

∑
u=r

m−1

∑
v=s

n−1

∑
w=t

Δ3Δ2Δ1 p(u,v,w),

J[p] = bc
a

∑
r=1

p(r,m,n)+ ca
b

∑
s=1

p(k,s,n)+ab
c

∑
t=1

p(k,m, t),

L[p] = c
a

∑
r=1

b

∑
s=1

p(r,s,n)+b
a

∑
r=1

c

∑
t=1

p(r,m, t)+a
b

∑
s=1

c

∑
t=1

p(k,s, t),

P( f ,g,h;J,L;e)(k,m,n) = f (k,m,n)g(k,m,n)h(k,m,n)

− 1
3e

[
g(k,m,n)h(k,m,n)

{
J[ f ]−L[ f ]+

a

∑
r=1

b

∑
s=1

c

∑
t=1

f (r,s, t)

}

+h(k,m,n) f (k,m,n)

{
J[g]−L[g]+

a

∑
r=1

b

∑
s=1

c

∑
t=1

g(r,s, t)

}

+ f (k,m,n)g(k,m,n)

{
J[h]−L[h]+

a

∑
r=1

b

∑
s=1

c

∑
t=1

h(r,s, t)

}]
,

Q( f ,g,h;S)(k,m,n) = g(k,m,n)h(k,m,n)
a

∑
r=1

b

∑
s=1

c

∑
t=1

S[ f ]

+h(k,m,n) f (k,m,n)
a

∑
r=1

b

∑
s=1

c

∑
t=1

S[g]+ f (k,m,n)g(k,m,n)
a

∑
r=1

b

∑
s=1

c

∑
t=1

S[h].

The discrete versions of Theorems 4.2.5 and 4.3.4 proved in [125] and [134] are embodied

in the following theorems.

Theorem 4.6.1. Let the functions f , g, h : W → R be such that Δ2Δ1 f (m,n),

Δ2Δ1g(m,n), Δ2Δ1h(m,n), exist on W . Then
∣∣P( f ,g,h;F,G,H;e)(m,n)

∣∣� 1
3e

Q0(| f |, |g|, |h|; |S|)(m,n), (4.6.1)

for all (m,n) ∈W.
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Proof. By simple computation we have the following identities:

f (m,n)− f (s,n)− f (m, t)+ f (s, t) = S[ f ], (4.6.2)

g(m,n)−g(s,n)−g(m, t)+g(s, t) = S[g], (4.6.3)

h(m,n)−h(s,n)−h(m, t)+h(s, t) = S[h], (4.6.4)

for (m,n), (s, t) ∈ W. Multiplying both sides of (4.6.2), (4.6.3) and (4.6.4) by

g(m,n)h(m,n), h(m,n) f (m,n) and f (m,n)g(m,n) respectively and adding the resulting

identities, we have

3 f (m,n)g(m,n)h(m,n)−g(m,n)h(m,n)[ f (s,n)+ f (m, t)− f (s, t)]

−h(m,n) f (m,n)[g(s,n)+g(m, t)−g(s, t)]− f (m,n)g(m,n)[h(s,n)+h(m, t)−h(s, t)]

= g(m,n)h(m,n)S[ f ]+h(m,n) f (m,n)S[g]+ f (m,n)g(m,n)S[h]. (4.6.5)

Summing both sides of (4.6.5) first with respect to t from 1 to r and then with respect to s

from 1 to k and rewriting, we have

P( f ,g,h;F,G,H;e)(m,n) =
1
3e

Q0( f ,g,h;S)(m,n). (4.6.6)

From (4.6.6) and using the properties of modulus, we get the required inequality in (4.6.1).

The proof is complete.

Remark 4.6.1. Taking h(m,n) = 1 and hence Δ2Δ1h(m,n) = 0 in Theorem 4.6.1 and by

simple computation, it is easy to see that the inequality (4.6.1) reduces to∣∣∣∣∣ f (m,n)g(m,n)− 1
2e

[
g(m,n)

{
F(m,n)−

k

∑
s=1

r

∑
t=1

f (s, t)

}

+ f (m,n)

{
G(m,n)−

k

∑
s=1

r

∑
t=1

g(s, t)

}]∣∣∣∣∣

� 1
2e

[
|g(m,n)|

k

∑
s=1

r

∑
t=1

|S[ f ]|+ | f (m,n)|
k

∑
s=1

r

∑
t=1

|S[g]|
]

, (4.6.7)

for all (m,n) ∈W. Further, by taking g(m,n) = 1 and hence Δ2Δ1g(m,n) = 0 in (4.6.7) and

by simple computation, we get the following Ostrowski-type discrete inequality∣∣∣∣∣ f (m,n)− 1
e

[
F(m,n)−

k

∑
s=1

r

∑
t=1

f (s, t)

]∣∣∣∣∣�
1
e

k

∑
s=1

r

∑
t=1

|S[ f ]|, (4.6.8)

for all (m,n) ∈W.
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Remark 4.6.2. Summing both sides of (4.6.6) first with respect to n from 1 to r and then

with respect to m from 1 to k and rewriting, we have

M( f ,g,h;F ,G,H;e) =
1

3e2

k

∑
m=1

r

∑
n=1

Q0( f ,g,h;S)(m,n), (4.6.9)

where

M( f ,g,h;F,G,H;e) =
1
e

k

∑
m=1

r

∑
n=1

f (m,n)g(m,n)h(m,n)

− 1
3e2

k

∑
m=1

r

∑
n=1

[
g(m,n)h(m,n)F(m,n)

+h(m,n) f (m,n)G(m,n)+ f (m,n)g(m,n)H(m,n)
]

+
1
3

[(
1
e

k

∑
m=1

r

∑
n=1

g(m,n)h(m,n)

)(
1
e

k

∑
m=1

r

∑
n=1

f (m,n)

)

+

(
1
e

k

∑
m=1

r

∑
n=1

h(m,n) f (m,n)

)(
1
e

k

∑
m=1

r

∑
n=1

g(m,n)

)

+

(
1
e

k

∑
m=1

r

∑
n=1

f (m,n)g(m,n)

)(
1
e

k

∑
m=1

r

∑
n=1

h(m,n)

)]
.

From (4.6.9) and using the properties of modulus, we get the following Grüss-type discrete

inequality

∣∣M( f ,g,h;F,G,H;e)
∣∣� 1

3e2

k

∑
m=1

r

∑
n=1

Q0(| f |, |g|, |h|; |S|)(m,n). (4.6.10)

Theorem 4.6.2. Let the functions f , g, h : E → R be such that Δ3Δ2Δ1 f (k,m,n),

Δ3Δ2Δ1g(k,m,n), Δ3Δ2Δ1h(k,m,n) exist on E. Then
∣∣P( f ,g,h;J,L;e

)
(k,m,n)

∣∣� 1
3e

Q
(
| f |, |g|, |h|;

∣∣S∣∣)(k,m,n), (4.6.11)

for all (k,m,n) ∈ E.
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Proof. We first prove the following identity:

S[ f ] = f (k,m,n)− [ f (r,m,n)+ f (k,s,n)+ f (k,m, t)]

+[ f (r,s,n)+ f (r,m, t)+ f (k,s, t)]− f (r,s, t), (4.6.12)

for (k,m,n),(r,s, t) ∈ E, where

S[ f ] =
k−1

∑
u=r

m−1

∑
v=s

n−1

∑
w=t

Δ3Δ2Δ1 f (u,v,w). (4.6.13)

From (4.6.13), by simple calculation, we have

S[ f ] =
k−1

∑
u=r

m−1

∑
v=s

[
n−1

∑
w=t

{Δ2Δ1 f (u,v,w+1)−Δ2Δ1 f (u,v,w)}
]

=
k−1

∑
u=r

m−1

∑
v=s

Δ2Δ1 f (u,v,n)−
k−1

∑
u=r

m−1

∑
v=s

Δ2Δ1 f (u,v, t)

= S1[ f ]−S2[ f ] (say). (4.6.14)

By simple computation, we have

S1[ f ] =
k−1

∑
u=r

m−1

∑
v=s

Δ2Δ1 f (u,v,n)

=
k−1

∑
u=r

[
m−1

∑
v=s

{Δ1 f (u,v+1,n)−Δ1 f (u,v,n)}
]

=
k−1

∑
u=r

Δ1 f (u,m,n)−
k−1

∑
u=r

Δ1 f (u,s,n)

=
k−1

∑
u=r

{ f (u+1,m,n)− f (u,m,n)}−
k−1

∑
u=r

{ f (u+1,s,n)− f (u,s,n)}

= f (k,m,n)− f (r,m,n)− f (k,s,n)+ f (r,s,n). (4.6.15)

Similarly, we have

S2[ f ] =
k−1

∑
u=r

m−1

∑
v=s

Δ2Δ1 f (u,v, t) = f (k,m, t)− f (r,m, t)− f (k,s, t)+ f (r,s, t) (4.6.16)

Using (4.6.15) and (4.6.16) in (4.6.14), we get (4.6.12). Similarly, we have the following

identities

S[g] = g(k,m,n)− [g(r,m,n)+g(k,s,n)+g(k,m, t)]

+[g(r,s,n)+g(r,m, t)+g(k,s, t)]−g(r,s, t), (4.6.17)
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S[h] = h(k,m,n)− [h(r,m,n)+h(k,s,n)+h(k,m, t)]

+[h(r,s,n)+h(r,m, t)+h(k,s, t)]−h(r,s, t), (4.6.18)

for (k,m,n), (r,s, t) ∈ E.

Multiplying both sides of (4.6.12), (4.6.17) and (4.6.18) by g(k,m,n)h(k,m,n),

h(k,m,n) f (k,m,n) and f (k,m,n)g(k,m,n) respectively and adding the resulting identities,

we have

3 f (k,m,n)g(k,m,n)h(k,m,n)

−g(k,m,n)h(k,m,n){[ f (r,m,n)+ f (k,s,n)+ f (k,m, t)]

−[ f (r,s,n)+ f (r,m, t)+ f (k,s, t)]+ f (r,s, t)}

−h(k,m,n) f (k,m,n){[g(r,m,n)+g(k,s,n)+g(k,m, t)]

− [g(r,s,n)+g(r,m, t)+g(k,s, t)]+g(r,s, t)}

− f (k,m,n)g(k,m,n){[h(r,m,n)+h(k,s,n)+h(k,m, t)]

− [h(r,s,n)+h(r,m, t)+h(k,s, t)]+h(r,s, t)}

= g(k,m,n)h(k,m,n)S[ f ]+h(k,m,n) f (k,m,n)S[g]+ f (k,m,n)g(k,m,n)S[h]. (4.6.19)

Summing both sides of (4.6.19), first with respect to t from 1 to c, then with respect to s

from 1 to b and finally with respect to r from 1 to a and rewriting, we have

P
(

f ,g,h;J,L;e
)
(k,m,n) =

1
3e

Q
(

f ,g,h;S
)
(k,m,n). (4.6.20)

From (4.6.20) and using the properties of modulus, we get the required inequality in

(4.6.11). The proof is complete.

Remark 4.6.3. Taking h(k,m,n) = 1 and hence S[h] = 0 in Theorem 4.6.2 and by simple

computation, it is easy to see that the inequality (4.6.11) reduces to∣∣∣∣∣ f (k,m,n)g(k,m,n)− 1
2e

[
g(k,m,n)

{
J[ f ]−L[ f ]+

a

∑
r=1

b

∑
s=1

c

∑
t=1

f (r,s, t)

}

+ f (k,m,n)

{
J[g]−L[g]+

a

∑
r=1

b

∑
s=1

c

∑
t=1

g(r,s, t)

}]∣∣∣∣∣

� 1
2e

[
|g(k,m,n)|

a

∑
r=1

b

∑
s=1

c

∑
t=1

|S[ f ]|+ | f (k,m,n)|
a

∑
r=1

b

∑
s=1

c

∑
t=1

|S[g]|
]

, (4.6.21)

for all (k,m,n) ∈ E. Further, by taking g(k,m,n) = 1 and hence S[g] = 0 in (4.6.21) and by

simple computation, we get∣∣∣∣∣ f (k,m,n)− 1
e

[
J[ f ]−L[ f ]+

a

∑
r=1

b

∑
s=1

c

∑
t=1

f (r,s, t)

]∣∣∣∣∣�
1
e

a

∑
r=1

b

∑
s=1

c

∑
t=1

|S[ f ]|, (4.6.22)

for all (k,m,n) ∈ E.
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Remark 4.6.4. Summing both sides of (4.6.20) first with respect to n from 1 to c, then

with respect to m from 1 to b and finally with respect to k from 1 to a and rewriting, we

have

M
(

f ,g,h;J,L;e
)

=
1

3e2

a

∑
k=1

b

∑
m=1

c

∑
n=1

Q( f ,g,h;S)(k,m,n), (4.6.23)

where

M
(

f ,g,h;J,L;e
)

=
1
e

a

∑
k=1

b

∑
m=1

c

∑
n=1

f (k,m,n)g(k,m,n)h(k,m,n)

− 1
3e2

a

∑
k=1

b

∑
m=1

c

∑
n=1

[g(k,m,n)h(k,m,n)(J[ f ]−L[ f ])+h(k,m,n) f (k,m,n)(J[g]−L[g])

+ f (k,m,n)g(k,m,n)(J[h]−L[h])]

−1
3

[(
1
e

a

∑
k=1

b

∑
m=1

c

∑
n=1

g(k,m,n)h(k,m,n)

)(
1
e

a

∑
k=1

b

∑
m=1

c

∑
n=1

f (k,m,n)

)

+

(
1
e

a

∑
k=1

b

∑
m=1

c

∑
n=1

h(k,m,n) f (k,m,n)

)(
1
e

a

∑
k=1

b

∑
m=1

c

∑
n=1

g(k,m,n)

)

+

(
1
e

a

∑
k=1

b

∑
m=1

c

∑
n=1

f (k,m,n)g(k,m,n)

)(
1
e

a

∑
k=1

b

∑
m=1

c

∑
n=1

h(k,m,n)

)]
.

From (4.6.23) and using the properties of modulus, we get the following Grüss-type dis-

crete inequality

∣∣M( f ,g,h;J,L;e)
∣∣� 1

3e2

a

∑
k=1

b

∑
m=1

c

∑
n=1

Q(| f |, |g|, |h|; |S|)(k,m,n). (4.6.24)

The discrete Ostrowski-type inequalities in the following theorems, involving functions of

many independent variables are investigated in [95].

Theorem 4.6.3. Let f , g : Q → R be functions such that Δi f (x), Δig(x) for i = 1, . . . ,n

are bounded on Q, where Q is as defined in section 2.6. Then for all x, y ∈ Q,∣∣∣∣∣ f (x)g(x)− 1
2M

[
g(x)∑

y
f (y)+ f (x)∑

y
g(y)

]∣∣∣∣∣

� 1
2M

n

∑
i=1

[|g(x)|‖Δi f‖∞ + | f (x)|‖Δig‖∞]Hi(x), (4.6.25)

where, M = ∏n
i=1 ai and Hi(x) = ∑y |xi − yi|.
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Proof. For x = (x1, . . . ,xn), y = (y1, . . . ,yn) in Q, it is easy to observe that the following

identities hold:

f (x)− f (y) =
n

∑
i=1

{
xi−1

∑
ti=yi

Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}
, (4.6.26)

g(x)−g(y) =
n

∑
i=1

{
xi−1

∑
ti=yi

Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}
. (4.6.27)

Multiplying both sides of (4.6.26) and (4.6.27) by g(x) and f (x) respectively and adding,

we get

2 f (x)g(x)−g(x) f (y)− f (x)g(y) = g(x)
n

∑
i=1

{
xi−1

∑
ti=yi

Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}

+ f (x)
n

∑
i=1

{
xi−1

∑
ti=yi

Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}
. (4.6.28)

Summing both sides of (4.6.28) with respect to y over Q, using the fact that M > 0 and

rewriting, we have

f (x)g(x)− 1
2M

g(x)∑
y

f (y)− 1
2M

f (x)∑
y

g(y)

=
1

2M

[
g(x)∑

y

[
n

∑
i=1

{
xi−1

∑
ti=yi

Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]

+ f (x)∑
y

[
n

∑
i=1

{
xi−1

∑
ti=yi

Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]]
. (4.6.29)

From (4.6.29) and using the properties of modulus, we have∣∣∣∣∣ f (x)g(x)− 1
2M

[
g(x)∑

y
f (y)+ f (x)∑

y
g(y)

]∣∣∣∣∣

� 1
2M

[
|g(x)|∑

y

[
n

∑
i=1

{∣∣∣∣∣
xi−1

∑
ti=yi

Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

∣∣∣∣∣
}]

+| f (x)|∑
y

[
n

∑
i=1

{∣∣∣∣∣
xi−1

∑
ti=yi

Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

∣∣∣∣∣
}]]

� 1
2M

[
|g(x)|∑

y

[
n

∑
i=1

{
‖Δi f‖∞

∣∣∣∣∣
xi−1

∑
ti=yi

1

∣∣∣∣∣
}]

+ | f (x)|∑
y

[
n

∑
i=1

{
‖Δig‖∞

∣∣∣∣∣
xi−1

∑
ti=yi

1

∣∣∣∣∣
}]]

=
1

2M

n

∑
i=1

[|g(x)|‖Δi f‖∞ + | f (x)|‖Δig‖∞]

(
∑
y
|xi − yi|

)

=
1

2M

n

∑
i=1

[|g(x)|‖Δi f‖∞ + | f (x)|‖Δig‖∞]Hi(x).

The proof of the inequality (4.6.25) is complete.
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Remark 4.6.5. By taking g(x) = 1 and hence Δig(x) = 0 in Theorem 4.6.3 and by simple

calculation, it is easy to see that the inequality (4.6.25) reduces to∣∣∣∣∣ f (x)−
1
M ∑

y
f (y)

∣∣∣∣∣�
1
M

n

∑
i=1

‖Δi f‖∞Hi(x), (4.6.30)

for all x, y ∈ Q. The inequality (4.6.30) can be considered as the discrete version of the

inequality established by Milovanović [76, Theorem 2].

Theorem 4.6.4. Let f , g, Δi f , Δig be as in Theorem 4.6.3. Then for every x, y ∈ Q,∣∣∣∣∣ f (x)g(x)− 1
M

[
g(x)∑

y
f (y)+ f (x)∑

y
g(y)

]
+

1
M ∑

y
f (y)g(y)

∣∣∣∣∣

� 1
M ∑

y

[
n

∑
i=1

‖Δi f‖∞|xi − yi|
][

n

∑
i=1

‖Δig‖∞|xi − yi|
]

, (4.6.31)

and ∣∣∣∣∣ f (x)g(x)− 1
M

[
g(x)∑

y
f (y)+ f (x)∑

y
g(y)

]
+

1
M2

(
∑
y

f (y)

)(
∑
y

g(y)

)∣∣∣∣∣

� 1
M2

[
n

∑
i=1

‖Δi f‖∞Hi(x)

][
n

∑
i=1

‖Δig‖∞Hi(x)

]
, (4.6.32)

where M and Hi(x) are as defined in Theorem 4.6.3.

Proof. From the hypotheses, the identities (4.6.26) and (4.6.27) hold. Multiplying the left

hand sides and right hand sides of (4.6.26) and (4.6.27), we get

f (x)g(x)−g(x) f (y)− f (x)g(y)+ f (y)g(y)

=

[
n

∑
i=1

{
xi−1

∑
ti=yi

Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]

×
[

n

∑
i=1

{
xi−1

∑
ti=yi

Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]
. (4.6.33)

Summing both sides of (4.6.33) with respect to y over Q and rewriting, we have

f (x)g(x)− 1
M

[
g(x)∑

y
f (y)+ f (x)∑

y
g(y)

]
+

1
M ∑

y
f (y)g(y)

=
1
M ∑

y

[
n

∑
i=1

{
xi−1

∑
ti=yi

Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]



236 Analytic Inequalities: Recent Advances

×
[

n

∑
i=1

{
xi−1

∑
ti=yi

Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]
. (4.6.34)

From (4.6.34) and using the properties of modulus, we have∣∣∣∣∣ f (x)g(x)− 1
M

[
g(x)∑

y
f (y)+ f (x)∑

y
g(y)

]
+

1
M ∑

y
f (y)g(y)

∣∣∣∣∣
� 1

M ∑
y

[
n

∑
i=1

∣∣∣∣∣
{

xi−1

∑
ti=yi

|Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)|
}∣∣∣∣∣
]

×
[

n

∑
i=1

∣∣∣∣∣
{

xi−1

∑
ti=yi

|Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)|
}∣∣∣∣∣
]

� 1
M ∑

y

[
n

∑
i=1

‖Δi f‖∞|xi − yi|
][

n

∑
i=1

‖Δig‖∞|xi − yi|
]

,

which is the required inequality in (4.6.31).

Summing both sides of (4.6.26) and (4.6.27) with respect to y over Q and rewriting, we get

f (x)− 1
M ∑

y
f (y) =

1
M ∑

y

[
n

∑
i=1

{
xi−1

∑
ti=yi

Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]
, (4.6.35)

and

g(x)− 1
M ∑

y
g(y) =

1
M ∑

y

[
n

∑
i=1

{
xi−1

∑
ti=yi

Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}]
, (4.6.36)

respectively. Multiplying the left hand sides and right hand sides of (4.6.35) and (4.6.36),

we get

f (x)g(x)− 1
M

[
g(x)∑

y
f (y)+ f (x)∑

y
g(y)

]
+

1
M2

(
∑
y

f (y)

)(
∑
y

g(y)

)

=
1

M2

(
∑
y

[
n

∑
i=1

{
xi−1

∑
ti=yi

Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}])

×
(

∑
y

[
n

∑
i=1

{
xi−1

∑
ti=yi

Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)

}])
(4.6.37)

From (4.6.37) and using the properties of modulus, we have∣∣∣∣∣ f (x)g(x)− 1
M

[
g(x)∑

y
f (y)+ f (x)∑

y
g(y)

]
+

1
M2

(
∑
y

f (y)

)(
∑
y

g(y)

)∣∣∣∣∣
� 1

M2

(
∑
y

[
n

∑
i=1

∣∣∣∣∣
{

xi−1

∑
ti=yi

|Δi f (y1, . . . ,yi−1, ti,xi+1, . . . ,xn)|
}∣∣∣∣∣
])

×
(

∑
y

[
n

∑
i=1

∣∣∣∣∣
{

xi−1

∑
ti=yi

|Δig(y1, . . . ,yi−1, ti,xi+1, . . . ,xn)|
}∣∣∣∣∣
])

� 1
M2

(
n

∑
i=1

‖Δi f‖∞Hi(x)

)(
n

∑
i=1

‖Δig‖∞Hi(x)

)
.

This is the desired inequality in (4.6.32) and the proof is complete.
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4.7 Applications

In this section, we present applications of some of the inequalities given in earlier sections

and hope that they will encourage to open up new vistas for future research.

4.7.1 Applications for cubature formulae

In [8], Barnett and Dragomir used the inequality given in Theorem 4.2.1 to obtain a general

cubature formula. In the following Theorem we present a result given in [8].

Consider the arbitrary divisions In = a = x0 < x1 < · · · < xn−1 < xn = b and Jm = c =

y0 < y1 < · · · < ym−1 < ym = d and ξi ∈ [xi,xi+1] (i = 0, . . . ,n− 1), η j ∈ [y j,y j+1] ( j =

0, . . . ,m−1) (n,m ∈ N) be intermediate points. Consider the sum

C( f , In,Jm,ξ ,η) =
n−1

∑
i=0

m−1

∑
j=0

hi

∫ y j+1

y j

f (ξi, t)dt

+
n−1

∑
i=0

m−1

∑
j=0

l j

∫ xi+1

xi

f (s,η j)ds−
n−1

∑
i=0

m−1

∑
j=0

hil j f (ξi,η j), (4.7.1)

for which we assume that the involved integrals can more easily be computed than the

original double integral

D =
∫ b

a

∫ d

c
f (s, t)dtds,

and hi = xi+1 − xi (i = 0, . . . ,n− 1), l j = y j+1 − y j ( j = 0, . . . ,m− 1), ξ = (ξ0, . . . ,ξn−1),

η = (η0, . . . ,ηm−1).

With this assumption, we state the following cubature formula given in [8].

Theorem 4.7.1. Let f : Δ → R be as in Theorem 4.2.1 and In, Jm, ξi, η j, ξ , η be as

above. Then we have the cubature formula∫ b

a

∫ d

c
f (s, t)dtds = C( f , In,Jm,ξ ,η)+R( f , In,Jm,ξ ,η), (4.7.2)

where C( f , In,Jm,ξ ,η) is given by (4.7.1) and the remainder term R( f , In,Jm,ξ ,η) satisfies

the estimation

|R( f , In,Jm,ξ ,η)|

� ‖D2D1 f‖∞

n−1

∑
i=0

m−1

∑
j=0

[
1
4

h2
i +
(

ξi −
xi + xi+1

2

)2
][

1
4

l2
j +
(

η j −
y j + y j+1

2

)2
]

� 1
4
‖D2D1 f‖∞

n−1

∑
i=0

h2
i

m−1

∑
j=0

l2
j . (4.7.3)
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Proof. Apply Theorem 4.2.1 on [xi,xi+1]× [y j,y j+1] (i = 0, . . . ,n− 1; j = 0, . . . ,m− 1),

to get∣∣∣∣
∫ xi+1

xi

∫ y j+1

y j

f (s, t)dtds−
[

l j

∫ xi+1

xi

f (s,η j)ds+hi

∫ y j+1

y j

f (ξi, t)dt −hil j f (ξi,η j)
]∣∣∣∣

�
[

1
4

h2
i +
(

ξi −
xi + xi+1

2

)2
][

1
4

l2
j +
(

η j −
y j + y j+1

2

)2
]
‖D2D1 f‖∞, (4.7.4)

for all i = 0, . . . ,n−1; j = 0, . . . ,m−1.

Summing both sides of (4.7.4) over i from 0 to n−1 and over j from 0 to m−1 and using

the generalized triangle inequality we deduce the first inequality in (4.7.3).

For the second part, we observe that∣∣∣∣ξi −
xi + xi+1

2

∣∣∣∣� 1
2

hi,

∣∣∣∣η j −
y j + y j+1

2

∣∣∣∣� 1
2

l j,

for all i, j as above.

Now, define the sum

CM( f , In,Jm) =
n−1

∑
i=0

m−1

∑
j=0

hi

∫ y j+1

y j

f
(

xi + xi+1

2
, t
)

dt

+
n−1

∑
i=0

m−1

∑
j=0

l j

∫ xi+1

xi

f
(

s,
y j + y j+1

2

)
ds−

n−1

∑
i=0

m−1

∑
j=0

hil j f
(

xi + xi+1

2
,

y j + y j+1

2

)
. (4.7.5)

The following corollary contains the best cubature formula, we can get from (4.7.1).

Corollary 4.7.1. Let f , In, Jm be as in Theorem 4.7.1, then we have
∫ b

a

∫ d

c
f (s, t)dtds = CM( f , In,Jm)+R( f , In,Jm), (4.7.6)

where CM( f , In,Jm) is the midpoint formula given by (4.7.5) and the remainder R( f , In,Jm)

satisfies the estimation

|R( f , In,Jm)| � 1
16

‖D2D1 f‖∞

n−1

∑
i=0

h2
i

m−1

∑
j=0

l2
j . (4.7.7)

4.7.2 More applications for cubature formulae

Below, we shall present an application of one case of Theorem 4.2.2, namely, when all the

derivatives D1 f , D2 f , D2D1 f of a function f : Δ → R are bounded. That is,∣∣∣∣ f (x,y)− 1
(b−a)(d − c)

∫ b

a

∫ d

c
f (t,s)dsdt

∣∣∣∣



Multidimensional Ostrowski-type inequalities 239

� 1
b−a

[
1
4
(b−a)2 +

(
x− a+b

2

)2
]
‖D1 f‖∞

+
1

d − c

[
1
4
(d − c)2 +

(
y− c+d

2

)2
]
‖D2 f‖∞

+
1

(b−a)(d − c)

[
1
4
(b−a)2 +

(
x− a+b

2

)2
]

×
[

1
4
(d − c)2 +

(
y− c+d

2

)2
]
‖D2D1 f‖∞, (4.7.8)

for all (x,y) ∈ Δ.

Using (4.7.8) we have the following Theorem given by Dragomir, Cerone, Barnett and

Roumeliotis in [37].

Theorem 4.7.2. Let In,Jm,ξi,η j,hi, l j,ξ ,η be as given in subsection 4.7.1 and f : Δ → R

be as in Theorem 4.2.2. Then we have∫ b

a

∫ d

c
f (t,s)dsdt = R( f , In,Jm,ξ ,η)+W ( f , In,Jm,ξ ,η), (4.7.9)

where R( f , In,Jm,ξ ,η) is the Riemann sum defined by

R( f , In,Jm,ξ ,η) =
n−1

∑
i=0

m−1

∑
j=0

hil j f (ξi,η j), (4.7.10)

and the remainder through the approximation W ( f , In,Jm,ξ ,η) satisfies the estimation

|W ( f , In,Jm,ξ ,η)| � (d − c)‖D1 f‖∞

n−1

∑
i=0

[
1
4

h2
i +
(

ξi −
xi + xi+1

2

)2
]

+(b−a)‖D2 f‖∞

m−1

∑
j=0

[
1
4

l2
j +
(

η j −
y j + y j+1

2

)2
]

+‖D2D1 f‖∞

n−1

∑
i=0

[
1
4

h2
i +
(

ξi −
xi + xi+1

2

)2
]

m−1

∑
j=0

[
1
4

l2
j +
(

η j −
y j + y j+1

2

)2
]

� 1
2
(d − c)‖D1 f‖∞

n−1

∑
i=0

h2
i +

1
2
(b−a)‖D2 f‖∞

m−1

∑
j=0

l2
j +

1
4
‖D2D1 f‖∞

n−1

∑
i=0

h2
i

m−1

∑
j=0

l2
j

� 1
2
(d − c)(b−a)

[
ν(h)‖D1 f‖∞ +ν(l)‖D2 f‖∞ +

1
2
‖D2D1 f‖∞ν(h)ν(l)

]
, (4.7.11)

where ν(h) = max{hi, i = 0, . . . ,n−1} and ν(l) = max{l j, j = 0, . . . ,m−1}.
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Proof. Apply (4.7.8) on [xi,xi+1]× [y j,y j+1] to obtain∣∣∣∣
∫ xi+1

xi

∫ y j+1

y j

f (t,s)dsdt −hil j f (ξi,η j)
∣∣∣∣

�
[

1
4

h2
i +
(

ξi −
xi + xi+1

2

)2
]

l j‖D1 f‖∞ +

[
1
4

l2
j +
(

η j −
y j + y j+1

2

)2
]

hi‖D2 f‖∞

+

[
1
4

h2
i +
(

ξi −
xi + xi+1

2

)2
][

1
4

l2
j +
(

η j −
y j + y j+1

2

)2
]
‖D2D1 f‖∞, (4.7.12)

for all i = 0, . . . ,n−1; j = 0, . . . ,m−1.

Summing both sides of (4.7.12) over i from 0 to n− 1 and over j from 0 to m−1, we get

the desired estimation (4.7.11).

4.7.3 Application to numerical integration

In [64], Hanna, Dragomir and Cerone employed the inequality given in Theorem 4.2.3 to

approximate two dimensional integrals for n-time differentiable mappings via the appli-

cation of function evaluations of one dimensional integrals at the boundary and interior

points.

The following application in numerical integration is found in [64].

Theorem 4.7.3. Let f : Δ → R be as in Theorem 4.2.3. In addition, let Iν and Jμ be

arbitrary divisions of [a,b] and [c,d] respectively, that is,

Iν : a = ξ0 < ξ1 < · · · < ξν = b,

with xi ∈ (ξi,ξi+1) for i = 0, . . . ,ν −1, and

Jμ : c = τ0 < τ1 < · · · < τμ = d,

with y j ∈ (τ j,τ j+1) for j = 0, . . . ,μ −1, then we have the cubature formula
∫ b

a

∫ d

c
f (t,s)dsdt =

n−1

∑
k=0

m−1

∑
l=0

ν−1

∑
i=0

μ−1

∑
j=0

X (I)
k (xi)Y

( j)
l (y j)

∂ i+ j f (xi,y j)
∂xi∂y j

+(−1)m
n−1

∑
k=0

ν−1

∑
i=0

μ−1

∑
j=0

X (I)
k (xi)

∫ τ j+1

τ j

S( j)
m (y j,s)

∂ k+m f (xi,s)
∂xk∂ sm ds

+(−1)n
m−1

∑
l=0

ν−1

∑
i=0

μ−1

∑
j=0

Y ( j)
l (y j)

∫ ξi+1

ξi

K(I)
n (xi, t)

∂ n+l f (t,y j)
∂ tn∂yl dt +R( f , Iν ,Jμ ,x,y), (4.7.13)
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where the remainder term satisfies the estimation

|R( f , Iν ,Jμ ,cx,y)|

�

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∥∥∥∥ ∂ n+m f
∂ tn∂ sm

∥∥∥∥
∞

(n+1)!(m+1)!

ν−1
∑

i=0

[
(xi −ξi)n+1 +(ξi+1 − xi)n+1

]

×
μ−1
∑
j=0

[
(y j − τ j)m+1 +(τ j+1 − y j)m+1

]
,

if
∂ n+m f
∂ tn∂ sm ∈ L∞(Δ);∥∥∥∥ ∂ n+m f

∂ tn∂ sm

∥∥∥∥
p

n!m!

ν−1
∑

i=0

[
(xi −ξi)nq+1 +(ξi+1 − xi)nq+1

nq+1

] 1
q

×
μ−1
∑
j=0

[
(y j − τ j)mq+1 +(τ j+1 − y j)mq+1

mq+1

] 1
q

,

if
∂ n+m f
∂ tn∂ sm ∈ Lp(Δ);

1
p

+
1
q

= 1, p > 1;∥∥∥∥ ∂ n+m f
∂ tn∂ sm

∥∥∥∥
1

4(n!m!)

ν−1
∑

i=0
[(xi −ξi)n +(ξi+1 − xi)n + |(xi −ξi)n − (ξi+1 − xi)n|]

×
μ−1
∑
j=0

[
(y j − τ j)m +(τ j+1 − y j)m +

∣∣(y j − τ j)m − (τ j+1 − y j)m
∣∣] ,

if
∂ n+m f
∂ tn∂ sm ∈ L1(Δ);

where X (I)
k (k = 0, . . . ,n−1; i = 0, . . . ,ν −1), Y ( j)

l (l = 0, . . . ,m−1; j = 0, . . . ,μ −1) and

K(I)
n (i = 0, . . . ,ν −1), S( j)

m ( j = 0, . . . ,μ −1) are defined by

X (I)
k (xi) =

(ξi+1 − xi)k+1 +(−1)k(xi −ξi)k+1

(k +1)!
,

Y ( j)
l (y j) =

(τ j+1 − y j)l+1 +(−1)l(y j − τ j)l+1

(l +1)!
,

and

K(I)
n (xi, t) =

⎧⎪⎨
⎪⎩

(t −ξi)n

n!
, t ∈ [ξi,xi],

(t −ξi+1)n

n!
, t ∈ (xi,ξi+1],

S( j)
m (y j,s) =

⎧⎪⎨
⎪⎩

(s− τ j)m

m!
, s ∈ [τ j,y j],

(s− τ j+1)m

m!
, s ∈ (y j,τ j+1].

The proof is obvious by Theorem 4.2.3 applied on [ξi,ξi+1]× [τ j,τ j+1], i = 0, . . . ,ν − 1;

j = 0, . . . ,μ −1, and we omit the details.
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4.8 Miscellaneous inequalities

4.8.1 Dragomir, Barnett and Cerone [29]

Let f : [a,b]× [c,d] → R be a continuous mapping on [a,b]× [c,d] and f ′′x,y = ∂ 2 f
∂x∂y exists

on (a,b)× (c,d) and is in Lp((a,b)× (c,d)), i.e.,

∥∥ f ′′s,t
∥∥

p =
(∫ b

a

∫ d

c

∣∣∣∣∂
2 f (x,y)
∂x∂y

∣∣∣∣
p

dxdy
) 1

p

< ∞, p > 1,

then we have the inequality∣∣∣∣
∫ b

a

∫ d

c
f (s, t)dsdt −

[
(b−a)

∫ d

c
f (x, t)dt

+(d − c)
∫ b

a
f (s,y)ds− (d− c)(b−a) f (x,y)

]∣∣∣∣

�
[
(x−a)q+1 +(b− x)q+1

q+1

] 1
q
[
(y− c)q+1 +(d − y)q+1

q+1

] 1
q

‖ f ′′s,t‖p,

for all (x,y) ∈ [a,b]× [c,d], where 1
p + 1

q = 1.

4.8.2 Hanna and Roumeliotis [63]

Let f : [a1,b1] × [a2,b2] → R be such that all its partial derivatives upto order 2 ex-

ist and be continuous, i.e., ∂ i f
∂ t j

1∂ tk
2

< ∞, i = 1,2; j = 0, . . . , i; k = i− j. Furthermore, let

w : (a1,b1)× (a2,b2) → (0,∞) be integrable i.e.,
∫ b1

a1

∫ b2
a2

w(t1, t2)dt2dt1 < ∞. Then for all

(x1,x2) ∈ [a1,b1]× [a2,b2] the following integral inequality holds∣∣∣∣
∫ b1

a1

∫ b2

a2

w(t1, t2) f (t1, t2)dt2dt1 − f (x1,x2)
∫ b1

a1

∫ b2

a2

w(t1, t2)dt2dt1

+
∂ f (x1,x2)

∂ t1

∫ b1

a1

∫ b2

a2

w(t1, t2)(x1 − t1)dt2dt1

+
∂ f (x1,x2)

∂ t2

∫ b1

a1

∫ b2

a2

w(t1, t2)(x2 − t2)dt2dt1

∣∣∣∣

� 1
2

∥∥∥∥∂ 2 f
∂ t2

1

∥∥∥∥
∞

∫ b1

a1

∫ b2

a2

w(t1, t2)(x1 − t1)2dt2dt1

+
1
2

∥∥∥∥∂ 2 f
∂ t2

2

∥∥∥∥
∞

∫ b1

a1

∫ b2

a2

w(t1, t2)(x2 − t2)2dt2dt1

+
∥∥∥∥ ∂ 2 f

∂ t1∂ t2

∥∥∥∥
∞

∫ b1

a1

∫ b2

a2

w(t1, t2)|x1 − t1||x2 − t2|dt2dt1.
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4.8.3 Hanna and Dragomir [65]

Let f : [a,b]× [c,d] → R be a function so that the partial derivatives D1 f (x,y), D2 f (x,y)

and D1D2 f (x,y) exist and are continuous on [a,b]× [c,d]. If |D1 f (x,y)| is convex over

first direction, |D2 f (x,y)| is convex over the second direction and |D1D2 f (x,y)| is convex

in both directions, then we have the inequality∣∣∣∣ 1
(b−a)(d − c)

∫ b

a

∫ d

c
f (t,s)dsdt − f (x0,y0)

∣∣∣∣

� [‖D1 f (x0, ·)‖∞ +‖D1 f‖∞]
2(b−a)

[
1
4
(b−a)2 +

(
x0 −

a+b
2

)2
]

+
[‖D2 f (·,y0)‖∞ +‖D2 f‖∞]

2(d − c)

[
1
4
(d − c)2 +

(
y0 −

c+d
2

)2
]

+
[‖D1D2 f (x0, ·)‖∞ + |D1D2 f (x0,y0)|+‖D1D2 f (·,y0)‖∞ +‖D1D2 f‖∞]

4(b−a)(d − c)

×
[

1
4
(b−a)2 +

(
x0 −

a+b
2

)2
][

1
4
(d − c)2 +

(
y0 −

c+d
2

)2
]

,

for all (x0,y0) ∈ [a,b]× [c,d], where

‖D1 f (x0, ·)‖∞ = sup
s∈[c,d]

|D1 f (x0,s)| < ∞,

‖D2 f (·,y0)‖∞ = sup
t∈[a,b]

|D2 f (t,y0)| < ∞,

‖D1 f‖∞ = sup
(t,s)∈[a,b]×[c,d]

|D1 f (t,s)| < ∞,

‖D1D2 f (x0, ·)‖∞ = sup
s∈[c,d]

|D1D2 f (x0,s)| < ∞,

‖D1D2 f (·,y0)‖∞ = sup
t∈[a,b]

|D1D2 f (t,y0)| < ∞,

and

‖D1D2 f‖∞ = sup
(t,s)∈[a,b]×[c,d]

|D1D2 f (t,s)| < ∞.
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4.8.4 Hanna, Dragomir and Cerone [62]

Let I, J be two closed intervals and f : I×J →R be a mapping so that the partial derivatives
∂ i+m+1 f (a,·)

∂xi∂ym+1 (i = 0, . . . ,n), ∂ j+n+1 f (·,b)
∂xn+1∂y j ( j = 0, . . . ,m) and ∂ n+m+2 f (·,·)

∂xn+1∂ym+1 exist on the intervals

J, I and I× J respectively, where a ∈ I and b ∈ J are given. Let x ∈ I and y ∈ J and assume

that ∂ i+m+1 f (a,·)
∂xi∂ym+1 are continuous on [b,y] (i = 0, . . . ,n), ∂ j+n+1 f (·,b)

∂xn+1∂y j are continuous on [a,x]

( j = 0, . . . ,m) and ∂ n+m+2 f (·,·)
∂xn+1∂ym+1 is continuous on [a,x]× [b,y]. Then we have the inequality
∣∣∣∣∣ f (x,y)−

n

∑
i=0

m

∑
j=0

(x−a)i

i!
(y−b) j

j!
∂ i+ j f (a,b)

∂xi∂y j

− 1
m!

n

∑
i=0

(x−a)i

i!

∫ y

b
(y−s)m ∂ i+m+1 f (a,s)

∂xi∂ym+1 ds − 1
n!

m

∑
j=0

(y−b) j

j!

∫ x

a
(x− t)n ∂ j+n+1 f (t,b)

∂xn+1∂y j dt

∣∣∣∣∣

�

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
(n+1)!(m+1)!

(x−a)n+1(y−b)m+1
∥∥∥∥ ∂ n+m+2 f

∂xn+1∂ym+1

∥∥∥∥
∞;[a,x]×[b,y]

,

if
∂ n+m+2 f

∂xn+1∂ym+1 ∈ L∞[[a,x]× [b,y]];

1

n!(nq+1)
1
q m!(mq+1)

1
q
(x−a)n+ 1

q (y−b)m+ 1
q

∥∥∥∥ ∂ n+m+2 f
∂xn+1∂ym+1

∥∥∥∥
p;[a,x]×[b,y]

,

if
∂ n+m+2 f

∂xn+1∂ym+1 ∈ Lp[[a,x]× [b,y]]; p > 1,
1
p

+
1
q

= 1,

1
n!m!

(x−a)n(y−b)m
∥∥∥∥ ∂ n+m+2 f

∂xn+1∂ym+1

∥∥∥∥
1;[a,x]×[b,y]

,

if
∂ n+m+2 f

∂xn+1∂ym+1 ∈ L1[[a,x]× [b,y]];

where ‖ ‖p;[a,x]×[b,y] is the usual p norm (p ∈ [1,∞]) on the region [a,x]× [b,y].

4.8.5 Milovanović [76]

Let f : R
m → R be a differentiable function defined on D = {(x1, . . . ,xm) : ai � xi � bi} for

(i = 1, . . . ,m) and let
∣∣ ∂ f

∂xi

∣∣� Mi (Mi > 0, i = 1, . . . ,m) in D. Furthermore, let the function

x → p(x) be integrable and p(x) > 0 for every x ∈ D. Then for every x ∈ D, we have the

inequality
∣∣∣∣∣∣∣
f (x)−

∫
D

p(y) f (y)dy
∫

D
p(y)dy

∣∣∣∣∣∣∣
�

m
∑

i=1
Mi

∫
D

p(y)|xi − yi|dy
∫

D
p(y)dy

.
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4.8.6 Dragomir, Barnett and Cerone [44]

Let the function f and the set B be as in Theorem 4.4.2. Let w : B → R be a nonnegative

and integrable function and
∫

B w(y)dy > 0. Then we have the inequality
∣∣∣∣∣∣∣
f (x)−

∫
B

w(y) f (y)dy
∫

B
w(y)dy

∣∣∣∣∣∣∣
�

n
∑

i=1
Li

∫
B

w(y)|xi − yi|ridy
∫

B
w(y)dy

,

for all x ∈ B.

4.8.7 Anastassiou [2]

Let f ∈C1
(
∏k

i=1[ai,bi]
)
, where ai < bi; ai, bi ∈R, i = 1, . . . ,k, and let�x0 = (x01, . . . ,x0k)∈

∏k
i=1[ai,bi] be fixed. Then∣∣∣∣∣∣∣∣

1
k
∏

t=1
(bi −ai)

∫ b1

a1

· · ·
∫ bk

ak

f (z1, . . . ,zk)dz1 · · ·dzk − f (�x0)

∣∣∣∣∣∣∣∣

�
k

∑
i=1

(x0i −ai)2 +(bi − x0i)2

2(bi −ai)

∥∥∥∥ ∂ f
∂ zi

∥∥∥∥
∞

.

The inequality is sharp, namely the optimal function is

f ◦(z1, . . . ,zk) =
k

∑
i=1

|zi − x0i|αi , αi > 1.

4.8.8 Anastassiou [2]

Let Q be a compact and convex subset of R
k, k � 1. Let f ∈ Cn+1(Q), n ∈ N and

�x0 = (x01, . . . ,x0k) ∈ Q be fixed such that all partial derivatives fα = ∂ α f
∂ zα , where α =

(α1, . . . ,αk), αi ∈ Z+, i = 1, . . . ,k, |α| = ∑k
i=1 αi = j, j = 1, . . . ,n fulfill fα(�x0) = 0. Then∣∣∣∣ 1

Vol(Q)

∫
Q

f (�z)d�z− f (�x0)
∣∣∣∣� Dn+1( f )

(n+1)!Vol(Q)

∫
Q

(‖�z−�x0‖l)
n+1 d�z,

where

Dn+1( f ) = max
α:|α|=n+1

‖ fα‖∞,

and

‖�z−�x0‖l =
k

∑
i=l

|zi − x0i|.
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4.8.9 Pachpatte [92]

Let D, D f , g, ∂ f
∂xi

, ∂g
∂xi

be as in Theorem 4.5.1. Let w : D → R be a nonnegative and

integrable function and
∫

D w(y)dy > 0. Then we have the inequality∣∣∣∣∣∣∣
f (x)g(x)−

⎡
⎢⎣

g(x)
∫

D
w(y) f (y)dy+ f (x)

∫
D

w(y)g(y)dy

2
∫

D
w(y)dy

⎤
⎥⎦
∣∣∣∣∣∣∣

�

∫
D

w(y)
n

∑
i=1

[
|g(x)|

∥∥∥∥ ∂ f
∂xi

∥∥∥∥
∞

+ | f (x)|
∥∥∥∥ ∂g

∂xi

∥∥∥∥
∞

]
|xi − yi|dy

2
∫

D
w(y)dy

,

for all x ∈ D.

4.8.10 Pachpatte [86]

Let A = {1, . . . ,k + 1}, B = {1, . . . ,m + 1} (k,m ∈ N) and E = A×B. Let f : E → R be a

function such that Δ1 f (x,y), Δ2 f (x,y), Δ2Δ1 f (x,y) exist on E. Then∣∣∣∣∣
k

∑
s=1

m

∑
t=1

f (s, t)− 1
2

{
m

k

∑
s=1

[ f (s,1)+ f (s,m+1)]+ k
m

∑
t=1

[ f (1, t)+ f (k +1, t)]

}

+
1
4

km [ f (1,1)+ f (1,m+1)+ f (k +1,1)+ f (k +1,m+1)]
∣∣∣∣� 1

4
km

k

∑
s=1

m

∑
t=1

|Δ2Δ1 f (s, t)| .

4.8.11 Pachpatte[83]

Let A = {1, . . . ,k + 1}, B = {1, . . . ,m + 1}, C = {1, . . . ,n + 1} (k, m, n ∈ N) and G =

A×B×C. Let f : G → R be a function such that Δ1 f (x,y,z), Δ2 f (x,y,z), Δ3Δ2Δ1 f (x,y,z)

exist on G. Then∣∣∣∣∣
k

∑
u=1

m

∑
v=1

n

∑
w=1

f (u,v,w)− 1
8

[ f (1,1,1)+ f (k +1,m+1,n+1)]

+
1
4

mn
k

∑
u=1

[ f (u,1,1)+ f (u,1,n+1)+ f (u,m+1,1)+ f (u,m+1,n+1)]

+
1
4

kn
m

∑
v=1

[ f (k +1,v,n+1)+ f (k +1,v,1)+ f (1,v,n+1)+ f (1,v,1)]

+
1
4

km
n

∑
w=1

[ f (k +1,m+1,w)+ f (k +1,1,w)+ f (1,m+1,w)+ f (1,1,w)]
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−1
2

k
m

∑
v=1

n

∑
w=1

[ f (1,v,w)+ f (k +1,v,w)]− 1
2

m
k

∑
u=1

n

∑
w=1

[ f (u,1,w)+ f (u,m+1,w)]

−1
2

n
k

∑
u=1

m

∑
v=1

[ f (u,v,1)+ f (u,v,n+1)]

∣∣∣∣∣�
1
8

kmn
k

∑
u=1

m

∑
v=1

n

∑
w=1

|Δ3Δ2Δ1 f (u,v,w)| .

4.8.12 Pachpatte [87]

Let A1 = {1, . . . ,a1 +1}, . . ., An = {1, . . . ,an +1} (a1, . . . ,an ∈ N) and H = A1 ×·· ·×An.

Let u : H → R be a function such that Δiu(x) (i = 1, . . . ,n) exist on H. Then∣∣∣∣∣∑H u(x)− 1
2n

{
a1

a2

∑
x2=1

· · ·
an

∑
xn=1

[u(1,x2, . . . ,xn)+u(a1 +1,x2, . . . ,xn)] + · · ·+

an

a1

∑
x1=1

· · ·
an−1

∑
xn−1=1

[u(x1, . . . ,xn−1,1)+u(x1, . . . ,xn−1,an +1)]

}∣∣∣∣∣�
1

2n

(
n

∑
i=1

ai ∑
H
|Δiu(x)|

)
,

where for a suitable function w(x) defined on H the notation

∑
H

w(x) =
a1

∑
x1=1

· · ·
an

∑
xn=1

w(x1, . . . ,xn),

is used to simplify the presentation.

4.8.13 Pachpatte [95]

Let f (x), Δi f (x) and Q be as in Theorem 4.6.3. Let w(y) be a real-valued nonnegative

function defined on Q and ∑y w(y) > 0. Then for x, y ∈ Q,

∣∣∣∣∣∣ f (x)−
∑
y

w(y) f (y)

∑
y

w(y)

∣∣∣∣∣∣�
∑
y

w(y)
n
∑

i=1
‖Δi f‖∞|xi − yi|

∑
y

w(y)
,

where for a suitable function u defined on Q, the notation ∑y u(y) is defined earlier in

Section 2.6.

4.8.14 Pachpatte [95]

Let f (x),g(x), Δi f (x), Δig(x) and Q be as in Theorem 4.6.3. Let w(y) be a real-valued

nonnegative function defined on Q and ∑y w(y) > 0. Then for x, y ∈ Q,
∣∣∣∣∣∣ f (x)g(x)−

g(x)∑
y

w(y) f (y)+ f (x)∑
y

w(y)g(y)

2∑
y

w(y)

∣∣∣∣∣∣
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�
∑
y

w(y)
n
∑

i=1
[|g(x)|‖Δi f‖∞ + | f (x)|‖Δig‖∞]|xi − yi|

2∑
y

w(y)
,

where for a suitable function u defined on Q, the notation ∑y u(y) is defined earlier in

Section 2.6.

4.9 Notes

A number of authors have written about multidimensional generalizations, extensions and

variants of the Ostrowsk’s inequality given in (7). The inequality in Theorem 4.2.1 is

due to Barnett and Dragomir [8], which may be regarded as a generalization of the clas-

sical result due to Ostrowski given in (7) for double integrals. The inequalities in Theo-

rems 4.2.2 and 4.2.3 are taken from Dragomir, Cerone, Barnett and Roumeliotis [37] and

Hanna, Dragomir and Cerone [64] respectively. Theorems 4.2.4 and 4.2.5 contains the Os-

trowski type inequalities for double integrals established by Pachpatte in [115] and [125]

respectively. Theorem 4.3.1 deals with the Ostrowski type inequality involving functions

of three independent variables and is taken from Pachpatte [83]. Lemma 4.3.1 and Theo-

rem 4.3.2 are due to Sofo [148], while Theorems 4.3.3 and 4.3.4 are due to Pachpatte [125]

and [134] respectively.

Theorem 4.4.1 contains the multivariate version of the Ostrowski’s inequality (7), first

proved by Milovanović in [76]. The results in Theorem 4.4.2 and Corollaries 4.4.1–4.4.3

deal with the Ostrowski type inequalities for multivariate mappings of the r-Hölder type

and are taken from Dragomir, Barnett and Cerone [44] and Theorem 4.4.3 is taken from

Pachpatte [87]. Theorems 4.5.1 and 4.5.2 are taken from Pachpatte [92], while Theo-

rem 4.5.3 is new. Section 4.6 deals with the discrete inequalities of Ostrowski type involv-

ing functions of many independent variables and are taken from Pachpatte [95,125,134].

Section 4.7 is devoted to the applications of some of the inequalities given by Barnett and

Dragomir [8], Dragomir, Cerone, Barnett and Roumeliotis [37] and Hanna, Dragomir and

Cerone [64]. Section 4.8 deals with some miscellaneous multivariate inequalities related to

the Ostrowski’s inequality in (7).



Chapter 5

Inequalities via convex functions

5.1 Introduction

The lasting influence of the fundamental inequalities in (8) and (9) due to Hadamard and

Jensen in the development of various branches of mathematics is enormous. In view of the

usefulness of these inequalities in analysis and their applications, the study of the inequali-

ties of the type (8) and (9) has been focus of great attention by many researchers, interested

both in theory and applications. In the last two decades, a large number of papers related to

these inequalities have appeared, which deal with various generalizations, numerous vari-

ants and applications. This chapter deals with some fundamental results related to these

inequalities, recently investigated in the literature by various investigators. For earlier re-

sults, as well as additional references, see [45,108]. Some applications are also given to

illustrate the usefulness of certain inequalities.

5.2 Integral inequalities involving convex functions

In this section, we offer some new integral inequalities analogues to that of Hadamard’s

inequalities (8), involving the product of two convex functions, investigated by Pachpatte

in [85,97].

The following Lemma proved in [143], see also [108, pp. 61-62], which deals with simple

chaterizations of convex functions is crucial in our discussion.

Lemma 5.2.1. Let [a,b]⊂R (a < b), t ∈ [0,1] and a function f : [a,b]→R. The following

statements are equivalent:

(i) f is convex on [a,b] and

(ii) for all x, y ∈ [a,b], the function p : [0,1] → R defined by p(t) = f (tx + (1− t)y) is

convex on [0,1].

249
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The following Theorem deals with the Hadamard type inequalities proved in [97].

Theorem 5.2.1. Let f and g be real-valued, nonnegative and convex functions on [a,b]⊂
R (a < b). Then

1
b−a

∫ b

a
f (x)g(x)dx � 1

3
M(a,b)+

1
6

N(a,b), (5.2.1)

2 f
(

a+b
2

)
g
(

a+b
2

)
� 1

b−a

∫ b

a
f (x)g(x)dx+

1
6

M(a,b)+
1
3

N(a,b), (5.2.2)

where M(a,b) = f (a)g(a)+ f (b)g(b), N(a,b) = f (a)g(b)+ f (b)g(a).

Proof. Since f and g are convex on [a,b], then for t ∈ [0,1], we have

f (ta+(1− t)b) � t f (a)+(1− t) f (b), (5.2.3)

g(ta+(1− t)b) � tg(a)+(1− t)g(b). (5.2.4)

From (5.2.3) and (5.2.4), we obtain

f (ta+(1− t)b)g(ta+(1− t)b)

� t2 f (a)g(a)+(1− t)2 f (b)g(b)+ t(1− t)[ f (a)g(b)+ f (b)g(a)]. (5.2.5)

By Lemma 5.2.1, f (ta +(1− t)b) and g(ta +(1− t)b) are convex on [0,1], they are inte-

grable on [0,1] and consequently f (ta+(1−t)b)g(ta+(1−t)b) is also integrable on [0,1].

Similarly, since f and g are convex on [a,b], they are integrable on [a,b] and hence f g is

also integrable on [a,b]. Integrating both sides of (5.2.5) over [0,1], we get
∫ 1

0
f (ta+(1− t)b)g(ta+(1− t)b)dt � 1

3
M(a,b)+

1
6

N(a,b). (5.2.6)

By substituting ta+(1− t)b = x, it is easy to observe that
∫ 1

0
f (ta+(1− t)b)g(ta+(1− t)b)dt =

1
b−a

∫ b

a
f (x)g(x)dx. (5.2.7)

Using (5.2.7) in (5.2.6), we get the the desired inequality in (5.2.1).

Since f and g are convex on [a,b], then for t ∈ [0,1], we observe that

f
(

a+b
2

)
g
(

a+b
2

)

= f
(

ta+(1− t)b
2

+
(1− t)a+ tb

2

)
g
(

ta+(1− t)b
2

+
(1− t)a+ tb

2

)

� 1
4
[ f (ta+(1− t)b)+ f ((1− t)a+ tb)] [g(ta+(1− t)b)+g((1− t)a+ tb)]
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� 1
4

[ f (ta+(1− t)b)g(ta+(1− t)b)+ f ((1− t)a+ tb)g((1− t)a+ tb)]

+
1
4

[(t f (a)+(1− t) f (b))((1− t)g(a)+ tg(b))

+((1− t) f (a)+ t f (b))(tg(a)+(1− t)g(b))]

=
1
4

[ f (ta+(1− t)b)g(ta+(1− t)b)+ f ((1− t)a+ tb)g((1− t)a+ tb)]

+
1
4

[2t(1− t)( f (a)g(a)+ f (b)g(b)) +
(
t2 +(1− t)2)( f (a)g(b)+ f (b)g(a))

]
. (5.2.8)

Again as explained in the proof of the inequality (5.2.1) given above we integrate both sides

of (5.2.8) over [0,1] and obtain

f
(

a+b
2

)
g
(

a+b
2

)

� 1
4

∫ 1

0
[ f (ta+(1− t)b)g(ta+(1− t)b)+ f ((1− t)a+ tb)g((1− t)a+ tb)]dt

+
1

12
M(a,b)+

1
6

N(a,b). (5.2.9)

From (5.2.9), it is easy to observe that

f
(

a+b
2

)
g
(

a+b
2

)
� 1

2

∫ 1

0
f (ta+(1− t)b)g(ta+(1− t)b)dt

+
1

12
M(a,b)+

1
6

N(a,b). (5.2.10)

Now, multiplying both sides of (5.2.10) by 2 and using (5.2.7), we get the required inequal-

ity in (5.2.2). The proof is complete.

Remark 5.2.1. If we choose a = 0 and b = 1 and the convex function f (x) = cx and

g(x) = d(1− x), where c, d are positive constants, then it is easy to observe that the in-

equalities obtained in (5.2.1) and (5.2.2) are sharp in the sense that the equalities in (5.2.1)

and (5.2.2) hold.

In the following theorem, we give a slight variant of the corresponding Theorem 2 proved

in [97].
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Theorem 5.2.2. Let f and g be real-valued, nonnegative and convex functions on [a,b]⊂
R (a < b). Then

3
2(b−a)2

∫ b

a

∫ b

a

∫ 1

0
f (tx+(1− t)y)g(tx+(1− t)y)dtdydx

� 1
b−a

∫ b

a
f (x)g(x)dx+

1
8
[M(a,b)+N(a,b)], (5.2.11)

3
b−a

∫ b

a

∫ 1

0
f
(

tx+(1− t)
(

a+b
2

))
g
(

tx+(1− t)
(

a+b
2

))
dtdx

� 1
b−a

∫ b

a
f (x)g(x)dx+

1
2
[M(a,b)+N(a,b)], (5.2.12)

where t ∈ [0,1] and M(a,b),N(a,b) are as in Theorem 5.2.1.

Proof. Since f and g are convex on [a,b], then for x, y ∈ [a,b] and t ∈ [0,1], we have

f (tx+(1− t)y) � t f (x)+(1− t) f (y), (5.2.13)

g(tx+(1− t)y) � tg(x)+(1− t)g(y). (5.2.14)

From (5.2.13) and (5.2.14), we obtain

f (tx+(1− t)y)g(tx+(1− t)y)

� t2 f (x)g(x)+(1− t)2 f (y)g(y)+ t(1− t) [ f (x)g(y)+ f (y)g(x)] . (5.2.15)

Integrating (5.2.15) over [0,1], we obtain
∫ 1

0
f (tx+(1− t)y)g(tx+(1− t)y)dt

� 1
3
[ f (x)g(x)+ f (y)g(y)]+

1
6
[ f (x)g(y)+ f (y)g(x)]. (5.2.16)

Integrating (5.2.16) over [a,b]× [a,b], we obtain
∫ b

a

∫ b

a

∫ 1

0
f (tx+(1− t)y)g(tx+(1− t)y)dtdydx

� 1
3
(b−a)

[∫ b

a
f (x)g(x)dx+

∫ b

a
f (y)g(y)dy

]

+
1
6

[(∫ b

a
f (x)dx

)(∫ b

a
g(y)dy

)
+
(∫ b

a
f (y)dy

)(∫ b

a
g(x)dx

)]
. (5.2.17)

By using the right half of the Hadamard’s inequality given in (8) on the right hand side of

(5.2.17), we have ∫ b

a

∫ b

a

∫ 1

0
f (tx+(1− t)y)g(tx+(1− t)y)dtdydx
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� 2
3
(b−a)

∫ b

a
f (x)g(x)dx+

1
12

(b−a)2[M(a,b)+N(a,b)]. (5.2.18)

Now, dividing both sides of (5.2.18) by 2
3 (b−a)2, we get the desired inequality in (5.2.11).

Since f and g are convex on [a,b], we have

f
(

tx+(1− t)
(

a+b
2

))
� t f (x)+(1− t) f

(
a+b

2

)
, (5.2.19)

g
(

tx+(1− t)
(

a+b
2

))
� tg(x)+(1− t)g

(
a+b

2

)
, (5.2.20)

for x ∈ [a,b] and t ∈ [0,1]. From (5.2.19) and (5.2.20), we have

f
(

tx+(1− t)
(

a+b
2

))
g
(

tx+(1− t)
(

a+b
2

))

� t2 f (x)g(x)+(1− t)2 f
(

a+b
2

)
g
(

a+b
2

)

+t(1− t)
[

f (x)g
(

a+b
2

)
+ f
(

a+b
2

)
g(x)
]
. (5.2.21)

Integrating (5.2.21) over [0,1], we obtain∫ 1

0
f
(

tx+(1− t)
(

a+b
2

))
g
(

tx+(1− t)
(

a+b
2

))
dt

� 1
3

[
f (x)g(x)+ f

(
a+b

2

)
g
(

a+b
2

)]

+
1
6

[
f (x)g

(
a+b

2

)
+ f
(

a+b
2

)
g(x)
]
. (5.2.22)

Now, integrating (5.2.22) over [a,b] and using the right half of the Hadamard’s inequality

given in (8) and the convexity of the functions f , g; we observe that∫ b

a

∫ 1

0
f
(

tx+(1− t)
(

a+b
2

))
g
(

tx+(1− t)
(

a+b
2

))
dtdx

� 1
3

∫ b

a
f (x)g(x)dx+

1
3
(b−a) f

(
a+b

2

)
g
(

a+b
2

)

+
1
6

[
g
(

a+b
2

)∫ b

a
f (x)dx+ f

(
a+b

2

)∫ b

a
g(x)dx

]

� 1
3

∫ b

a
f (x)g(x)dx+

1
12

(b−a)( f (a)+ f (b))(g(a)+g(b))

+
1
6

[(
g(a)+g(b)

2

)
(b−a)

(
f (a)+ f (b)

2

)
+
(

f (a)+ f (b)
2

)
(b−a)

(
g(a)+g(b)

2

)]

=
1
3

∫ b

a
f (x)g(x)dx+

1
12

(b−a)[M(a,b)+N(a,b)]

+
1

12
(b−a)[M(a,b)+N(a,b)]. (5.2.23)

Now, multiplying both sides of (5.2.23) by 3
b−a , we get the required inequality in (5.2.12).

The proof is complete.



254 Analytic Inequalities: Recent Advances

Remark 5.2.2. It should be noted that, in [70], Klaričić Bakula and Pečarić have noticed

some errors while calculating the bounds on inequalities in Theorem 2 given in [97]. In

fact, in [97, Theorem 2], 1
8

[
M(a,b)+N(a,b)

(b−a)2

]
stands in place of the term 1

8 [M(a,b)+N(a,b)] in

(5.2.11) and 1
4

( 1+b−a
B−1

)
[M(a,b)+N(a,b)] stands in place of the term 1

2 [M(a,b)+N(a,b)]

in (5.2.12), see also [20].

In [24], Dragomir, Pečarić and Persson have proved certain Hadamard-type inequalities for

the following classes of functions.

Let I be an interval of R and a, b ∈ I with a < b. In [60], Godunova and Levin introduced

the following class of functions.

A map f : I → R is said to belongs to the class Q(I), if it is nonnegative and for all x, y ∈ I

and λ ∈ (0,1), satisfies the inequality

f (λx+(1−λ )y) � f (x)
λ

+
f (y)

1−λ
. (5.2.24)

In [60] it is noted that all nonnegative monotone and nonnegative convex functions belong

to this class. In [24], Dragomir, Pečarić and Persson restricted the above class of functions

and introduced the following class of functions.

A map f : I → R is said to belongs to the class P(I) if it is nonnegative and for all x, y ∈ I

and λ ∈ (0,1), satisfies the following inequality

f (λx+(1−λ )y) � f (x)+ f (y). (5.2.25)

Obviously, Q(I) ⊃ P(I) and as noted in [60], P(I) also contain all monotone, convex and

quasi-convex functions.

The following two Theorems contains the Hadamard-type inequalities recently established

in [85], involving the product of two functions belonging to the above classes of functions.

Theorem 5.2.3. Let f ,g ∈ Q(I) and f ,g ∈ L1[a,b]. Then

f
(

a+b
2

)
g
(

a+b
2

)
� 240

b−a

∫ b

a
L(x) f (x)g(x)dx+40 [M(a,b)+2N(a,b)] , (5.2.26)

1
b−a

∫ b

a
L(x) f (x)g(x)dx � 1

3
M(a,b)+

1
6

N(a,b), (5.2.27)

where

L(x) =
[
(b− x)(x−a)

(b−a)2

]
, x ∈ I, (5.2.28)

and M(a,b) = f (a)g(a)+ f (b)g(b), N(a,b) = f (a)g(b)+ f (b)g(a).



Inequalities via convex functions 255

Proof. Since f , g ∈ Q(I), we have for x, y ∈ I (with λ = 1
2 in (5.2.24))

f
(

X +Y
2

)
� 2[ f (x)+ f (y)], (5.2.29)

g
(

X +Y
2

)
� 2[g(x)+g(y)]. (5.2.30)

Substituting x = ta+(1− t)b, y = (1− t)a+ tb; t ∈ (0,1) in (5.2.9) and (5.2.30), we have

f
(

a+b
2

)
� 2[ f (ta+(1− t)b)+ f ((1− t)a+ tb)], (5.2.31)

g
(

a+b
2

)
� 2[g(ta+(1− t)b)+g((1− t)a+ tb)]. (5.2.32)

From (5.2.31) and (5.2.32), we observe that

f
(

a+b
2

)
g
(

a+b
2

)
� 4[ f (ta+(1− t)b)+ f ((1− t)a+ tb)]

×[g(ta+(1− t)b)+g((1− t)a+ tb)]

= 4[ f (ta+(1− t)b)g(ta+(1− t)b)+ f ((1− t)a+ tb)g((1− t)a+ tb)]

+4[ f (ta+(1− t)b)g((1− t)a+ tb)+ f ((1− t)a+ tb)g(ta+(1− t)b)]

� 4H1(t)+4H2(t)+4
[(

f (a)
t

+
f (b)
1− t

) (
g(a)
1− t

+
g(b)

t

)

+
(

f (a)
1− t

+
f (b)

t

)(
g(a)

t
+

g(b)
1− t

)]
, (5.2.33)

where

H1(t) = f (ta+(1− t)b)g(ta+(1− t)b), (5.2.34)

H2(t) = f ((1− t)a+ tb)g((1− t)a+ tb). (5.2.35)

From (5.2.33), it is easy to observe that

t2(1− t)2 f
(

a+b
2

)
g
(

a+b
2

)

� 4t2(1− t)2 [H1(t)+H2(t)]+4
[
2t(1− t)M(a,b)+

(
t2 +(1− t)2)N(a,b)

]
. (5.2.36)

Integrating both sides of (5.2.36) with respect to t from 0 to 1, we have

1
30

f
(

a+b
2

)
g
(

a+b
2

)
� 4

∫ 1

0
t2(1− t)2H1(t)dt

+4
∫ 1

0
t2(1− t)2H2(t)dt +

4
3

M(a,b)+
8
3

N(a,b). (5.2.37)
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It is easy to observe that
∫ 1

0
t2(1− t)2H1(t)dt =

1
b−a

∫ b

a
L(x) f (x)g(x)dx, (5.2.38)

∫ 1

0
t2(1− t)2H2(t)dt =

1
b−a

∫ b

a
L(x) f (x)g(x)dx. (5.2.39)

Using (5.2.38) and (5.2.39) in (5.2.37) and rewriting, we get the desired inequality in

(5.2.26).

Since f , g ∈ Q(I), we have for a, b ∈ I and t ∈ (0,1),

t(1− t) f (ta+(1− t)b) � (1− t) f (a)+ t f (b), (5.2.40)

t(1− t)g(ta+(1− t)b) � (1− t)g(a)+ tg(b). (5.2.41)

From (5.2.40) and (5.2.41), we observe that

t2(1− t)2 f (ta+(1− t)b)g(ta+(1− t)b) � [(1− t) f (a)+ t f (b)][(1− t)g(a)+ tg(b)]

= (1− t)2 f (a)g(a)+ t2 f (b)g(b)+ t(1− t)[ f (a)g(b)+ f (b)g(a)]. (5.2.42)

Using (5.2.34) in (5.2.42) and integrating with respect to t from 0 to 1, we have
∫ 1

0
t2(1− t)2H1(t)dt � 1

3
M(a,b)+

1
6

N(a,b). (5.2.43)

Using (5.2.38) in (5.2.43), we get the required inequality in (5.2.27). The proof is complete.

Theorem 5.2.4. Let f , g ∈ P(I) and f ,g ∈ L1[a,b]. Then

f
(

a+b
2

)
g
(

a+b
2

)
� 2

b−a

∫ b

a
f (x)g(x)dx+2[M(a,b)+N(a,b)], (5.2.44)

1
b−a

∫ b

a
f (x)g(x)dx � M(a,b)+N(a,b), (5.2.45)

where M(a,b) and N(a,b) are as defined in Theorem 5.2.3.

Proof. Since f , g ∈ P(I), from (5.2.25) with x = ta+(1− t)b, y = (1− t)a+ tb; t ∈ (0,1)

and λ = 1
2 , we have

f
(

a+b
2

)
� f (ta+(1− t)b)+ f ((1− t)a+ tb), (5.2.46)

g
(

a+b
2

)
� g(ta+(1− t)b)+g((1− t)a+ tb). (5.2.47)

From (5.2.46) and (5.2.47), we have

f
(

a+b
2

)
g
(

a+b
2

)
� [ f (ta+(1− t)b)+ f ((1− t)a+ tb)]
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× [g(ta+(1− t)b)+g((1− t)a+ tb)]

= H1(t)+H2(t)+ f (ta+(1− t)b)g((1− t)a+ tb)+ f ((1− t)a+ tb)g(ta+(1− t)b)

� H1(t)+H2(t)+2[ f (a)+ f (b)][g(a)+g(b)], (5.2.48)

where H1(t) and H2(t) are defined by (5.2.34) and (5.2.35). Integrating both sides of

(5.2.48) with respect to t from 0 to 1, we obtain

f
(

a+b
2

)
g
(

a+b
2

)
�
∫ 1

0
H1(t)dt +

∫ 1

0
H2(t)dt +2 [M(a,b)+N(a,b)] . (5.2.49)

It is easy to observe that
∫ 1

0
H1(t)dt =

∫ 1

0
H2(t)dt =

1
b−a

∫ b

a
f (x)g(x)dx. (5.2.50)

Using (5.2.50) in (5.2.49), we get the required inequality in (5.2.44).

Since f ,g ∈ P(I), we have

f (ta+(1− t)b) � f (a)+ f (b), (5.2.51)

g(ta+(1− t)b) � g(a)+g(b). (5.2.52)

From (5.2.51) and (5.2.52), we observe that

f (ta+(1− t)b)g(ta+(1− t)b) � [ f (a)+ f (b)][g(a)+g(b)]. (5.2.53)

Using (5.2.34) in (5.2.53) and integrating with respect to t from 0 to 1 we get
∫ 1

0
H1(t)dt � M(a,b)+N(a,b). (5.2.54)

Using (5.2.50) in (5.2.54), we get the desired inequality in (5.2.45). The proof is complete.

5.3 Further integral inequalities involving convex functions

The present section is devoted to some integral inequalities involving convex functions

investigated by Pachpatte in [84].

Let f , g : [a,b] ⊂ R → R (a < b) be convex mappings. For x, y ∈ [a,b], we shall define the

mappings F(x,y)(t), G(x,y)(t) : [0,1] → R given by (see [23])

F(x,y)(t) =
1
2

[ f (tx+(1− t)y)+ f ((1− t)x+ ty)] , (5.3.1)

G(x,y)(t) =
1
2

[g(tx+(1− t)y)+g((1− t)x+ ty)] . (5.3.2)

In [23], Dragomir and Ionescu established some interesting properties of such mappings.

In particular in [23], it is shown that F(x,y)(t), G(x,y)(t) are convex on [0,1]. In [143],
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Pečarić and Dragomir proved that the following statements are equivalent for mappings

f , g : [a,b] → R:

(i) f , g are convex on [a,b];

(ii) for all x, y ∈ [a,b] the mappings f0, g0 : [0,1] → R defined by f0(t) = f (tx+(1− t)y)

or f ((1− t)x+ ty), g0(t) = g(tx+(1− t)y) or g((1− t)x+ ty) are convex on [0,1].

From these properties, it is easy to observe that if f0 and g0 are convex on [0,1], then they

are integrable on [0,1] and hence f0g0 is also integrable on [0,1]. Similarly, if f and g

are convex on [a,b], they are integrable on [a,b] and hence f g is also integrable on [a,b].

Consequently, it is easy to see that if f and g are convex on [a,b], then F = F(x,y) and

G = G(x,y) are convex and hence Fg, G f , F f , Gg are also integrable on [a,b]. We shall

use these facts in our discussion without further mention.

The following Theorem deals with the integral inequalities involving product of two func-

tions, recently established in [84].

Theorem 5.3.1. Let f and g be real-valued, nonnegative and convex functions on [a,b]

and the mappings F(x,y)(t) and G(x,y)(t) be defined by (5.3.1) and (5.3.2). Then for all

t ∈ [0,1] we have

1
(b−a)2

∫ b

a
(b− y) f (y)g(y)dy

� 2
5

1
(b−a)2

∫ b

a

(∫ y

a
[F(x,y)(t)g(x)+G(x,y)(t) f (x)]dx

)
dy+

1
10

f (a)g(a), (5.3.3)

1
(b−a)2

∫ b

a
(y−a) f (y)g(y)dy

� 2
5

1
(b−a)2

∫ b

a

(∫ b

y
[F(x,y)(t)g(x)+G(x,y)(t) f (x)]dx

)
dy+

1
10

f (b)g(b), (5.3.4)

1
b−a

∫ b

a
f (y)g(y)dy

� 2
5

1
(b−a)2

∫ b

a

∫ b

a
[F(x,y)(t)g(x)+G(x,y)(t) f (x)]dxdy+

1
10

[ f (a)g(a)+ f (b)g(b)].

(5.3.5)
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Proof. The assumptions that f and g are nonnegative and convex imply that, we may

assume that f , g ∈C1 and that we have the following estimates

f (tx+(1− t)y) � f (x)+(1− t)(y− x) f ′(x), (5.3.6)

f ((1− t)x+ ty) � f (x)+ t(y− x) f ′(x), (5.3.7)

g(tx+(1− t)y) � g(x)+(1− t)(y− x)g′(x), (5.3.8)

g((1− t)x+ ty) � g(x)+ t(y− x)g′(x), (5.3.9)

for x, y ∈ [a,b] and t ∈ [0,1]. From (5.3.6), (5.3.7), (5.3.1) and (5.3.8), (5.3.9), (5.3.2), it is

easy to observe that

F(x,y)(t) � f (x)+
1
2
(y− x) f ′(x), (5.3.10)

G(x,y)(t) � g(x)+
1
2
(y− x)g′(x), (5.3.11)

for x, y ∈ [a,b] and t ∈ [0,1]. Multiplying (5.3.10) by g(x) and (5.3.11) by f (x) and then

adding, we obtain

F(x,y)(t)g(x)+G(x,y)(t) f (x) � 2 f (x)g(x)+
1
2
(y− x)

d
dx

( f (x)g(x)). (5.3.12)

Integrating the inequality (5.3.12) over x from a to y, we have∫ y

a
[F(x,y)(t)g(x)+G(x,y)(t) f (x)]dx � 5

2

∫ y

a
f (x)g(x)dx− 1

2
(y−a) f (a)g(a). (5.3.13)

Further, integrating both sides of (5.3.13) with respect to y from a to b, we get
∫ b

a

(∫ y

a
[F(x,y)(t)g(x)+G(x,y)(t) f (x)]dx

)
dy

� 5
2

∫ b

a
(b− y) f (y)g(y)dy− 1

4
(b−a)2 f (a)g(a). (5.3.14)

Multiplying both sides of (5.3.14) by 2
5

1
(b−a)2 and rewriting, we get the required inequality

in (5.3.3).

Similarly, by first integrating (5.3.12) over x from y to b and then integrating the resulting

inequality over y from a to b, and rewriting we get the required inequality in (5.3.4). The

inequality (5.3.5) is obtained by adding the inequalities (5.3.3) and (5.3.4). The proof is

complete.

The slight variants of the inequalities given in Theorem 5.3.1, also established in [84], are

embodied in the following theorem.
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Theorem 5.3.2. Let f and g be real-valued, nonnegative and convex functions on [a,b]

and the mappings F(x,y)(t) and G(x,y)(t) be defined by (5.3.1) and (5.3.2). Then for all

t ∈ [0,1], we have
1

(b−a)2

∫ b

a
(b− y)

[
f 2(y)+g2(y)

]
dy

� 4
5

1
(b−a)2

∫ b

a

(∫ y

a
[F(x,y)(t) f (x)+G(x,y)(t)g(x)]dx

)
dy

+
1

10
[

f 2(a)+g2(a)
]
, (5.3.15)

1
(b−a)2

∫ b

a
(y−a)

[
f 2(y)+g2(y)

]
dy

� 4
5

1
(b−a)2

∫ b

a

(∫ b

y
[F(x,y)(t) f (x)+G(x,y)(t)g(x)]dx

)
dy

+
1
10
[

f 2(b)+g2(b)
]
, (5.3.16)

1
b−a

∫ b

a

[
f 2(y)+g2(y)

]
dy � 4

5
1

(b−a)2

∫ b

a

∫ b

a
[F(x,y)(t) f (x)+G(x,y)(t)g(x)]dxdy

+
1

10
[

f 2(a)+g2(a)+ f 2(b)+g2(b)
]
. (5.3.17)

Proof. As in the proof of Theorem 5.3.1, from the assumptions we have the estimates

(5.3.10) and (5.3.11). Multiplying (5.3.10) by f (x) and (5.3.11) by g(x) and then adding,

we obtain

F(x,y)(t) f (x)+G(x,y)(t)g(x)

� f 2(x)+g2(x)+
1
2
(y− x)

[
f (x) f ′(x)+g(x)g′(x)

]
. (5.3.18)

Integrating (5.3.18) over x from a to y, we have∫ y

a
[F(x,y)(t) f (x)+G(x,y)(t)g(x)]dx

� 5
4

∫ y

a

[
f 2(x)+g2(x)

]
dx− 1

4
(y−a)

[
f 2(a)+g2(a)

]
. (5.3.19)

Further, integrating both sides of (5.3.19) with respect to y from a to b, we have∫ b

a

(∫ y

a
[F(x,y)(t) f (x)+G(x,y)(t)g(x)]dx

)
dy

� 5
4

∫ b

a
(b− y)

[
f 2(y)+g2(y)

]
dy− 1

8
(b−a)2 [ f 2(a)+g2(a)

]
. (5.3.20)

Multiplying both sides of (5.3.20) by 4
5

1
(b−a)2 and rewriting, we get the required inequality

in (5.3.15).

The proofs of the inequalities (5.3.16) and (5.3.17) follows by the same arguments as in the

proof of Theorem 5.3.1 with suitable modifications. We omit the details.

Below, we shall give the inequalities proved in [84], similar to those of given in Theo-

rem 5.3.1, involving only one convex function.
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Theorem 5.3.3. Let f be a real-valued, nonnegative and convex function on [a,b]. Then

for all t ∈ [0,1] we have

1
(b−a)2

∫ b

a
(b− y) f (y)dy

� 2
3

1
(b−a)2

∫ b

a

(∫ y

a

(∫ 1

0
f (tx+(1− t)y)dt

)
dx
)

dy+
1
6

f (a), (5.3.21)

1
(b−a)2

∫ b

a
(y−a) f (y)dy

� 2
3

1
(b−a)2

∫ b

a

(∫ b

y

(∫ 1

0
f (tx+(1− t)y)dt

)
dx
)

dy+
1
6

f (b), (5.3.22)

1
b−a

∫ b

a
f (y)dy

� 2
3

1
(b−a)2

∫ b

a

(∫ b

a

(∫ 1

0
f (tx+(1− t)y)dt

)
dx
)

dy+
1
6
[ f (a)+ f (b)]. (5.3.23)

Proof. To prove the inequality (5.3.21), as in the proof of Theorem 5.3.1, from the as-

sumptions we have the estimate (5.3.6). Integrating both sides of (5.3.6) over t from 0 to 1,

we have ∫ 1

0
f (tx+(1− t)y)dt � f (x)+

1
2
(y− x) f ′(x). (5.3.24)

Now, first integrating both sides of (5.3.24) over x from a to y and after that integrating the

resulting inequality over y from a to b, we get the required inequality in (5.3.21).

Similarly, by first integrating both sides of (5.3.24) over x from y to b and then integrating

the resulting inequality over y from a to b, we get the inequality in (5.3.22). By adding the

inequalities (5.3.21) and (5.3.22) we get the inequality (5.3.23). The proof is complete.

5.4 Integral inequalities involving log-convex functions

In this section we present some new integral inequalities involving log-convex functions,

recently investigated by Pachpatte in [104,110,136].

Let I be an interval of R and a, b ∈ I with a < b. A function f : I → (0,∞) is said to be

log-convex function, if for all x, y ∈ I and t ∈ [0,1] one has the inequality (see [45,46,108])

f (tx+(1− t)y) � [ f (x)]t [ f (y)]1−t .
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In [30], Dragomir and Mond proved that the following inequalities hold for log-convex

functions

f
(

a+b
2

)
� exp

[
1

b−a

∫ b

a
log[ f (x)]dx

]
� 1

b−a

∫ b

a
G( f (x), f (a+b− x))dx

� 1
b−a

∫ b

a
f (x)dx � L( f (a), f (b)) � f (a)+ f (b)

2
,

where, G(p,q) =
√

pq is the Geometric mean and

L(p,q) =
p−q

log p− logq
(p 	= q),

is the Logarithmic mean of the positive real numbers p,q (for p = q, we put L(p, p) = p).

For the further refinements of Hadamard’s inequalities in (8) for log-convex functions, see

[45,46].

The first two Theorems deals with the Hadamard-type integral inequalities established in

[104], involving two log-convex functions.

Theorem 5.4.1. Let f , g : I → (0,∞) be log-convex functions on I and a, b ∈ I with

a < b. Then the following inequality holds

4
b−a

∫ b

a
f (x)g(x)dx � [ f (a)+ f (b)]L( f (a), f (b))+ [g(a)+g(b)]L(g(a),g(b)), (5.4.1)

where L(·, ·) is a Logarithmic mean of positive real numbers.

Proof. Since f , g are log-convex functions, we have

f (ta+(1− t)b) � [ f (a)]t [ f (b)]1−t , (5.4.2)

g(ta+(1− t)b) � [g(a)]t [g(b)]1−t , (5.4.3)

for all t ∈ [0,1]. It is easy to observe that
∫ b

a
f (x)g(x)dx = (b−a)

∫ 1

0
f (ta+(1− t)b)g(ta+(1− t)b)dt. (5.4.4)

Using the elementary inequality cd � 1
2 [c2 +d2] c, d � 0 reals, (5.4.2), (5.4.3) on the right

side of (5.4.4) and by making the change of variable, we have
∫ b

a
f (x)g(x)dx � 1

2
(b−a)

∫ 1

0

[
{ f (ta+(1− t)b)}2 +{g(ta+(1− t)b)}2]dt

� 1
2
(b−a)

∫ 1

0

[{
[ f (a)]t [ f (b)]1−t}2

+
{
[g(a)]t [g(b)]1−t}2

]
dt

=
1
2
(b−a)

{
f 2(b)

∫ 1

0

[
f (a)
f (b)

]2t

dt +g2(b)
∫ 1

0

[
g(a)
g(b)

]2t

dt

}
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=
1
4
(b−a)

{
f 2(b)

∫ 2

0

[
f (a)
f (b)

]σ
dσ +g2(b)

∫ 2

0

[
g(a)
g(b)

]σ
dσ
}

=
1
4
(b−a)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

f 2(b)

⎡
⎢⎢⎣

[
f (a)
f (b)

]σ

log
f (a)
f (b)

⎤
⎥⎥⎦

2

0

+g2(b)

⎡
⎢⎢⎣

[
g(a)
g(b)

]σ

log
g(a)
g(b)

⎤
⎥⎥⎦

2

0

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

=
1
4
(b−a)

{
[ f (a)+ f (b)][ f (a)− f (b)]

log f (a)− log f (b)
+

[g(a)+g(b)][g(a)−g(b)]
logg(a)− logg(b)

}

=
1
4
(b−a){[ f (a)+ f (b)]L( f (a), f (b))+ [g(a)+g(b)]L(g(a),g(b))} . (5.4.5)

Rewriting (5.4.5), we get the required inequality in (5.4.1). The proof is complete.

Theorem 5.4.2. Let f , g : I → (0,∞) be differentiable log-convex functions on the in-

terval I of real numbers,
◦
I the interior of I and a, b ∈

◦
I with a < b. Then the following

inequality holds

2
b−a

∫ b

a
f (x)g(x)dx � 1

b−a
f
(

a+b
2

)∫ b

a
g(x)exp

⎡
⎢⎢⎣

f ′
(

a+b
2

)

f
(

a+b
2

)
(

x− a+b
2

)
⎤
⎥⎥⎦dx

+
1

b−a
g
(

a+b
2

)∫ b

a
f (x)exp

⎡
⎢⎢⎣

g′
(

a+b
2

)

g
(

a+b
2

)
(

x− a+b
2

)
⎤
⎥⎥⎦dx. (5.4.6)

Proof. Since f , g are differentiable and log-convex functions on
◦
I , we have that

log f (x)− log f (y) � d
dy

(log f (y))(x− y), (5.4.7)

logg(x)− logg(y) � d
dy

(logg(y))(x− y), (5.4.8)

for all x, y ∈
◦
I , gives that

log
(

f (x)
f (y)

)
� f ′(y)

f (y)
(x− y), (5.4.9)

log
(

g(x)
g(y)

)
� g′(y)

g(y)
(x− y), (5.4.10)
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for all x, y ∈
◦
I . That is

f (x) � f (y)exp
[

f ′(y)
f (y)

(x− y)
]
, (5.4.11)

g(x) � g(y)exp
[

g′(y)
g(y)

(x− y)
]
. (5.4.12)

Multiplying both sides of (5.4.11) and (5.4.12) by g(x) and f (x) respectively and adding

the resulting inequalities, we have

2 f (x)g(x) � g(x) f (y)exp
[

f ′(y)
f (y)

(x− y)
]

+ f (x)g(y)exp
[

g′(y)
g(y)

(x− y)
]
. (5.4.13)

Now, if we choose y = a+b
2 , from (5.4.13), we obtain

2 f (x)g(x) � g(x) f
(

a+b
2

)
exp

⎡
⎢⎢⎣

f ′
(

a+b
2

)

f
(

a+b
2

)
(

x− a+b
2

)
⎤
⎥⎥⎦

+ f (x)g
(

a+b
2

)
exp

⎡
⎢⎢⎣

g′
(

a+b
2

)

g
(

a+b
2

)
(

x− a+b
2

)
⎤
⎥⎥⎦ . (5.4.14)

Integrating both sides of (5.4.14) with respect to x from a to b and dividing both sides of

the resulting inequality by b− a, we get the desired inequality in (5.4.6). The proof is

complete.

In the next Theorem we present Hadamard-type integral inequalities recently proved in

[136], involving three log-convex functions.

Theorem 5.4.3. Let f , g, h : I → (0,∞) be log-convex functions on I with a < b. Then

we have
2

b−a

∫ b

a
[ f (x)g(x)+g(x)h(x)+h(x) f (x)]dx

� [ f (a)+ f (b)]L( f (a), f (b))+ [g(a)+g(b)]L(g(a),g(b))

+[h(a)+h(b)]L(h(a),h(b)), (5.4.15)

4
b−a

∫ b

a
f (x)g(x)h(x)[ f (x)+g(x)+h(x)]dx

� [ f (a)+ f (b)]
[

f 2(a)+ f 2(b)
]

L( f (a), f (b))

+[g(a)+g(b)]
[
g2(a)+g2(b)

]
L(g(a),g(b))

+[h(a)+h(b)]
[
h2(a)+h2(b)

]
L(h(a),h(b)), (5.4.16)

where L(·, ·) is a Logarithmic mean of positive real numbers.
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Proof. Since f , g, h are log-convex functions, we have

f (ta+(1− t)b) � [ f (a)]t [ f (b)]1−t , (5.4.17)

g(ta+(1− t)b) � [g(a)]t [g(b)]1−t , (5.4.18)

h(ta+(1− t)b) � [h(a)]t [h(b)]1−t , (5.4.19)

for t ∈ [0,1]. It is easy to observe that
∫ b

a
[ f (x)g(x)+g(x)h(x)+h(x) f (x)]dx = (b−a)

∫ 1

0
[ f (ta+(1− t)b)g(ta+(1− t)b)

+g(ta+(1− t)b)h(ta+(1− t)b) +h(ta+(1− t)b) f (ta+(1− t)b)]dt. (5.4.20)

Using the elementary inequality (see [78]) c1c2 +c2c3 +c3c1 � c2
1 +c2

2 +c2
3 (for c1, c2, c3

reals) and (5.4.17), (5.4.18), (5.4.19) on the right hand side of (5.4.20) and making the

change of variables, we have
∫ b

a
[ f (x)g(x)+g(x)h(x)+h(x) f (x)]dx

� (b−a)
∫ 1

0

[
{ f (ta+(1− t)b)}2 +{g(ta+(1− t)b)}2 +{h(ta+(1− t)b)}2]dt

� (b−a)
∫ 1

0

[{
[ f (a)]t [ f (b)]1−t}2

+
{
[g(a)]t [g(b)]1−t}2

+
{
[h(a)]t [h(b)]1−t}2

]
dt

= (b−a)

[
f 2(b)

∫ 1

0

[
f (a)
f (b)

]2t

dt +g2(b)
∫ 1

0

[
g(a)
g(b)

]2t

dt +h2(b)
∫ 1

0

[
h(a)
h(b)

]2t

dt

]

= (b−a)
[

1
2

f 2(b)
∫ 2

0

[
f (a)
f (b)

]σ
dσ +

1
2

g2(b)
∫ 2

0

[
g(a)
g(b)

]σ
dσ +

1
2

h2(b)
∫ 2

0

[
h(a)
h(b)

]σ
dσ
]

=
1
2
(b−a)

⎡
⎢⎢⎢⎣ f 2(b)

⎧⎪⎪⎨
⎪⎪⎩

[
f (a)
f (b)

]σ

log
f (a)
f (b)

⎫⎪⎪⎬
⎪⎪⎭

2

0

+g2(b)

⎧⎪⎪⎨
⎪⎪⎩

[
g(a)
g(b)

]σ

log
g(a)
g(b)

⎫⎪⎪⎬
⎪⎪⎭

2

0

+h2(b)

⎧⎪⎪⎨
⎪⎪⎩

[
h(a)
h(b)

]σ

log
h(a)
h(b)

⎫⎪⎪⎬
⎪⎪⎭

2

0

⎤
⎥⎥⎥⎦

=
1
2
(b−a)

[
[ f (a)+ f (b)]

f (a)− f (b)
log f (a)− log f (b)

+[g(a)+g(b)]
g(a)−g(b)

logg(a)− logg(b)
+[h(a)+h(b)]

h(a)−h(b)
logh(a)− logh(b)

]

=
1
2
(b−a)

[
[ f (a)+ f (b)]L( f (a), f (b))+ [g(a)+g(b)]L(g(a),g(b))
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+[h(a)+h(b)]L(h(a),h(b))
]
. (5.4.21)

The desired inequality in (5.4.15) follows by rewriting (5.4.21).

It is easy to observe that ∫ b

a
f (x)g(x)h(x)[ f (x)+g(x)+h(x)]dx

= (b−a)
∫ 1

0
f (ta+(1− t)b)g(ta+(1− t)b)h(ta+(1− t)b)

× [ f (ta+(1− t)b)+g(ta+(1− t)b)+h(ta+(1− t)b)]dt. (5.4.22)

for t ∈ [0,1]. Using the elementary inequalities (see [78]),

c1c2c3[c1 + c2 + c3] �
1
3
(c1c2 + c2c3 + c3c1)2,

c1c2 + c2c3 + c3c1 � c2
1 + c2

2 + c2
3,

and

(c1 + c2 + c3)2 � 3(c2
1 + c2

2 + c2
3)

(for c1, c2, c3 reals), from (5.4.22), we observe that∫ b

a
f (x)g(x)h(x)[ f (x)+g(x)+h(x)]dx

� (b−a)
∫ 1

0

[{
[ f (a)]t [ f (b)]1−t}4

+
{
[g(a)]t [g(b)]1−t}4

+
{
[h(a)]t [h(b)]1−t}4

]
dt.

The rest of the proof of (5.4.16) can be completed by following the proof of inequality

(5.4.15) with suitable modifications. Here we omit the further details.

The following Theorems contains the Hadamard-type integral inequalities established in

[110], involving several log-convex functions.

Theorem 5.4.4. Let fi : I → (0,∞) (i = 1, . . . ,n) be differentiable log-convex functions

on the interval I of real numbers and a, b ∈
◦
I with a < b (

◦
I the interior of I). Then the

following inequalities hold
1

b−a

∫ b

a

n

∏
i=1

fi(x)dx

n
∏
i=1

fi

(
a+b

2

)

� L

⎛
⎜⎜⎝exp

⎡
⎢⎢⎣

n

∑
i=1

f ′i

(
a+b

2

)

fi

(
a+b

2

)
(

b−a
2

)
⎤
⎥⎥⎦ , exp

⎡
⎢⎢⎣−

n

∑
i=1

f ′i

(
a+b

2

)

fi

(
a+b

2

)
(

b−a
2

)
⎤
⎥⎥⎦

⎞
⎟⎟⎠

� 1, (5.4.23)

where L(·, ·) is a Logarithmic mean of positive real numbers.
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Proof. Since fi (i = 1, . . . ,n) are differentiable and log-convex functions on
◦
I , we have

that

log fi(x)− log fi(y) � d
dy

(log fi(y))(x− y),

i.e.,

log fi(x)− log fi(y) � f ′i (y)
fi(y)

(x− y), (5.4.24)

for all x, y ∈
◦
I . Writing (5.4.24) for i = 1, . . . ,n; adding the resulting inequalities and using

the properties of log, it is easy to observe that

log

⎡
⎢⎢⎣

n
∏
i=1

fi(x)

n
∏
i=1

fi(y)

⎤
⎥⎥⎦�

n

∑
i=1

f ′i (y)
fi(y)

(x− y), (5.4.25)

for all x, y ∈
◦
I . From (5.4.25), we have

n
∏
i=1

fi(x)

n
∏
i=1

fi(y)
� exp

[
n

∑
i=1

f ′i (y)
fi(y)

(x− y)

]
, (5.4.26)

for all x, y ∈
◦
I . By taking y = a+b

2 in (5.4.26), we get

n
∏
i=1

fi(x)

n
∏
i=1

fi

(
a+b

2

) � exp

⎡
⎢⎢⎣

n

∑
i=1

f ′i

(
a+b

2

)

fi

(
a+b

2

)
(

x− a+b
2

)
⎤
⎥⎥⎦ . (5.4.27)

Integrating (5.4.27) over x on [a,b] and using Jensen’s integral inequality for exp(·) func-

tions, we have

1
b−a

∫ b

a

n

∏
i=1

fi(x)dx

n
∏
i=1

fi

(
a+b

2

) � 1
b−a

∫ b

a
exp

⎡
⎢⎢⎣

n

∑
i=1

f ′i

(
a+b

2

)

fi

(
a+b

2

)
(

x− a+b
2

)
⎤
⎥⎥⎦dx

� exp

⎡
⎢⎢⎣ 1

b−a

∫ b

a

n

∑
i=1

f ′i

(
a+b

2

)

fi

(
a+b

2

)
(

x− a+b
2

)
dx

⎤
⎥⎥⎦= 1. (5.4.28)

Now, as for α 	= 0, we have that

1
b−a

∫ b

a
exp(αx)dx =

exp(αb)− exp(αa)
α(b−a)

= L(exp[αb],exp[αa]),
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where L(·, ·) is the usual Logarithmic mean, then

1
b−a

∫ b

a
exp
[

α
(

x− a+b
2

)]
dx =

exp
[
α
( b−a

2

)]
− exp

[
−α
( b−a

2

)]
α
[( b−a

2

)
−
(
−
( b−a

2

))]

= L
(

exp
[

α
(

b−a
2

)]
,exp

[
−α
(

b−a
2

)])
.

Using the above equality for α = ∑n
i=1

f ′i ( a+b
2 )

fi( a+b
2 ) , the inequality (5.4.28) gives the desired

inequality in (5.4.23).

Remark 5.4.1. By taking n = 1 and f1 = f in Theorem 5.4.4, we get

1
b−a

∫ b

a
f (x)dx

f
(

a+b
2

) � L

⎛
⎜⎜⎝exp

⎡
⎢⎢⎣

f ′
(

a+b
2

)

f
(

a+b
2

)
(

b−a
2

)
⎤
⎥⎥⎦ ,exp

⎡
⎢⎢⎣−

f ′
(

a+b
2

)

f
(

a+b
2

)
(

b−a
2

)
⎤
⎥⎥⎦

⎞
⎟⎟⎠

� 1, (5.4.29)

which is the inequality given by Dragomir in [46, Theorem 2.1].

Theorem 5.4.5. Let fi be as in Theorem 5.4.4. Then the following inequalities hold
∫ b

a

(
n

∏
i=1

fi(y)

)[
n

∑
i=1

f ′i (y)
fi(y)

(
a+b

2
− y
)]

dy

∫ b

a

(
n

∏
i=1

fi(y)

)
dy

� log

⎡
⎢⎢⎢⎢⎣

∫ b

a

(
n

∏
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fi(y)

)
exp

[
n

∑
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f ′i (y)
fi(y)

(
a+b

2
− y
)]

dy

∫ b

a

(
n

∏
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fi(y)

)
dy

⎤
⎥⎥⎥⎥⎦

� log

⎡
⎢⎢⎢⎢⎣

n
∏
i=1

fi

(
a+b

2

)

1
b−a

∫ b

a

(
n

∏
i=1

fi(y)

)
dy

⎤
⎥⎥⎥⎥⎦ . (5.4.30)
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Proof. By following the proof of Theorem 5.4.4, the inequality (5.4.26) holds. Taking

x = a+b
2 in the inequality (5.4.26), we have

n

∏
i=1

fi

(
a+b

2

)
�
(

n

∏
i=1

fi(y)

)
exp

[
n

∑
i=1

f ′i (y)
fi(y)

(
a+b

2
− y
)]

, (5.4.31)

for all y ∈ [a,b]. Integrating (5.4.31) over y and using Jensen’s integral inequality for exp(·)
functions, we have

(b−a)
n

∏
i=1

fi

(
a+b

2

)
�
∫ b

a

(
n

∏
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fi(y)

)
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[
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(
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2
− y
)]
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�
∫ b

a

(
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⎡
⎢⎢⎢⎢⎣
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f ′i (y)
fi(y)

(
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2
− y
)]
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∫ b

a

(
n

∏
i=1

fi(y)

)
d

⎤
⎥⎥⎥⎥⎦ . (5.4.32)

From (5.4.32), we have

exp

⎡
⎢⎢⎢⎢⎣

∫ b

a
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∏
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(
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)]
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(
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⎤
⎥⎥⎥⎥⎦

�
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∏
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(
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∫ b
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(
n

∏
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fi(y)

)
dy

,

which is equivalent to
∫ b

a
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n

∏
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n
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f ′i (y)
fi(y)

(
a+b

2
− y
)]

dy

∫ b

a

(
n

∏
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fi(y)

)
dy

� log

⎡
⎢⎢⎢⎢⎣

∫ b

a

(
n
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fi(y)

)
exp

[
n

∑
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(
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2
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(
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⎥⎥⎥⎥⎦� log
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(
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⎥⎥⎥⎥⎦ .

This is the desired inequality in (5.4.30) and the proof is complete.
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Remark 5.4.2. By taking n = 1 and f1 = f in Theorem 5.4.5, from (5.4.32), we obtain

(b−a) f
(

a+b
2

)
�
∫ b

a
f (y)exp

[
f ′(y)
f (y)

(
a+b

2
− y
)]

dy

�
∫ b

a
f (y)dy× exp

⎛
⎜⎜⎝

∫ b

a
f (y)
[

f ′(y)
f (y)

(
a+b

2
− y
)]

dy
∫ b

a
f (y)dy

⎞
⎟⎟⎠

=
∫ b

a
f (y)dy× exp

⎛
⎜⎜⎝

∫ b

a
f ′(y)

(
a+b

2
− y
)

dy
∫ b

a
f (y)dy

⎞
⎟⎟⎠ . (5.4.33)

A simple integration by parts gives∫ b

a
f ′(y)

(
a+b

2
− y
)

dy =
∫ b

a
f (y)dy− f (a)+ f (b)

2
(b−a). (5.4.34)

Using (5.4.34) in (5.4.33), it is easy to observe that

exp

⎛
⎜⎜⎝1−

f (a)+ f (b)
2

(b−a)
∫ b

a
f (y)dy

⎞
⎟⎟⎠�

∫ b

a
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[
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(
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2
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∫ b

a
f (y)dy

�
(b−a) f

(
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2

)

∫ b

a
f (y)dy

,

which is equivalent to

1−
f (a)+ f (b)

2
(b−a)

∫ b

a
f (y)dy

� log
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⎢⎢⎣
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f (y)exp
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f ′(y)
f (y)
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− y
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f (y)dy

⎤
⎥⎥⎦

� log

⎡
⎢⎢⎣

f
(

a+b
2

)

1
b−a

∫ b

a
f (y)dy

⎤
⎥⎥⎦ ,

from which we get
f (a)+ f (b)

2
1

b−a

∫ b

a
f (y)dy

� 1+ log

⎡
⎢⎢⎣
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f (x)

(
a+b

2
− x
)]

dx
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a
f (x)dx

f
(
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2

)
⎤
⎥⎥⎦� 1. (5.4.35)

We note that, the inequality (5.4.35) is given by Dragomir in [46, Theorem 2.3].
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5.5 Discrete inequalities involving log-convex functions

In this section, we give some results on refinements and converse for discrete Jensen’s

inequality established by Dragomir and Mond in [40], involving log-convex functions.

The following refinement of discrete Jensen’s inequality for log-convex functions is given

in [40].

Theorem 5.5.1. Let f : I → (0,∞) be a log-convex function on the interval I of real

numbers and xi ∈
◦
I , the interior of I, pi � 0 (i = 1, . . . ,n) with Pn > 0, where Pk = ∑k

i=1 pi,

(k = 1, . . . ,n). Then the following inequalities hold
1
Pn

n
∑

i=1
pi f (xi)

f
(

1
Pn

n
∑

i=1
pixi

) � 1
Pn

n

∑
j=1

p j exp

⎛
⎜⎜⎝

f ′+

(
1
Pn

n
∑

i=1
pixi

)

f
(

1
Pn

n
∑

i=1
pixi

)
(

x j −
1
Pn

n

∑
i=1

pixi

)⎞⎟⎟⎠� 1, (5.5.1)

where f ′+ is the right derivative of f on
◦
I .

Proof. As f is log-convex on I, it follows that f is convex on I and thus [144] the right

derivative f ′+ of f exists on
◦
I . Since log f is convex on I, we have

log f (x)− log f (y) � d+(log f )
dt

(y)(x− y),

for all x, y ∈
◦
I , which gives

log
[

f (x)
f (y)

]
� f ′+(y)

f (y)
(x− y),

for all x, y ∈
◦
I , i.e.,

f (x) � f (y)exp
[

f ′+(y)
f (y)

(x− y)
]
, (5.5.2)

for all x, y ∈
◦
I . Now, choose x = x j ( j = 1, . . . ,n) and y = 1

Pn
∑n

i=1 pixi in (5.5.2). We obtain

f (x j) � f

(
1
Pn

n

∑
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pixi

)
exp

⎡
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(
1
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1
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pixi

)
(

x j −
1
Pn

n

∑
i=1

pixi

)⎤⎥⎥⎦ , (5.5.3)

for all j = 1, . . . ,n. If we multiply the inequality (5.5.3) by p j and sum over j = 1, . . . ,n,

we derive

1
Pn

n

∑
i=1

pi f (xi) � f

(
1
Pn

n

∑
i=1

pixi

)
1
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⎢⎢⎣
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(
1
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n
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i=1
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)

f
(

1
Pn

n
∑

i=1
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)
(

x j −
1
Pn

n

∑
i=1

pixi

)⎤⎥⎥⎦ ,
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and the first inequality in (5.5.1) is proved.

To prove the second inequality in (5.5.1), we use the following Jensen’s discrete inequality

for exp(·) functions, i.e.,
1
Pn

n

∑
j=1

p j exp(y j) � exp

(
1
Pn

n

∑
j=1

p jy j

)
, (5.5.4)

where, y j ∈ R ( j = 1, . . . ,n) and p j are as above. If we choose

y j =
f ′+

(
1
Pn

n
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i=1
pixi

)

f
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n
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)
(
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∑
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)
, (5.5.5)

then we deduce

1
Pn
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∑
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p jy j =
1
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p j
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(

1
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∑n
i=1 pixi

)

f
(

1
Pn

n
∑
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pixi
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(

x j −
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n

∑
i=1

pixi

)
= 0, (5.5.6)

and the second inequality in (5.5.1) follows by using (5.5.5) and (5.5.6) in (5.5.4).

The following corollary holds.

Corollary 5.5.1. Let f : I →R be a convex mapping on the interval I of real numbers and

xi ∈
◦
I , pi � 0 (i = 1, . . . ,n) with Pn > 0, where Pk = ∑k

i=1 pi (k = 1, . . . ,n). Then we have

the inequality
1
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pixi

)]
� 1.

(5.5.7)

Proof. Define the mapping g : I → (0,∞) by g(x) = exp[ f (x)]. It is clear that, the mapping

g is log-convex on I. Now, applying Theorem 5.5.1 for the log-convex mapping g, we easily

deduce the inequality (5.5.7).

The next Theorem deals with the converse of Jensen’s discrete inequality established in

[40], for log-convex mappings.

Theorem 5.5.2. Let f : I → (0,∞) be a log-convex function on the interval I of real

numbers and xi ∈
◦
I , pi � 0 (i = 1, . . . ,n) with Pn > 0, where Pk = ∑k

i=1 pi (k = 1, . . . ,n).

Then the following inequalities hold
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1
Pn
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pi f (xi)

⎤
⎥⎥⎦> 0, (5.5.8)

where f ′+ is the right derivative of f on
◦
I .
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Proof. By following the proof of Theorem 5.5.1, we have

f (x) � f (y)exp
[

f ′+(y)
f (y)

(x− y)
]
, (5.5.9)

for all x, y ∈
◦
I . Now, if we choose in the inequality (5.5.9), x = 1

Pn
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i=1 pixi and y = x j

( j = 1, . . . ,n), we get that
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for all j = 1, . . . ,n. If we multiply the inequality (5.5.10) by p j � 0 and sum over j =

1, . . . ,n, we derive that

f
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pixi − x j

)]
. (5.5.11)

Since the mapping exp(·) is convex, we can use Jensen’s discrete inequality
1
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q jy j

]
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where q j � 0 with Qn = ∑n
j=1 q j > 0 and y j ∈ R ( j = 1, . . . ,n). If we choose in (5.5.12),
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⎤
⎥⎥⎦ . (5.5.13)

From (5.5.13), we get
1
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⎤
⎥⎥⎦ . (5.5.14)

Using (5.5.11) and (5.5.14), we derive the desired result (5.5.8) and the Theorem is proved.

The following corollary also holds.
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Corollary 5.5.2. Let f : I →R be a convex mapping on the interval I of real numbers and

xi ∈
◦
I , pi � 0 (i = 1, . . . ,n) with Pn > 0, where Pk = ∑k

i=1 pi (k = 1, . . . ,n). Then we have

the inequality
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> 0. (5.5.15)

Proof. Define the mapping g : I → (0,∞) by g(x) = exp[ f (x)]. It is clear that the mapping

g is log-convex on I. Now applying Theorem 5.5.2 for the log-convex mapping g, we easily

deduce inequality (5.5.15).

If f : I → (0,∞) is a log-convex function on I, an interval of real numbers, then the following

refinement of the discrete Jensen’s inequality (9) holds:

f
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[ f (xi)]pi
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� 1
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∑
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pi f (xi), (5.5.16)

where, xi ∈ I, pi � 0 (i = 1, . . . ,n) and Pn = ∑n
i=1 pi > 0.

Indeed the first inequality in (5.5.16) follows by Jensen’s discrete inequality applied to the

convex map log( f (x)) and the second is the classical arithmetic-geometric mean inequality.

In the following theorem, we present an inequality proved in [40], related to the first in-

equality in (5.5.16).

Theorem 5.5.3. Let f : I → (0,∞) be a log-convex mapping on the interval I of real

numbers and xi ∈
◦
I , pi � 0 (i = 1, . . . ,n) with Pn > 0, where Pk = ∑k

i=1 pi (k = 1, . . . ,n).

Then one has the inequality
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]
, (5.5.17)

where f ′+ is the right derivative of f on
◦
I .
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Proof. By the convexity of log f we can write that

log f (x)− log f (y) � f ′+(y)
f (y)

(x− y), (5.5.18)

for all x, y ∈
◦
I . If we choose in the inequality (5.5.18), x = 1
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1, . . . ,n), then we get
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)
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for all j = 1, . . . ,n. If we multiply the inequality (5.5.19) by p j � 0 and sum over j =

1, . . . ,n, we obtain
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From (5.5.20), we get
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,

from which we get inequality (5.5.17).

The following corollary holds.

Corollary 5.5.3. Let f : I →R be a convex mapping on the interval I of real numbers and

xi ∈
◦
I , pi � 0 (i = 1, . . . ,n) with Pn > 0, where Pk = ∑k

i=1 pi (k = 1, . . . ,n). Then

0 � 1
Pn

n

∑
i=1

pi f (xi)− f

(
1
Pn

n

∑
i=1

pixi

)

� 1
Pn

n

∑
i=1

pi f ′+(xi)xi −
1
Pn

n

∑
i=1

pixi
1
Pn

n

∑
i=1

pi f ′+(xi). (5.5.21)

Proof. Define the mapping g : I → (0,∞) by g(x) = exp f (x). Then g is log-convex on I.

If we apply inequality (5.5.17) for the mapping g we obtain

1 �
exp
[

1
Pn

n
∑

i=1
pi f (xi)

]

exp
[

f
(

1
Pn

n
∑

i=1
pi f (xi)

)] � exp

[
1
Pn

n

∑
i=1

pi f ′+(xi)xi −
1
Pn

n

∑
i=1

pixi
1
Pn

n

∑
i=1

pi f ′+(xi)

]
,

from which we get inequality (5.5.21).
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5.6 Discrete inequalities for differentiable convex functions

This section deals with some converses of the discrete Jensen’s inequality for differentiable

convex mappings, recently investigated in [11,25,38,41].

First we shall present the following version of the discrete Jensen’s inequality given by

Dragomir in [41].

Theorem 5.6.1. Let f : I ⊂ R → R be a convex function on the interval I, x ∈
◦
I (the

interior of I), pi � 0 (i = 1, . . . ,n) and ∑n
i=1 pi = 1. Then we have the inequality

0 �
n

∑
i=1

pi f (xi)− f

(
n

∑
i=1

pixi

)
�

n

∑
i=1

pixil(xi)−
n

∑
i=1

pixi

n

∑
i=1

pil(xi), (5.6.1)

where l(xi) ∈ [ f ′−(xi), f ′+(xi)] (i = 1, . . . ,n) and f ′−, f ′+ are the left and right derivatives of

f respectively.

Proof. By the convexity of f on I, we have that

f (x)− f (y) � l(y)(x− y), (5.6.2)

for all x, y ∈
◦
I and l(y) ∈ [ f ′−(y), f ′+(y)]. Choosing in (5.6.2), x = ∑n

j=1 p jx j and y = xi

(i = 1, . . . ,n), we get

f

(
n

∑
j=1

p jx j

)
− f (xi) � l(xi)

(
n

∑
j=1

p jx j − xi

)
, (5.6.3)

for all i = 1, . . . ,n. If we multiply the inequality (5.6.3) with pi � 0 and sum over i from 1

to n, we can easily deduce (5.6.1).

The next result also proved by Dragomir in [41], deals with useful upper bounds for the

right membership in inequality (5.6.1).

Theorem 5.6.2. Let f be a differentiable convex mapping on
◦
I . If m, M ∈

◦
I and m �

xi � M (i = 1, . . . ,n), then we have the inequality

0 �
n

∑
i=1

pi f (xi)− f

(
n

∑
i=1

pixi

)
� 1

4
(M−m)( f ′(m)− f ′(m)). (5.6.4)

Proof. We shall use the following discrete inequality of Grüss-type∣∣∣∣∣
1

∑n
i=1 ti

n

∑
i=1

tiaibi −
1

∑n
i=1 ti

n

∑
i=1

tiai
1

∑n
i=1 ti

n

∑
i=1

tibi

∣∣∣∣∣�
1
4
(A−a)(B−b), (5.6.5)

provided that a � ai � A, b � bi � B and ti � 0 (i = 1, . . . ,n) with ∑n
i=1 ti > 0.
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Now, if we choose in (5.6.5), ti = pi,ai = xi and bi = f ′(xi), and taking into account that

f ′(·) is monotonic nondecreasing on
◦
I , we can state that a = m,A = M, b = f ′(m),B =

f ′(m) and we have the inequality
n

∑
i=1

pixi f ′(xi)−
n

∑
i=1

pixi

n

∑
i=1

pi f ′(xi) � 1
4
(M−m)( f ′(m)− f ′(m)).

Now, using (5.6.1), we deduce (5.6.4).

In the following theorem, we give the inequality obtained by Dragomir and Goh in [25]

(see also [38]).

Theorem 5.6.3. Let f : R
n → R be a differentiable convex mapping and

(∇ f )(x) =
(

∂ f (x)
∂x1 , . . . ,

∂ f (x)
∂xn

)
,

the vector of the partial derivatives of x = (x1, . . . ,xn)∈R
n. If xi ∈R

n (i = 1, . . . ,m), pi � 0,

i = 1, . . . ,m, with Pm = ∑m
i=1 pi > 0, then

0 � 1
Pm

m

∑
i=1

pi f (xi)− f

(
1

Pm

m

∑
i=1

pixi

)

� 1
Pm

m

∑
i=1

pi 〈∇ f (xi),xi〉−
〈

1
Pm

m

∑
i=1

pi∇ f (xi),
1

Pm

m

∑
i=1

pixi

〉
, (5.6.6)

where 〈·, ·〉 is the usual inner product on R
n.

Proof. The first inequality in (5.6.6) is just the usual discrete Jensen’s inequality. As

f : R
n → R is differentiable convex function, we have the inequality

f (x)− f (y) � 〈∇ f (y),x− y〉 , (5.6.7)

for all x, y ∈ R
n. Choose in (5.6.7), x = 1

Pm
∑m

i=1 pixi and y = x j to obtain

f

(
1

Pm

m

∑
i=1

pixi

)
− f (x j) �

〈
∇ f (x j),

1
Pm

m

∑
i=1

pixi − x j

〉
, (5.6.8)

for all j = {1, . . . ,n}.
If we multiply (5.6.8) by p j � 0 and sum over j from 1 to m, then we obtain

Pm f

(
1

Pm

m

∑
i=1

pixi

)
−

m

∑
j=1

p j f (x j)

� 1
Pm

〈
m

∑
j=1

p j∇ f (x j),
m

∑
i=1

pixi

〉
−

m

∑
j=1

〈
∇ f (x j),x j

〉
. (5.6.9)

Dividing (5.6.9) by Pm > 0, we obtain (5.6.6).
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In [38], Dragomir provided an upper bound for Jensen’s difference

1
Pm

m

∑
i=1

pi f (xi)− f

(
1

Pm

m

∑
i=1

pixi

)
, (5.6.10)

which, even though it is not as sharp as (5.6.6), provides a simpler way, and for applications,

a better way, of estimating the Jensen’s differences. His result is embodied in the following

theorem.

Theorem 5.6.4. Let f : R
n → R be a differentiable convex mapping and xi ∈ R

n, i =

1, . . . ,m. Suppose that there exists the vectors φ , Φ ∈ R
n such that

φ � xi � Φ, (5.6.11)

(the order is considered on the co-ordinates) and k, K ∈ R
n are such that

k � ∇ f (xi) � K, (5.6.12)

for all i ∈ {1, . . . ,m}. Then for all pi � 0 (i = 1, . . . ,m) with Pm = ∑m
i=1 pi > 0, we have the

inequality

0 � 1
Pm

m

∑
i=1

pi f (xi)− f

(
1

Pm

m

∑
i=1

pixi

)
� 1

4
‖Φ−φ‖‖K − k‖, (5.6.13)

where ‖ · ‖ is the usual Euclidean norm on R
n.

Proof. A simple calculation shows that

1
Pm

m

∑
i=1

pi〈xi,∇ f (xi)〉−
〈

1
Pm

m

∑
i=1

pixi,
1

Pm

m

∑
i=1

pi∇ f (xi)

〉

=
1

2P2
m

m

∑
i, j=1

pi p j〈xi − x j,∇ f (xi)−∇ f (x j)〉. (5.6.14)

Taking the modulus in (5.6.14), and in view of the inequality (5.6.6), we obtain, by

Schwarz’s inequality in inner product spaces, i.e., |〈a,b〉| � ‖a‖‖b‖, a, b ∈ R
n, that

1
Pm

m

∑
i=1

pi〈xi,∇ f (xi)〉−
〈

1
Pm

m

∑
i=1

pixi,
1

Pm

m

∑
i=1

pi∇ f (xi)

〉

� 1
2P2

m

m

∑
i, j=1

pi p j|〈xi − x j,∇ f (xi)−∇ f (x j)〉|

� 1
2P2

m

m

∑
i, j=1

pi p j‖xi − x j‖‖∇ f (xi)−∇ f (x j)‖. (5.6.15)
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Using the Cauchy-Buniakowsky-Schwarz inequality for double sums, we can state that

1
2P2

m

m

∑
i, j=1

pi p j‖xi − x j‖‖∇ f (xi)−∇ f (x j)‖

�
(

1
2P2

m

m

∑
i, j=1

pi p j‖xi − x j‖2

) 1
2
(

1
2P2

m

m

∑
i, j=1

pi p j
∥∥∇ f (xi)−∇ f (x j)

∥∥2

) 1
2

. (5.6.16)

As a simple calculation shows that

1
2P2

m

m

∑
i, j=1

pi p j‖xi − x j‖2 =
1

Pm

m

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

1
Pm

m

∑
i=1

pixi

∥∥∥∥∥
2

,

and

1
2P2

m

m

∑
i, j=1

pi p j
∥∥∇ f (xi)−∇ f (x j)

∥∥2 =
1

Pm

m

∑
i=1

pi‖∇ f (xi)‖2 −
∥∥∥∥∥

1
Pm

m

∑
i=1

f (xi)

∥∥∥∥∥
2

,

we can state, by (5.6.15) and (5.6.16), that

1
Pm

m

∑
i=1

pi 〈xi,∇ f (xi)〉−
〈

1
Pm

m

∑
i=1

pixi,
1

Pm

m

∑
i=1

pi∇ f (xi)

〉

�

⎛
⎝ 1

Pm

m

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

1
Pm

m

∑
i=1

pixi

∥∥∥∥∥
2
⎞
⎠

1
2

×

⎛
⎝ 1

Pm

m

∑
i=1

pi‖∇ f (xi)‖2 −
∥∥∥∥∥

1
Pm

m

∑
i=1

f (xi)

∥∥∥∥∥
2
⎞
⎠

1
2

. (5.6.17)

Now, by simple calculation, we observe that

1
Pm

m

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

1
Pm

m

∑
i=1

pixi

∥∥∥∥∥
2

=

〈
Φ− 1

Pm

m

∑
i=1

pixi,
1

Pm

m

∑
i=1

pixi −φ

〉
− 1

Pm

m

∑
i=1

pi 〈Φ− xi,xi −φ〉. (5.6.18)

As φ � xi � Φ (i ∈ {1, . . . ,m}), then 〈Φ− xi,xi −φ〉 � 0 for all i ∈ {1, . . . ,n} and then
m

∑
i=1

pi〈Φ− xi,xi −φ〉 � 0,

and, by (5.6.18), we obtain

1
Pm

m

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

1
Pm

m

∑
i=1

pixi

∥∥∥∥∥
2

�
〈

Φ− 1
Pm

m

∑
i=1

pixi,
1

Pm

m

∑
i=1

pixi −φ

〉
. (5.6.19)
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It is known that if y, z ∈ R
n, then

4〈z,y〉 � ‖z+ y‖2, (5.6.20)

with equality if and only if z = y. Now, if we apply (5.6.20) for the vectors z = Φ −
1

Pm
∑m

i=1 pixi, y = 1
Pm

∑m
i=1 pixi −φ , we deduce
〈

Φ− 1
Pm

m

∑
i=1

pixi,
1

Pm

m

∑
i=1

pixi −φ

〉
� 1

4
‖Φ−φ‖2,

and then, by (5.6.18), (5.6.19), we deduce that

1
Pm

m

∑
i=1

pi‖xi‖2 −
∥∥∥∥∥

1
Pm

m

∑
i=1

pixi

∥∥∥∥∥
2

� 1
4
‖Φ−φ‖2. (5.6.21)

Similarly, we can state that

1
Pm

m

∑
i=1

pi‖∇ f (xi)‖2 −
∥∥∥∥∥

1
Pm

m

∑
i=1

f (xi)

∥∥∥∥∥
2

� 1
4
‖K − k‖2. (5.6.22)

Finally, by (5.6.17) and (5.6.21), (5.6.22), we deduce

1
Pm

m

∑
i=1

pi 〈xi,∇ f (xi)〉−
〈

1
Pm

m

∑
i=1

pixi,
1

Pm

m

∑
i=1

pi∇ f (xi)

〉
� 1

4
‖Φ−φ‖‖K − k‖, (5.6.23)

which in view of (5.6.6) gives the desired inequality in (5.6.13). The proof is complete.

Another result which provides an upper bound for Jensen’s difference, established by

Budimir, Dragomir and Pečarić [11] is embodied in the following theorem.

Theorem 5.6.5. Let f : R
n → R be a differentiable convex mapping and xi ∈ R

n, pi � 0

(i = 1, . . . ,m) with Pm = ∑m
i=1 pi > 0. Suppose that the ∇-operator satisfies a condition of

r−H-Hölder-type, i.e.,

‖∇ f (x)−∇ f (y)‖ � H‖x− y‖r,

for all x, y ∈ R
n, where H > 0, r ∈ (0,1] and ‖ ·‖ is the Euclidean norm. Then we have the

inequality

0 � 1
Pm

m

∑
i=1

pi f (xi)− f

(
1

Pm

m

∑
i=1

pixi

)
� H

2P2
m

m

∑
i, j=1

pi p j‖xi − x j‖r+1. (5.6.24)
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Proof. Using Korkine’s identity, that is, we recall it:

1
Pm

m

∑
i=1

pi 〈yi,xi〉−
〈

1
Pm

m

∑
i=1

piyi,
1

Pm

m

∑
i=1

pixi

〉
=

1
2P2

m

m

∑
i, j=1

pi p j
〈
yi − y j,xi − x j

〉
,

for x, y ∈ R
n. We may simply write that

1
Pm

m

∑
i=1

pi 〈∇ f (xi),xi〉−
〈

1
Pm

m

∑
i=1

pi∇ f (xi),
1

Pm

m

∑
i=1

pixi

〉

=
1

2P2
m

m

∑
i, j=1

pi p j
〈
∇ f (xi)−∇ f (x j),xi − x j

〉
. (5.6.25)

Using (5.6.6) and the properties of modulus, from (5.6.25) we have

0 � 1
Pm

m

∑
i=1

pi f (xi)− f

(
1

Pm

m

∑
i=1

pixi

)

� 1
2P2

m

m

∑
i, j=1

pi p j
∣∣〈∇ f (xi)−∇ f (x j),xi − x j

〉∣∣

� 1
2P2

m

m

∑
i, j=1

pi p j
∥∥∇ f (xi)−∇ f (x j)

∥∥‖xi − x j‖

� H
2P2

m

m

∑
i, j=1

pi p j‖xi − x j‖r+1,

and the inequality (5.6.24) is proved.

5.7 Applications

In this section we point out applications of some of the inequalities given in earlier sections.

The inequalities given above are recently developed and we hope that they will be a source

for future research work.

5.7.1 Applications for special means

In this section, first we present applications of inequalities (5.4.29) and (5.4.35) given by

Dragomir in [46].
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The function f (x) = 1
x , x ∈ (0,∞) is log-convex on (0,∞). Then we have

1
b−a

∫ b

a

dx
x

= L−1(a,b),

f
(

a+b
2

)
= A−1(a,b),

f ′
(

a+b
2

)

f
(

a+b
2

) = − 1
A

.

Now, applying the inequality (5.4.29) for the function f (x) = 1
x , we get the inequality

A(a,b)
L(a,b)

� L
(

exp
(
−b−a

2A

)
,exp

(
b−a
2A

))
� 1, (5.7.1)

which is a refinement of the well-known inequality

A(a,b) � L(a,b), (5.7.2)

where A(a,b) is the Arithmetic mean and L(a,b) is the Logarithmic mean of a, b, that is

A(a,b) = a+b
2 and L(a,b) = a−b

loga−logb , a 	= b (for a = b, L(a,a) = a).

For f (x) = 1
x , we also get

f (a)+ f (b)
2

= H−1(a,b),

where H(a,b) = 1
1
a + 1

b
is the Harmonic mean of a, b. Now, using the inequality (5.4.35) we

obtain another interesting inequality
L(a,b)
H(a,b)

� 1+ log
[

A(a,b)
L(a,b)

]
� 1, (5.7.3)

which is a refinement of the following well known inequality

L(a,b) � H(a,b). (5.7.4)

Similar inequalities may be stated for the log-convex functions f (x) = xx, x > 0 or f (x) =

ex +1, x ∈ R etc. We omit the details.

The following inequality is well known in the literature as the Arithmetic mean-Geometric

mean-Harmonic mean inequality

An(p,x) � Gn(p,x) � Hn(p,x),

where

An(p,x) =
n

∑
i=1

pixi, the weighted Arithmetic mean,

Gn(p,x) =
n

∏
i=1

xpi
i , the weighted Geometric mean,

Hn(p,x) =
1

n
∑

i=1

pi
xi

, the weighted Harmonic mean,

and ∑n
i=1 pi = 1 (pi � 0, i = 1, . . . ,n).

The following results are obtained by Dragomir in [41], by applying Theorem 5.6.2.
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Theorem 5.7.1. Let 0 < m � xi � M < ∞. Then for all pi � 0 (i = 1, . . . ,n), with ∑n
i=1 pi =

1, we have the inequality

1 � An(p,x)
Gn(p,x)

� exp
[
(M−m)2

4mM

]
. (5.7.5)

The proof follows by applying the inequality (5.6.4) in Theorem 5.6.2, choosing f (x) =

− logx, x > 0.

Theorem 5.7.2. Let 0 < m � yi � M < ∞. Then for pi � 0 with ∑n
i=1 pi = 1, we have the

inequality

1 � Gn(p,y)
Hn(p,y)

� exp
[
(M−m)2

4mM

]
. (5.7.6)

The proof follows by Theorem 5.7.1, choosing xi = 1
yi

(i = 1, . . . ,n).

For similar results obtained by applying Theorem 5.6.2 for the mappings f (x) = xp, p > 1,

x � 0 and f (x) = x logx, x > 0, we refer the interested reader to [41].

5.7.2 Applications for some inequalities related to Ky Fan’s inequality

In 1961, Beckenbach and Bellman published the following unpublished result due to Ky

Fan in their book, Inequalities [10].

If xi ∈
(
0, 1

2

)
, i = 1, . . . ,n, then one has the inequality

⎡
⎢⎢⎣

n
∏
i=1

xi

n
∏
i=1

(1− xi)

⎤
⎥⎥⎦

1
n

�

n
∑

i=1
xi

n
∑

i=1
(1− xi)

, (5.7.7)

with equality only if x1 = · · · = xn.

In this section, we present some inequalities related to Ky Fan’s inequality given by

Dragomir and Mond in [40].

Consider the mapping f : (0,1) → R, f (x) = log
( 1−x

x

)r
, r � 0. Then we have

f ′(x) = − r
x(1− x)

, x ∈ (0,1),

and

f ′′(x) =
r(1−2x)
[x(1− x)]2

, x ∈ (0,1),

which shows that the map f is convex on
(
0, 1

2

]
, i.e., the mapping g : (0,1) → R, g(x) =( 1−x

x

)r
is log-convex on

(
0, 1

2

]
.

In [40], applying the inequalities (5.5.1), (5.5.8) Dragomir and Mond proved the following

Ky Fan-type inequalities.



284 Analytic Inequalities: Recent Advances

Theorem 5.7.3. Let xi ∈
(
0, 1

2

]
and pi � 0 with Pn = ∑n

i=1 pi > 0. Then one has

1
Pn

n
∑

i=1
pi

(
1− xi

xi

)r

⎛
⎜⎜⎝

1
Pn

n
∑

i=1
pi(1− xi)

1
Pn

n
∑

i=1
pixi

⎞
⎟⎟⎠

r � 1
Pn

n

∑
j=1

p j

⎡
⎢⎢⎣exp

⎛
⎜⎜⎝

1
Pn

n
∑

i=1
pi(xi − x j)

1
Pn

n
∑

i=1
pixi

1
Pn

n
∑

i=1
pi(1− xi)

⎞
⎟⎟⎠

⎤
⎥⎥⎦

r

� 1, (5.7.8)

where r > 0.

Proof. We shall apply the inequality (5.5.1) for the log-convex map g(x) =
( 1−x

x

)r
, x ∈(

0, 1
2

]
. We now have that g′(x)

g(x) = −r
x(1−x) and from the inequality (5.5.1), we have

1
Pn

n
∑

i=1
pi

(
1− xi

xi

)r

⎛
⎜⎜⎝

1− 1
Pn

n
∑

i=1
pixi

1
Pn

n
∑

i=1
pixi

⎞
⎟⎟⎠

r

� 1
Pn

n

∑
j=1

p j exp

⎧⎪⎪⎨
⎪⎪⎩

⎡
⎢⎢⎣r

1
Pn

n
∑

i=1
pixi

1
Pn

n
∑

i=1
pixi

(
1− 1

Pn

n
∑

i=1
pixi

)
⎤
⎥⎥⎦ − rx j

1
Pn

n
∑

i=1
pixi

(
1− 1

Pn

n
∑

i=1
pixi

)
⎫⎪⎪⎬
⎪⎪⎭

=
1
Pn

n

∑
j=1

p j

⎡
⎢⎢⎣exp

⎛
⎜⎜⎝

1
Pn

n
∑

i=1
pi(xi − x j)

1
Pn

n
∑

i=1
pixi

(
1− 1

Pn

n
∑

i=1
pixi

)
⎞
⎟⎟⎠

⎤
⎥⎥⎦

r

,

and the inequality (5.7.8) is established.

Theorem 5.7.4. Let xi ∈
(
0, 1

2

]
and pi � 0 with Pn = ∑n

i=1 pi > 0. Then one has the in-

equality

1 �

⎛
⎜⎜⎝

1
Pn

n
∑

i=1
pi(1− xi)

1
Pn

n
∑

i=1
pixi

⎞
⎟⎟⎠

r

1
Pn

n
∑

i=1
pi

(
1− xi

xi

)r

�
(

exp

[
1
Pn

n

∑
i=1

pi
(1− xi)r−1

xr
i

− 1
Pn

n

∑
i=1

pixi
1
Pn

n

∑
i=1

pi
(1− xi)r−1

xr+1
i

])r

> 0, (5.7.9)

where r > 0.



Inequalities via convex functions 285

Proof. The result is obvious by applying the inequality (5.5.8) in Theorem 5.5.2 to the

log-convex mapping g :
(
0, 1

2

]
→ R, g(x) =

( 1−x
x

)r
. We omit the details.

For further inequalities related to Ky Fan’s inequality, see [40] and also the papers appeared

in RGMIA Research Report Collections.

5.7.3 Applications for Shannon’s entropy

In this section, we present applications of the inequality (5.6.4) given by Dragomir in [38],

for Shannon’s entropy mappings.

Following [38], let X be a random variable with range R = {x1, . . . ,xn} and probability

distribution p1, . . . , pn (pi > 0, i = 1, . . . ,n). Define the Shannon entropy mapping

H(x) = −
n

∑
i=1

pi log pi. (5.7.10)

The following result is well known in the literature and concerns the maximum possible

value of H(x) in terms of the size of R (see [75]).

Lemma 5.7.1 (see [41]). Let X be defined as above. Then

0 � H(x) � logn. (5.7.11)

Furthermore, H(X) = 0 if and only if pi = 1 for some i and H(X) = logn if and only if

pi = 1
n for all i ∈ {1, . . . ,n}.

The following useful analytic inequality is proved in [38].

Lemma 5.7.2. Let 0 < m � ξi � M < ∞, (pi > 0, i = 1, . . . ,n) with ∑n
i=1 pi = 1. Then

0 � log

(
n

∑
i=1

piξi

)
−

n

∑
i=1

pi logξi � (M−m)2

4mM
. (5.7.12)

The proof follows by Theorem 5.6.2, choosing f (x) = − logx and xi = ξi, i = 1, . . . ,n.

The Lemma 5.7.2 provides the following converse inequality for the Shannon entropy map-

ping (see [38]).

Theorem 5.7.5. Let X be as above and put p = min{pi, i = 1, . . . ,n} and P = max{pi,

i = 1, . . . ,n}. Then we have

0 � logn−H(x) � (P− p)2

4pP
. (5.7.13)

Proof. Choose in Lemma 5.7.2, ξi = 1
pi
∈
[

1
P , 1

p

]
and m = 1

P , M = 1
p to get the desired

inequality in (5.7.13).

Another analytic inequality proved in [38], which can be applied for the entropy mapping

is embodied in the following lemma.



286 Analytic Inequalities: Recent Advances

Lemma 5.7.3. Let 0 < m � ξi � M < ∞, (pi > 0, i = 1, . . . ,n) with ∑n
i=1 pi = 1. Then

0 �
n

∑
i=1

piξi logξi −
n

∑
i=1

piξi log

(
n

∑
i=1

piξi

)

� 1
4
(M−m)(logM− logm)

� 1
4

(M−m)2
√

mM
. (5.7.14)

Proof. The first inequality in (5.7.14) follows by Theorem 5.6.2, choosing f (x) = x logx,

which is a convex mapping on (0,∞), and xi = ξi, i = 1, . . . ,n.

The second inequality in (5.7.14) follows by the celebrated inequality between the Geo-

metric mean G(a,b) =
√

ab and the Logarithmic mean

L(a,b) =

⎧⎨
⎩

a if b = a,
b−a

logb− loga
if b 	= a,

a, b > 0,

which states that

G(a,b) � L(a,b), a, b > 0,

i.e.,
logb− loga

b−a
� 1√

ab
.

Choosing b = M, a = m, we obtain
1
4
(M−m)(logM− logm) � 1

4
√

Mm
(M−m)2.

The proof is complete.

The Lemma 5.7.3 provides the following converse inequality for the entropy mapping, see

[38].

Theorem 5.7.6. Let X , p, P be as in Theorem 5.7.5. Then we have

0 � logn−H(x) � n
4
(P− p)(logP− log p) � n

4
(P− p)2
√

pP
. (5.7.15)

Proof. Firstly, choose pi = 1
n in (5.7.14) to get

0 � 1
n

n

∑
i=1

ξi logξi −
1
n

n

∑
i=1

ξi log

(
1
n

n

∑
i=1

ξi

)

� 1
4
(M−m)(logM− logm)

� 1
4
√

mM
(M−m)2. (5.7.16)

Now, if in (5.7.16) we assume that ξi = pi ∈ [p,P], then we obtain

0 � 1
n

logn− 1
n

H(x) � 1
4
(P− p)(logP− log p) � 1

4
√

pP
(P− p)2,

from which we get (5.7.15).
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5.8 Miscellaneous inequalities

5.8.1 Klaričić Bakula and Pečarić [70]

Let f be a nonnegative convex function on [m1,M1], g a nonnegative convex function on

[m2,M2], u : [a,b]→ [m1,M1] and v : [a,b]→ [m2,M2] continuous functions, and p : [a,b]→
R be a positive integrable function. Then

1
P

∫ b

a
p(x) f (u(x))g(v(x))dx

� [ f ;m1,M1][g;m2,M2]
1
P

∫ b

a
p(x)u(x)v(x)dx+[ f ;m1,M1][g;m2,M2]

1
P

∫ b

a
p(x)u(x)dx

+[ f ;m1,M1][g;m2,M2]
1
P

∫ b

a
p(x)v(x)dx+[ f ;m1,M1][g;m2,M2],

f
(

m1 +M1

2

)
g
(

m2 +M2

2

)
� 1

4P

[∫ b

a
p(x) f (u(x))g(v(x))dx

+
∫ b

a
p(x) f (M1 +m1 −u(x))g(M2 +m2 − v(x))dx

]

+
1

4P

[
−2[ f ;m1,M1][g;m2,M2]

∫ b

a
p(x)u(x)v(x)dx

+([ĝ;m2,M2]− [g;m2,M2]) [ f ;m1,M1]
∫ b

a
p(x)u(x)dx

+([ f̂ ;m1,M1]− [ f ;m1,M1])[g;m2,M2]
∫ b

a
p(x)v(x)dx

]

+
1
4
(
[ f ;m1,M1] [ĝ;m2,M2]+ [ f̂ ;m1,M1][g;m2,M2]

)
,

where P =
∫ b

a p(x)dx and for a suitable function h : [α,β ] ⊂ R → R the notations

[h;x,y] =
h(y)−h(x)

y− x
, x 	= y, (5.8.1)

h(t) = t h(α +β − t), (5.8.2)

ĥ(t) = t h(t), (5.8.3)

for x, y, t ∈ [α,β ] are used to simplify the presentation.
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5.8.2 Klaričić Bakula and Pečarić [70]

Let f be a nonnegative convex function on [m1,M2], g a nonnegative convex function on

[m2,M2], u : [a,b] → [m1,M1] and v : [a,b] → [m2,M2] continuous functions, and p, q :

[a,b] → R positive integrable functions. Then
1

PQ

∫ b

a

∫ b

a

∫ 1

0
p(x)q(y) f (tu(x)+(1− t)u(y))g(tv(x)+(1− t)v(y))dtdxdy

� 1
3PQ

[
Q
∫ b

a
f (u(x))g(v(x))p(x)dx+P

∫ b

a
f (u(y))g(v(y))q(y)dy

]

+
1

3PQ

∫ b

a
f (u(x))p(x)dx

∫ b

a
g(v(y))q(y)dy,

1
P

∫ b

a

∫ 1

0
p(x) f (tu(x)+(1− t)u)g(tv(x)+(1− t)v)dtdx

� 1
3P

∫ b

a
p(x) f (u(x))g(v(x))dx+

1
3

f (u)g(v)

+
1

6P

[
g(v)

∫ b

a
p(x) f (u(x))dx+ f (u)

∫ b

a
p(x)g(v(x))dx

]
,

where P =
∫ b

a p(x)dx,Q =
∫ b

a q(x)dx, u = 1
P
∫ b

a p(x)u(x)dx, v = 1
Q
∫ b

a q(x)v(x)dx.

5.8.3 Pachpatte [98]

Let f : [a,b]→R be a differentiable convex function and F(x,y)(t) be as defined in (5.3.1).

Then ∫ b

a
F
(

x,
a+b

2

)
(t)dx �

∫ b

a
f (x)dx,

3
2

1
b−a

∫ b

a
f (x)dx � 1

b−a

∫ b

a
F
(

x,
a+b

2

)
(t)dx+

f (a)+ f (b)
4

,

for all t ∈ [0,1].

5.8.4 Pachpatte [98]

Let f : [a,b]→R be a differentiable convex function and F(x,y)(t) be as defined in (5.3.1).

Then
1

b−a

∫ b

a

∫ b

a
F(x,y)(t)dxdy �

∫ b

a
f (x)dx,

3
2

1
b−a

∫ b

a
f (x)dx � 1

(b−a)2

∫ b

a

∫ b

a
F(x,y)(t)dxdy+

f (a)+ f (b)
4

,

for all t ∈ [0,1].
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5.8.5 Pachpatte [98]

Let f : [a,b] → R be a convex function, F(x,y)(t) be as defined in (5.3.1) and define for

t ∈ [0,1]

G(t) =
1

b−a

∫ b

a
F
(

x,
a+b

2

)
(t)dx,

H(t) =
1

(b−a)2

∫ b

a

∫ b

a
F(x,y)(t)dxdy.

Then

(i) G and H are convex on [0,1],

(ii) G(t) � H(t) for all t ∈ [0,1].

5.8.6 Pachpatte [136]

Let f and g be real-valued, nonnegative and convex functions on [a,b] ⊂ R and F(x,y)(t)

and G(x,y)(t) be as defined in (5.3.1) and (5.3.2). Then for all t ∈ [0,1] we have

1
b−a

∫ b

a
F
(

x,
a+b

2

)
(t)G

(
x,

a+b
2

)
(t)dx

� 1
4(b−a)

∫ b

a
f (x)g(x)dx+

3
16

[M(a,b)+N(a,b)],

2
(b−a)2

∫ b

a

∫ b

a
F(x,y)(t)G(x,y)(t)dxdy

� 1
b−a

∫ b

a
f (x)g(x)dx+

1
4
[M(a,b)+N(a,b)],

where M(a,b) = f (a)g(a)+ f (b)g(b), N(a,b) = f (a)g(b)+ f (b)g(a).

5.8.7 Pachpatte [82]

Let f and g be real-valued, nonnegative and convex functions on [0,1]. Then
∫ 1

0
(1− x) f (x)g(x)dx � 1

3

(∫ 1

0
f (x)dx

)(∫ 1

0
g(x)dx

)
+

1
6

f (0)g(0),

∫ 1

0
x f (x)g(x)dx � 1

3

(∫ 1

0
f (x)dx

)(∫ 1

0
g(x)dx

)
+

1
6

f (1)g(1),

∫ 1

0
f (x)g(x)dx � 2

3

(∫ 1

0
f (x)dx

)(∫ 1

0
g(x)dx

)
+

1
6
[ f (0)g(0)+ f (1)g(1)].
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5.8.8 Pachpatte [82]

Let f and g be real-valued, nonnegative and convex functions on [0,1]. Then
∫ 1

0
(1− x)

[
f 2(x)+g2(x)

]
dx � 1

3

[(∫ 1

0
f (x)dx

)2

+
(∫ 1

0
g(x)dx

)2
]

+
1
6
[

f 2(0)+g2(0)
]
,

∫ 1

0
x
[

f 2(x)+g2(x)
]

dx � 1
3

[(∫ 1

0
f (x)dx

)2

+
(∫ 1

0
g(x)dx

)2
]

+
1
6
[

f 2(1)+g2(1)
]
,

∫ 1

0

[
f 2(x)+g2(x)

]
dx

� 2
3

[(∫ 1

0
f (x)dx

)2

+
(∫ 1

0
g(x)dx

)2
]

+
1
6
[

f 2(0)+g2(0)+ f 2(1)+g2(1)
]
.

5.8.9 Teng, Yang and Dragomir [149]

Let s : [a,b] → R be nonnegative, integrable and symmetric to a+b
2 and f ∈ Q(I)∩L1[a,b].

Then

f
(

a+b
2

)∫ b

a
s(x)dx � 4

∫ b

a
f (x)s(x)dx, (5.8.4)

∫ b

a

(b− x)(x−a)
(b−a)2 f (x)s(x)dx � f (a)+ f (b)

2

∫ b

a
s(x)dx,

where Q(I) is defined as in section 5.2. The constant 4 in (5.8.4) is the best possible.

5.8.10 Tseng, Yang and Dragomir [149]

Let s : [a,b] → R be nonnegative, integrable and symmetric to a+b
2 and f ∈ P(I)∩L1[a,b].

Then

f
(

a+b
2

)∫ b

a
s(x)dx � 2

∫ b

a
f (x)s(x)dx � 2[ f (a)+ f (b)]

∫ b

a
s(x)dx, (5.8.5)

where P(I) is defined as in Section 5.2. Both inequalities in (5.8.5) are sharp.

5.8.11 Pachpatte [107]

Let f , g : [a,b] → R be absolutely continuous functions on [a,b]. Let

S( f ,g) = f (x)g(x)− 1
2(b−a)

[
g(x)

∫ b

a
f (t)dt + f (x)

∫ b

a
g(t)dt

]
,
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A =
| f ′(t)|
| f ′(x)| , B =

|g′(t)|
|g′(x)| . (5.8.6)

(a1) If | f ′|, |g′| are convex on [a,b], then

|S( f ,g)| � 1
4

⎡
⎣1

4
+

((
x− a+b

2

)
b−a

)2
⎤
⎦(b−a)

×
{
|g(x)|

[
| f ′(x)|+‖ f ′‖∞

]
+ | f (x)|

[
|g′(x)|+‖g′‖∞

]}
,

for x ∈ [a,b].

(a2) If | f ′|, |g′| are log-convex on [a,b], then

|S( f ,g)| � 1
2(b−a)

{
|g(x)|| f ′(x)|

∫ b

a
|x− t|

(
A−1
logA

)
dt

+| f (x)||g′(x)|
∫ b

a
|x− t|

(
B−1
logB

)
dt
}

,

for x ∈ [a,b].

5.8.12 Pachpatte [107]

Let f , g : [a,b] → R be absolutely continuous functions on [a,b]. Let

T ( f ,g) =
1

b−a

∫ b

a
f (x)g(x)dx−

(
1

b−a

∫ b

a
f (x)dx

)(
1

b−a

∫ b

a
g(x)dx

)
,

E(x) =
(x−a)2 +(b− x)2

2
,x ∈ [a,b].

(b1) If | f ′|, |g′| are convex on [a,b], then

|T ( f ,g)| � 1
4(b−a)3

∫ b

a

[
| f ′(x)|+‖ f ′‖∞

][
|g′(x)|+‖g′‖∞

]
E2(x)dx,

(b2) If | f ′|, |g′| are log-convex on [a,b], then

|T ( f ,g)| � 1
(b−a)3

∫ b

a

[{∫ b

a
|x− t|| f ′(x)|

(
A−1
logA

)
dt
}

×
{∫ b

a
|x− t||g′(x)|

(
B−1
logB

)
dt
}]

dx,

where A, B are defined by (5.8.6).
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5.9 Notes

An enormous amount has been written about inequalities involvibg convex functions and

their applications. The results in Theorems 5.2.1–5.2.4 deals with integral inequalities sim-

ilar to that of the Hadamard’s inequalities involving the product of two convex functions

and are taken from Pachpatte [97] and [85]. The integral inequalities in Theorems 5.3.1–

5.3.3 contains Hadamard-type inequalities involving convex functions and are established

by Pachpatte in [84]. Theorems 5.4.1 and 5.4.2 contains the integral inequalities involving

the product of two log-convex functions and are taken from Pachpatte [104], while The-

orem 5.4.3 contains Hadamard-type integral inequalities involving three log-convex func-

tions and taken from Pachpatte [136]. The results in Theorems 5.4.4 and 5.4.5 contains the

Hadamard-type integral inequalities investigated by Pachpatte in [110].

Theorem 5.5.1 deals with a refinement of discrete Jensen’s inequality for log-convex func-

tion and is taken from Dragomir and Mond [40] and Theorem 5.5.2 is the converse of

Jensen’s discrete inequality for log-convex functions and is also taken from Dragomir and

Mond [40]. Theorem 5.5.3 contains another refinement of Jensen’s discrete inequality and

is taken from Dragomir and Mond [40]. Theorem 5.6.1 contains a version of the discrete

Jensen’s inequality and is taken from Dragomir [41] and Theorem 5.6.2 contains a use-

ful version of Theorem 5.6.1 and is taken from Dragomir [41]. Theorems 5.6.3 and 5.6.4

are taken from Dragomir and Goh [25] and Dragomir [38], while Theorem 5.6.5 is due to

Budimir, Dragomir and Pečarić [11]. Section 5.7.1 is devoted to the applications of certain

inequalities for special means and taken from Dragomir [41,46]. Section 5.7.2 contains

applications to obtain Ky Fan-type inequalities and are taken from Dragomir and Mond

[40]. Section 5.7.3 deals with the applications for Shannon’s entropy and are taken from

Dragomir [38]. In Section 5.8 some useful miscellaneous inequalities investigated by vari-

ous investigators are given.
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[1] Aglić Aljinović, A. and J. Pečarić, A discrete Euler identity, J. Inequal. Pure and Appl. Math.
5 (3) Art. 58, 2004.

[2] Anastassiou, G. A., Multivariate Ostrowski type inequalities, Acta Math. Hungar. 76 (1997),
267–278.

[3] Atkinson, K. E., An introduction to numerical analysis, Wiley and Sons, second edition, 1989.
[4] Barnett, N. S. and S.S. Dragomir, An inequality of Ostrowski’s type for comulative distributa-

tion functions, Kyungpook Math. J. 39 (2) (1999), 301–311.
[5] 5. Barnett, N. S. and S.S. Dragomir, Some inequalities for random variables whose probability

density functions are absolutely continuous using a pre-Chebychev inequality, Kyung-
pook Math. J. 40 (2) (2000), 299–311.

[6] Barnett, N. S. and S.S. Dragomir, A Trapezoid type inequality for double integrals, Nonlinear
Analysis 47 (4) (2001), 2321–2332.

[7] Barnett, N. S., S.S. Dragomir and A. Sofo, Better bounds for an inequality of Ostrowski type
with applications, RGMIA Res. Rep. Coll. 3 (1) (2000), 113–122.

[8] Barnett, N. S. and S.S. Dragomir, An Ostrowski type inequality for double integrals and ap-
plications for cubature formulae, Soochow J. Math. 27 (1) (2001), 1–10.

[9] Barnett, N.S. and S.S. Dragomir, On the perturbed trapezoid formula, Tamkang Jour. Math. 33
(2) (2002), 119–128.

[10] Beckenbach, E.F. and R. Bellman, Inequalities, Springer-Verlag, Berlin-New York, 1965.
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[22] Dedić, Lj, J. Pečarić and N. Ujević, On generalizations of Ostrowski inequality and some
related results, Czechoslovak Math. J. 53 (128) (2003), 173–189.

[23] Dragomir, S.S. and N. M. Ionescu, Some remarks on convex functions, Anal. Num. Theor.
Approx. 21 (1992), 31–36.
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[107] Pachpatte, B.G., On Ostrowski-Grüss-Čebyšev type inequalities for functions whose modulus

of derivatives are convex, J. Inequal. Pure and Appl. Math. 6 (4) Art. 128, 2005.
[108] Pachpatte, B.G., Mathematical Inequalities, North-Holland Mathematical Library, Vol. 67,

Elsevier Science B. V., Amsterdam, 2005.
[109] Pachpatte, B.G., A note on Ostrowski like inequalities, J. Inequal. Pure and Appl. Math. 6 (4)

Art. 114, 2005.



298 Analytic Inequalities: Recent Advances

[110] Pachpatte, B.G., A note on Hadamard type integral inequalities involving several log-convex
functions, Tamkang J. Math. 36 (1) (2005), 43–47.
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