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To the memory of my father.



Preface

Analytic inequalities are widely acknowledged as one of the major driving forces behind the
development of various branches of mathematics and many applied sciences. The study of
inequalities has increased enormously over recent decades as it has been demonstrated that
they have applications in many diverse fields of mathematics. There exists, for example,
a very rich literature related to the éebyéev, Griiss, Trapezoid, Ostrowski, Hadamard and
Jensen inequalities. This monograph is an attempt to organize recent progress related to
these in the hope that it will further broaden developments and the scope of applications. It
does not intend to be comprehensive, but rather it is meant to be a representative overview

of the recent research related to the fundamental inequalities noted above.

A large part of the material included in the book can only be found in the research literature
although it should be understandable to any reader with a reasonable background in real
analysis and its related areas. It will be a valuable source of reference in the field for a long
time to come. All results are presented in an elementary way and it could also serve as a

textbook for an advanced graduate course.

The author is grateful to Professor Jan van Mill and Arjen Sevenster for the opportunity to
publish this book and their invaluable professional cooperation for the work reported here.
I am also indebted to the editorial and production staff of the publisher for the care they
have taken with this book. I would like to thank my family members for providing their

strong support and constant encouragement during the writing of this monograph.

B.G. Pachpatte
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Publisher’s Note

Unfortunately the author passed away during the last phase of the manuscript preparation

and was therefore unable to see the final realization of this topical and interesting work.
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Introduction

Mathematical inequalities have played an important role since the time of A.L. Cauchy, P.L.
Cebysev, C.F. Gauss and many others in establishing the foundations for methods of ap-
proximation. Around the end of the nineteenth and the beginning of the twentieth century,
numerous inequalities were investigated and used in almost all branches of mathematics
as well in other areas of science and engineering. The pioneering work Inequalities by
Hardy, Littlewood and Polya [68] appeared in 1934, transformed the field of inequalities
from a collection of isolated formulas into a systematic discipline. This work presents fun-
damental ideas, results and techniques and it has had much influence on research in various
branches of analysis. Since 1934, a considerable variety of inequalities have been proposed
and studied in the literature. Excellent surveys of the work done up to the years of their
publications, together with many references can be found in the books by Beckenbach and
Bellman [10] and Mitrinovi¢ [78]. These three major books serve as mere stepping-stones

to the recent vast literature in the subject.

The study of various types of inequalities has been the focus of great attention for well
over a century by many researchers, interested both in theory and applications. Various
approaches are developed by different researchers for handling a variety of analytic in-
equalities. There are several classical and notable books that introduce new researchers to
the basic results, methods and applications and at the same time, serve the dual purpose of

textbooks for graduate students in many different fields of mathematics.

Over the past two decades or so, the field of inequalities has undergone explosive growth.
Concerning numerous analytic inequalities, in particular a great many research papers have
been written related to the inequalities associated to the names of CebySev, Griiss, Trape-
zoid, Ostrowski, Hadamard and Jensen. A number of surveys and monographs published

during the past few years described much of the progress. However, these expositions are
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still far from being a complete picture of this fast developing field. The literature related to
the above mentioned inequalities is now very extensive, it is scattered in various journals
encompassing different subject areas. There is thus an urgent need for a book that brings
readers to the forefront of current research in this prosperous field. The rapid development
of this area and the variety of applications drawn from various fields motivated and inspired

us to write the present monograph.

The subject of inequalities being so vast, most recent books on this subject cover only a
certain class of inequalities and either try to be encyclopedic within that class or bring the
rapidly expanding field of inequalities up-to-date in some area. The present monograph
is an attempt to provide its readers with a representative overview related to the above
noted inequalities and it is not the intention to attempt to survey this voluminous literature.
We mostly focus on certain advances, particularly not covered in the recent surveys and
monographs. Below, we briefly summarize some fundamental inequalities, which grately
stimulated the present work. By doing this, we hope to help the reader to prepare for more

recent results that will be considered in subsequent chapters.

One of the many fundamental mathematical discoveries of P.L. Cebysev [13] is the follow-
ing classical integral inequality:
1
T(£:8) < 5 (b= a1/ =]l M
where f, g: [a,b] — R are absolutely continuous functions, with first derivatives of which,

f', g’ are bounded and

1= s [ 10— (5 [ rwar) (51 [Newar). @

provided the involved integrals in (2) exist. The representation (2) is known in the literature

as the Cebysev functional. The inequality (1) which first appeared in 1882 is now known
in the literature as Ceby3ev’s inequality. Over the years, this inequality has evoked the
interest of numerous researchers and a large number of results related to the inequality (1)

have been published, see [79,144] and the references given therein.

In 1935, G. Griiss [61] proved an interesting integral inequality that gives an estimate of
the difference between the integral of the product of two functions and the product of their
integrals, as follows:
1
T(f,8) < (@ 9)(T ), ®

where f, g [a,b] — R are integrable on [a,b] and satisfy the condition

¢ <flx) <P, y<gl)<T,
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for each x € [a,b], where ¢, @, v, T are given real constants and T'(f,g) is given by (2). For
a simple proof of (3) as well as some other integral and discrete inequalities of the Griiss

type, see the book [79] by Mitrinovi¢, Pecari¢ and Fink.

The following inequality is well known in the literature as the Trapezoid inequality:
b b—a 1

[ 1@dx= "2 1@ + £ B)]| < 150 -Pl1f o )
a

where the mapping f : [a,b] — R is assumed to be twice differentiable on the interval (a,b),

with the second derivative bounded on (a,b), that is,
£l = sup |f"(x)] <oo.
x€(a,b)
The inequality (4) has received a considerable attention and many results related to this
inequality have appeared in the literature. A detailed discussion related to the inequality

(4) can be found in a recent paper [17] by Cerone and Dragomir, see also [3,58,140].

Now if we assume that [, : a =xp < x; < -++ < x,—1 < X, = b is a partition of the interval
[a,b] and the function f is as above, then we can approximate the integral [ f f(x)dx by the

trapezoidal quadrature formula A7 (f,1,), having an error given by Rr(f,1,), where

Ar(f.1n) = ;:t;[f(xi)+f(xi+1)]hi7 Q)

and the remainder satisfies the estimation )
Ry (f,1)] < lelf”lm’:Z_;h?, ©)
with h; = x;4.1 —x; fori=0,1,...,n— 1. Expression (5; is known as the trapezoidal rule, if

n =1, and as the composite trapezoidal rule for n > 1. The trapezoidal rule is widely used
in practice since it is easy to implement in an efficient fashion, especially if the partitioning

is done in a uniform manner.
In 1938, A.M. Ostrowski [81] proved the following useful inequality (see also [80]).

Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b) with derivative f’ :

(a,b) — R being bounded on (a,b), that is, || f||e = Sup,c (4 | f'(x)| < oo. Then

b _ ath)?
‘f(x)—b_la/a f(t)de| < 411+((b—2)2)} (b=a)||f'|l (7N

for all x € [a,b].

The inequality (7) gives an upper bound for the approximation of the integral average

1 b
bfa/a f(o)dt
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by the value f(x) at the point x € [a,b]. In the last decade a great number of important
results on this topic have been appeared in the literature. An excellent survey of the work
on Ostrowski type inequalities together with many references are contained in the recent

book [50] edited by Dragomir and Rassias.

Among numerous inequalities involving convex functions, the following inequality (see

[45.,108]):
f(”b) /f( yar < LOHIE) ®)

which holds for all convex functions f : [a,b] — R is known in the literature as Hadamard’s

inequality. The inequality (8) is remarkable in terms of its simplicity, the large number of
results to which it leads, and the variety of applications which can be related to it. Due to
its importance in various applications, this result has attracted a great deal of attention over

the years and a number of papers related to it have appeared in the literature.

The following inequality is well known in the literature as Jensen’s inequality (see
[78,108,144]):

1 & 1 &
5 Y x| <5 Y pif(x), )
L L
where f: X — R be a convex mapping defined on the linear space X and x; € X, p; > 0
(i=1,...,n)withP, =Y"  p;i>0.

There are many well known inequalities which are particular cases of inequality (9), such
as the weighted Arithmetic mean-Geometric mean-Harmonic mean inequality, the Ky-Fan
inequality, the Holder inequality etc. For a comprehensive list of recent results on Jensen’s

inequality, see the book [108] where further references are also given.

A large number of results related to the above inequalities have recently appeared in the
literature. Indeed, a particular feature that makes these inequalities so fascinating arises
from the numerous fields of applications. The literature related to the above inequalities is
vast and rapidly growing vaster. The part of this growth is due to the fact that the subject is
genuinely rich and lends itself to many different approaches and applications. Some of the
results, recently discovered in the literature provide simple and elegant extensions, general-

izations and variants of the above inequalities and thus have a wider scope of applicability.

Taking into account the great variety of results related to the above inequalities, the choice
of material for a book is a difficult task. The selection of the material is largely influenced

with a view to provide basic tools for researchers working in mathematical analysis and
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applications. The material it presents is new and never appeared in the book form before,

and will be a valuable source to both experts and non-experts in the field.
A brief description of the organization of the book is as follows.

The work is arranged in five chapters and references. Chapters 1 and 2 presents a large
number of new basic results related to Griiss, Cebysev, Trapezoid type inequalities involv-
ing functions of one and many independent variables investigated by various researchers.
These results offers a representative overview of the major recent advances in the field as
well as the diversity of the subject. Chapters 3 and 4 are devoted to present most recent
results on Ostrowski type inequalities involving functions of one and several independent
variables. These results reflect some of the major recent advances in the field. Chapter 5
contains some basic inequalities involving convex functions investigated by various re-
searchers during the past few years. We hope that these results will provide new directions
of thinking besides extremely important inequalities due to Hadamard and Jensen. Each
chapter contains sections on applications and miscellaneous inequalities for further study
and notes on bibliographies. A list of references does not include titles related to the top-
ics, which we have not covered in this book. Without any intention of being complete, here

only those references used in the text are given.

Throughout, we let R, C, Z and N denote the set of real, complex, integers and natural
numbers respectively. Let Ry = [0,), [a,b] C R (a < b), Ng = {0,1,2,...}, Ny g =
{o,a0+1,...,a+n= B} forneN, o, B € Ny. The derivatives of a function u(t), r € R
are denoted by u!) (r) for i = 1,...,n. The function u : [a,b] — R is said to be bounded on
[a,b], if ||u|| = sup |u(x)| < ee. The notation, definitions and symbols used in the text are
standard or othe;\f&/[féi] explained.

The book is largely self-contained. It thus should be useful for those who are interested in
learning or applying inequalities in their studies regardless of their specific subject focus.
It will be an invaluable reading for mathematicians, physicists and engineers and also for
graduate students, scientists and scholars wishing to keep abreast of this important area
of research. Most of the inequalities included in the book are recent innovations and it is

hoped that they will provide motivation for future research work.






Chapter 1

Griiss-and (v?ebyéev-type inequalities

1.1 Introduction

In 1882, P.L. Cebysev [13] proved the remarkable inequality given in (1). In a celebrated
paper of 1935, G. Griiss [61] proved the well-known inequality given in (3). Applications
of these inequalities have been found in statistics, coding theory, numerical analysis and
various other branches of mathematics. Over the years, a multitude of papers related to the
classical inequalities (1) and (3) have been published, see the books by Mitrinovié, Pecaric¢
and Fink [79] and Pecari¢, Pochan and Tong [144], where further references are also given.
In the past few years, an enormous amount of attention has been given to these inequalities
and numerous generalizations, extensions and variants have appeared in the literature. The
main goal of this chapter is to present a number of new and basic inequalities related to (1)
and (3) involving functions of one independent variables, recently investigated by various

researchers. Applications of some of the inequalities are also given.

1.2 Griiss-type inequalities

In this section we present some Griiss-type inequalities established by different investiga-
tors in [34,72,96,105]. In what follows we shall make use of the notation set to define
Cebysev functional T'(f,g) in (2).

We start with the following Griiss-type inequality proved by Mati¢, Pecari¢ and Ujevié in
[72].

Theorem 1.2.1. Let f, g: [a,b] — R be two integrable functions and y < g(x) < T, for
all x € [a,b], where ¥, T" € R are constants. Then

T(£.8) < 5O~ VT 7). (12.1)
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Proof. By direct computation it is easy to observe that the following Korkine’s identity
holds (see [79, p. 242]):

b b
T(8) = g [, [ VOO —so)dds. (122
From (1.2.2) we observe that
2
T(f,f)= / 2 (x)dx — (/ f(x)dx ) . (1.2.3)

Furthermore, by using the Cauchy-Schwarz integral inequality, it is easy to observe that
T(f,f) = 0. Similarly, T(g,g) > 0. From (1.2.2) and using Cauchy-Schwarz integral in-

equality for double integrals, we have

2
10P = {5 [ G0 -5 60 —g(s))drds}

Asgian [ [0 -sopraash{ 5ot [ [ o) - gt aras)}

=T(f,f)T(g:8)- (1.2.4)

It is easy to observe that the following identity also holds:

T(eg) = (1= 5t [ sar) (52 [ etav—)

b
5 | (C=s)(s() ~Da. (125

Using the fact that (I'— g(x))(g(x) — ) = 0 in (1.2.5) and then the elementary inequality

J\2
cdé(Cer ) ;o ¢, deR,

we observe that

T(g,8) < (F— bia/ubg(x)dx) <bia/abg(x)dx—y> < <1“2—y)2 (12.6)

The required inequality in (1.2.1) follows from (1.2.4) and (1.2.6). The proof is complete.

Remark 1.2.1. We note that the inequality (1.2.1) is called a premature Griiss inequality
(see [72]). The term premature is used to denote the fact that the result is obtained from
not completing the proof of the Griiss inequality if one of the functions is known explicitly.
In [72], it is observed that (1.2.1) provides a sharper bound than the Griiss inequality (3).
The following Theorem deals with a Griiss-type inequality proved by Dragomir and McAn-

drew in [34], which can be used in certain applications.



Griiss-and éeby§ev—type inequalities 9

Theorem 1.2.2. Let f, g: [a,b] — R be two integrable functions. Then

el <t [ (1051 [ ro)

X <g(X) - bla/abg(y)dy>

The inequality (1.2.7) is sharp.

dx. (1.2.7)

Proof. First we observe that

bia /ab (f(x) - bla/abf(y)dy> (g(x) - bla/abg(y)dy) dx

[ (e st [ riay

b—a a

1 [sas [ [ ety as

_ ! /bf(x)g(x)dx—ﬁ/abg(x)dxbia/abf(y)dy

b—ala

b—al. f(x)dxb

— ot [ (2 [ ras) (55 [ stwar)
~T(f.q). (1.2.8)

From (1.2.8) and using the properties of modulus, we have

Tl [ (0= 52 [ o) x (s 5 [ eiay)

and the inequality in (1.2.7) is proved.

Choosing f(x) = g(x) = sgn (x— "—erb) , the equality is satisfied in (1.2.7).

ia/ahg()’)dy+(b—a)b ! /hf(y)dyé /L;bg(y)dy

—aJa

dx,

In [96], Pachpatte proved the following Griiss-type inequality, which bounds T'(f,g) in

terms of integral involving inherent functions and their derivatives.

Theorem 1.2.3. Let f, g: [a,b] — R be continuous on [a,b] and differentiable on (a,b)
with derivatives f’, g’ : (a,b) — R being bounded on (a,b). Then

1 b y /
IT(f,8)| < m/ﬂ @)1 lloe + [ £ 11 [|o=] E (), (1.2.9)
where
2
E(x)—l(ba)2+<xa;b> 7 (1.2.10)

for x € [a,b].
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Proof. Define the mapping

(0,1) = t—a ifr € [a,x] 211
PREU=0 2 if 7 € (x,b] o

Integrating by parts, we have

/abp(x,t)f'(t)dt /(t— dt+/ (t—b)
fof —/ 1)dt+(1—b } —/hf(t)dt

— (=) () + (b= f /ft)dt

=0y - [ rwa.

From this, we obtain

f) -

1 b 1 b
b—a./a fle)dr = m/a p(x,1)f(r)dr, (1.2.12)

for (x,t) € [a,b]*. The representation (1.2.12) is known as Montgomery’s identity (see
[50,80]). Similarly, we obtain

1 b 1 b
8 5 — g(t)dt::/ plx,0)g (t)dt, (12.13)

for (x,t) € [a,b]*. Multiplying both sides of (1.2.12) and (1.2.13) by g(x) and f(x) respec-

tively, adding and then integrating the resulting identity with respect to x from a to b, we

2 [ ssar= 2 ([ rwa) ([ st )
1

R /a.h [g(x) /abp(x,t)f/(t)dt—i-f(x) /a,bp(x,t)g’(t)dt} dx. (1.2.14)

From (1.2.14) and using the properties of modulus, we observe that

s [l [ it ol 170 [ ol 0l as

have

IT(f,8)] <

1 b
<spmar ), (1=l + g/l FoN ECe)a,

and the inequality (1.2.9) is proved.
Next, we give the following Griiss-type inequality established by Pachpatte in [105].
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Theorem 1.2.4. Let f, g, h: [a,b] — R be continuous functions on [a,b] and differen-
tiable on (a,b) with derivatives f’, g’, i’ : (a,b) — R being bounded on (a,b). Then

’b a/ F0)2()h(x)dx— - [(bia/abg(x)h(x)dx>
« (bia‘/abf(x)dx> + (b_lafabh(x)f(x)dx> (bia/abg(x)dx>
4 (bla/abf(x)g(x)dx) <b1a/abh(x)dx)”

1 b / ,
<5507, T + LA -

H g 17]]oo] Ax)dx, (1.2.15)
where
2
L (o)
Ax) = {44— b—a) (b—a). (1.2.16)
Proof. From the hypotheses, for any x, y € [a,b], we have the following identities:
-fy) = / f(t)dt, (1.2.17)
y
X
g(x) —g(y) = / g (t)dt, (1.2.18)
¥
h(x) = h(y) = / W (t)dt. (1.2.19)
y

Multiplying both sides of (1.2.17), (1.2.18) and (1.2.19) by g(x)A(x), h(x) f(x) and f(x)g(x)

respectively and adding the resulting identities, we have

3R ~ (g7 0) + (S ()g0) + F()g)hy)]
= 5ntx) [0+ n)feo) [

y

¢ (1)t + F(x)g(x) /y W (t)ar. (1.2.20)

Integrating both sides of (1.2.20) with respect to y over [a,b] and rewriting, we have

P890 — 55 (60000 [ 10)y-+h) 0 [ g0+ 0)eta) [ ey

1

— i [ [ ([ rar) v
/ </y 8 l‘)dt> dy +f(x) / </ H( t)dt> dy} (1.2.21)
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Integrating both sides of (1.2.21) with respect to x from a to b and rewriting, we have

ﬁ /jf(X)g(X)h(X)dx—;Kbia / o) xW) < / o dy)
<b a/h )( 1 /g(y)dy>
N <bla/abf(x)g(x)dx> <bia/abh(y)dyﬂ
3(17(1/{ x)/ </f(tdt>dy
s /ab ( /yxg/(t)dt> dy 403 / ( / W (1) dt) dy} (12.22)

From (1.2.22) and using the properties of modulus, we have

[ rstonea— 5 | (51 [ swnmar) (51 [ rax)
N <bia / () f(x)dx) (l)ia / bg(x)dX>
(it o) (5 [ o) |

! /
<w/ﬂ {[Ig(th |1 Nl + 1A £ @118 |

b
@ e@IIA] [ |xy|dy} dx. (1.223)

It is easy to observe that

b _\2 )2
/Ix—yldy=(x ) er(b x), (1.2.24)

and

(x—a)2+(b—x)2_ 1 (x—‘”'b)z
2—a) |3 —ap

Using (1.2.24) and (1.2.25) in (1.2.23), we get the required inequality in (1.2.15) and the

proof is complete.

}(b a) =A(x). (1.2.25)
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Remark 1.2.2. 1In the special case, when A(x) = 1 and hence /'(x) = 0, it is easy to
observe that the inequality (1.2.15) reduces to

TG < 55y (I e+ I ] Ao (1226)

We note that the bound obtained in (1.2.26) is the same as the bound in (1.2.9).
Another Griiss-type inequality established by Pachpatte in [96] is embodied in the follow-

ing theorem.

Theorem 1.2.5. Let f, g: [a,b] — R be continuous on [a,b] and twice differentiable on
(a,b), with second derivatives f”, ¢" : (a,b) — R being bounded on (a,b). Then

100 g [ (=57 ) e as

1 b
<sip=ar ), IS It F@E"e] B (1.227)

where

b
B0 = [ k(o)

for x € [a,b], in which

(t —a)2 i a,x
k(x,t) = (;—Zb)Z frela (1.2.28)
if 1 € (x,b]
2
Proof. Integrating by parts, we have successively
/bk(x,t)f”(t)dt:/x( —f( dt+/ f”(t)dt
RS T -
P 0| - [ arwa ol - /xb(t—b)f'(t)dt
_G-a?, (b, o |
— W= |- ar ol —/f nar| =T ) - =) - [fear

@ 0] @)~ )+ [ e g+ [ s
=5 llx—a x)7 | f(x x—a)f(x af X fx xf

~ -0 (=52 - -+ [ o
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from which, we get the integral identity

b
fo =5 a/f ‘”*( ;b>f )*blfa/a k(x,0) " (t)de, — (1.2.29)

for x € [a,b]. Similarly

() = bi / o(t)dt + (x—“’> (o )——/abk(x,t)g”(t)dt, (1.2.30)

for x € [a,b]. Multiplying both sides of (1.2.29) and (1.2.30) by g(x) and f(x) respectively,

adding and then integrating the resulting identity with respect to x from a to b and rewriting,

bia/abf(x)g(x)dx: % Kbia/jf(t)dt> <bia/abg(x)dx>
+ (bia /abg(t)dz) <b1a/a”f(x)dx” +2(bl—a)/ab <x— a;b) (f(x)g(x)) dx
2(,)1_61)2/; [g(x) /abk(x,t)f”(t)dﬂrf(x) /abk(x,t)g”(t)dt:| dx,

18- s |, (=37 e as

_ﬁ / ' [g(x) / bk(x’t)f”(t)dﬂrf(x) / bk(x,t)g”(t)dt} dx. (1.2.31)

From (1.2.31) and using the properties of modulus, we have
1 b a+b
T e
el G LI
1

b b b
<sgmar |, 0L [ Wl 0l 170 [ ol 0l ax

we have

i.e.,

1 b
< st | LI e+ 1] B

and the inequality (1.2.27) is proved.

1.3 éebyéev-type inequalities

In this section we offer some Ceby3ev-type inequalities established in [42,72,112,113]. We
shall make use of the notation set to define Ceby3ev functional T(f,g)in (2).

In [72], Mati¢, Pecari¢ and Ujevié proved the following Ceby3ev-type inequality.
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Theorem 1.3.1. Let f, g:[a,b] — R be two absolutely continuous functions on [a,b].
Let f': [a,b] — R belong to Le|a,b]. Then

(9l < 21 v TGa), (ERS

Proof. For the functions f, g the Korkine’s identity (1.2.2) holds. Following the proof of
Theorem 1.2.1, we get (1.2.4). For any s, ¢ € [a,b], we have

o) - / G

Using this fact in (1.2.2), we observe that
/ / f(s))*drds

T = 55 a)z
/ (/ f’(é)dé)zdtds

<somm [ (f f’(f‘é)ld§>2dtds
< sl [ [ =5

b a
_ e, (132
Using (1.3.2) in (1.2.4), we deduce the desired inequality in (1.3.1).

- 2(b —a)?

Remark 1.3.1. From the identity (1.2.2), it is easy to observe that

o) = s [ 20 (5 [sar)

and using this, (1.3.1) can be written as

f”f M [ /bgz(t)dt— <bla/ahg(t)dt>2]2. (1.3.3)

As noted in [72], the inequality (1.3.1) (or (1.3.3)) is called the pre—Cv'ebysVev inequality.

T(f,8)l <

A natural generalization of the Cebyéev inequality (1) established by Dragomir in [42] is

given in the following theorem.

Theorem 1.3.2. Let f, g: [a,b] — R be two Lipschitzian functions with constants L; > 0
and L, > 0, i.e.

If(x) = fO) < Lilx—y|, |gx)—g()| < Lalx—yl, (1.3.4)

forall x, y € [a,b]. Then
L1L2

T(f.8)l <

The constant 1—12 is the best possible.

(b— a)’. (1.3.5)
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Proof. From (1.3.4), we have

(%) = F()(g(x) = 0| < LiLa(x = y)?, (13.6)

for all x, y € [a,b]. For the functions f, g the following Korkine’s identity holds:
1) = s [ [ =IOt~ sty a3
From (1.3.7) and (1.3.6), we have
TG stars [ [ 1060~ 70)60) — bty
1
< W/a /a LlLZ(X*)’)ZdXdy
= 820p-ap,

and the inequality (1.3.5) is proved. Now, if we choose f(x) = Lyx, g(x) = Lyx, then f
is Lj-Lipschitzian, g is Lp-Lipschitzian and the equality in (1.3.5) holds. The proof is

complete.

Remark 1.3.2. We note that, if f, g: [a,b] — R are two differentiable functions with
derivatives of which are bounded on (a,b), then we get the Cebysev inequality (1). For an
interesting discussion to show that sometimes the estimation on 7'(f,g) given by the Griiss
inequality (3) is better than the estimation on T(f,g) given by the Cebysev inequality
obtained in (1) and sometimes the other way around, see [42].

In [113], Pachpatte has established the following inequality similar to that of Cebysev in
(.

Theorem 1.3.3. Let f, g: [a,h] — R be absolutely continuous functions with derivatives
1, & € Lyla,b], g > 1, then

T < G2l kel | (B0 (138)

(b—

where

B(x) = [(x—a)* + (b—x)"t"], (1.3.9)

for x € [a,b] and 5-1—%: 1.
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Proof. As in the proof of Theorem 1.2.3, we have the following identities:

S = bia/ubf(’)d’ = ﬁ/ﬂbl’(xvt)f’(t)dt, (1.3.10)

1 b 1 b ,
_ _ = 1.3.11
(%) = 3— /a glr)dr = -— / p(x,1)g' (t)dt, (1.3.11)
for x € [a,b], where p(x,t) is given by (1.2.11). Multiplying the left hand sides and right
hand sides of (1.3.10) and (1.3.11), we have

10960~ 1) (52 [ stoar) —st0) (5 [ )
+ (blafabf(t)dt) (bla/abg(t)dt>

= ﬁ (/abp(x7t)f/(t)dt) (/abp(x,t)g’(t)dt) . (1.3.12)

Integrating both sides of (1.3.12) with respect to x from a to b and dividing both sides of
the resulting identity by (b — a), we get

T(f.q) = (b_la)gfb (/(lbp(x,t)f/(t)dt) (/ﬂbp(x,t)g/(t)dt) de.  (13.13)

From (1.3.13) and using the properties of modulus and Hdolder’s integral inequality, we

Tl g [ (oo oi) ([ ol o) as
<o/ ({/ﬂp(x,r)’dr}1 {/;If’(t)lth};)
x ({ / b|p<x,t>|’dr}l { b|g'<r>"dr}}’> dx

2

1
1 ! / b b r ’
= G I el | ({ [ wteorar ) d. (13,14

A simple calculation shows that
b X b
/ |p(,)|dt = / " —a\’dt—i—/ 0 —bl'dt
a a X

- /x(t—a)’dt—i-/b(b—t)’dt
(x—a) ' 4+ (b—x)*!

- o = B(x). (13.15)

Using (1.3.15) in (1.3.14), we get (1.3.8). The proof is complete.
In the proofs of the following Theorems we need the trapezoidal like representation formu-

las proved in [36] and [9].

have
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Lemma 1.3.1 (see [36]). Let f: [a,b] — R be an absolutely continuous function on [a, b],

then we have the identity

f(a)‘;f(b)_bia/abf(x) b e // v)](x —y)dxdy.

Proof. We have successively

/ / V)] (x—y)dxdy = / / bef' (0) +3f (v) =xf'(v) = yf' (x)]dxdy

-2 ' / " lef () = xf' () ddy = 2 / ' / " of (x)ddy 2 / ' / "o (0)dxdy

b
~26-0)[br0)-ast@) - [ fas| - (- ?) 1) - 1)

b
= (b=aPlf(@) + /()] =20 =a) | f(x)dx

Dividing both sides by 2(b — a)? yields the required result.

Lemma 1.3.2 (see [9]). Let f : [a,b] — R be a differentiable function so that f” is abso-

lutely continuous on [a,b], then we have the identity

—da a 3
[ s 2@+ o+ P
- %/ab(x—a)(b—x){[f’;a,b]—f”(x)}dx, (13.16)
where
f'(b) = f'(a)

[f5a.b] = —————,

is the divided difference.

Proof. By applying the integration by parts formula twice, we have (see [9])

b b—a I
/af(x)dxf 5 [f(a)+f(b)]:f§ ; (x—a)(b—x)f"(x)dx. (1.3.17)

On the other hand, by the simple identity:
1 b 1 b 1 b
/ h(x)g(x)dx—bia/a h(x)dxbia/a g(x)dx

b—ala
1 b 1 b
:7b—a/a h(x) [g(x)_b—a,/a g(y)dy} dx, (1.3.18)

we may state that

/ab(x—a)(b—x)f"(x)dx—/ab( a)(b—x)dx

/ 1 (x)dx
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= [ a0 [0~ 0]

which is clearly equivalent to

[ a0 @a =" [0 - )]

b
n / (x—a)(b—x) [f"(x) — [f":a,b]] dx. (1.3.19)
Combining (1.3.17) with (1.3.19), we deduce (1.3.16).

We use the following notation to simplify the details of presentation. For suitable functions
f, g:a,b] — R, we set

L(f;a,b) = bﬁ // F(5))(t — s)drds,
s o 1 . . a.bl— f"
M) = s [ =60 {5t 0},
1 / r 1 1
PUf.g) = FG— F/g(t)dt+G/f(t)dt 4 b_a/f(t)dt — [star |,
| b b | b | b
S(/,8) =FG———{F /g(z)dr+6 /f(t)dt +|— /f(t)dt — [swar |,
in which
fla)+£(b) _ gla)+g(b)
Pt i =8R8
= fla+fb) (B-a)?
F= 2 - 12 [f ’a7b]7
~_gla)+gb) (b—a) .,
G="" T [ehehl
and define

= ([ 1508 <o

1fllee = sup [f(2)] <ee.

t€la,b)

The following two Theorems established by Pachpatte in [112] deal with CebySev-type

integral inequalities involving functions and their derivatives.
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Theorem 1.3.4. Let f, g: [a,b] — R be absolutely continuous functions on [a,b] with
flv gl € LZ[avb]7 then

1 1
prol< (it x| 52118 - (giod)?] - 0320
Proof. From the hypotheses, by Lemma 1.3.1 we have the following identities:
_bia/abf(t)dtzL(f;a,b), (13.21)
1 b
G- bf/ g(t)dt = L(g:a,b). (13.22)
Multiplying the left hand sides and right hand sides of (1.3.21) and (1.3.22), we get
P(f,8) = L(f:a,b)L(g:a,b). (1323)
From (1.3.23), we have
|P(f.8)| = [L(f3a,b)||L(g:a,b)|- (1.3.24)

Using Schwarz inequality for double integrals, we have

L)l < 55— G)Z/ /; )t —s)|dids

Bl—

b b
< ﬁ//(f’(t)—f’(s)ydtds X W//(I—S)thds (1325

By simple computation, we have

b 2
2 2 1 /
e a)z// — £(s)) dtds——/(f(t) ar— | s— [roar] .
(1.3.26)
and
1 b b b—a)?
Using (1.3.26), (1.3.27) in (1.3.25), we have
b 3
Lran) < 28 | B (sl (1328)
Similarly, we obtain
h— 3
Lga)] < 25 | B - (wadl?] (13.29)

Using (1.3.28) and (1.3.29) in (1.3.24), we get the desired inequality in (1.3.20).
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Theorem 1.3.5. Let f, g: [a,b] — R be differentiable functions so that f’, g’ are abso-

lutely continuous on [a, b], then

sl < Lo i ||f” fhabl||. [l = &', b] .. - (1.3.30)
Proof. From the hypotheses, by Lemma 1.3.2, we have the following identities:
1 b —
— [ f0dt-F =N a.b), (1331
—al,
1 b al ./
—/ g(t)dt—G=N(g',g";a,b). (1.3.32)
b —da Ja
Multiplying the left sides and right sides of (1.3.31) and (1.3.32), we get
S(f,e) =N(f,f";a,b)N(g',&";a,b). (1.3.33)
From (1.3.33) we have
IS(f,8)| = IN(f, f";a,b)||IN(¢,&";a,b)|. (1.3.34)

By simple calculation, we have

IN(f', f"sa,b)| < (16l)/h(t—a)(b—t) Hf’;a,b] _f"(t)‘dt

X

" —1f awa/ t—a)(b—t)dt

:( Hf” fha,bl|.- (1.335)

Similarly, we obtain

(b

IN(g',g";a,b)| <

Using (1.3.35) and (1.3.36) in (1.3.34), we get the required inequality in (1.3.30).

Hg —[¢"sa,b]||... (1.3.36)

1.4 Inequalities of the Griiss- and éebyéev-type

In this section we present some recent inequalities of the Griiss-and Ceby3ev-type estab-
lished by Pachpatte [106,111,117,127].
For suitable functions z, f, g:[a,b] — R and w: [a,b] — [0, ) an integrable function such

that | ;’ w(x)dx > 0, we use the following notation to simplify the details of presentation:

Dlz(x)] = {z(x)(l —A)+ Z(‘”;Z(b)x] (b—a), Ae[o,1),

4.9 = [ lepirl+ rplscollar—2 ( [ ra ) [ stoa ).
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b
Bf.8)= [ DIf(Dlg(oldx

g (AEDIERORVEEDIVE R
o (/ rioir) (] so).
6t~ [ rstwrtr— s [ ([ star) ([ setoran)
([ )(/ )]

(1) = [ 1o ([ sra) ([ setoar ).

10ns.0) = [ ws@etde- ( [ wesoar) ([Mwmema).

st .0 = [ bW(X)f(X)g(X)dx—W (/ bW(X)f(X)dX) (/ bw(x)g(x)dx) ,

and define [|z[|eo = sup; ¢ ) [2(t)[ < oo.
The following Theorem deals with the inequalities established in [117].

Theorem 1.4.1. Let f, g: [a,b] — R be continuous functions on [a, b], differentiable on
(a,b) and with derivatives f, ¢’ : (a,b) — R bounded on (a,b), then

b
A< [ 8@+ 17 @Il -] e, (140
and
b 2
BU Il | o), (142
where
2
Ot(x)_%[ LA ( “;b) , (14.3)

fora+A%54 <x<b—2A%% A €[0,1].
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Proof. Define the mapping

a

;1€ ax]
ﬁ(x,t) = - (1.4.4)
b-a , te(x,b]

for A € [0, 1]. Integrating by parts, we have

/{;bp(x,t)f/(t)dt:/j< { zan'(t)dtJr/xb (z— [b—zbzan’(t)dz
s -0+ L0 6o [ e
[f(x)] /f t)dt = / (x,2) f'(t)dt. (1.4.5)
Similarly, we have
Dig) - [ gt = [ Plg (e (146

Multiplying both sides of (1.4.5) and (1.4.6) by g(x) and f(x) respectively and adding the

resulting identities, we have

b b
gWDLA(W)]+F (WDl —gx) [ 01— 1) [ glo)a

Ja

b b
= o) [ Pl O+ 709 [ 08 (. (147
Integrating both sides of (1.4.7) with respect to x from a to b, we have
b b ) b .
a9 = [ s [ penr o [ peogoala ass)

Using the properties of modulus, from (1.4.8), we have

el < [ lewl [ peolr ol 70 [ ol ol i

< [{1eert g [ peoatbas s

On the other hand,
b—a b b—a
t—(a—i—lz) dt+/x t—< —A— )

[ pniac= "
/pr\t—q|dt:/pq(q—t)dt—l-/qr(t—q)dt

dr.  (1.4.10)

Now, we observe that
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Z;[(q—p)er(r—CI)z}Zi(P_’)2+("_r?!))2’ (4t

for all r, p, g such that p < ¢ < r. Using (1.4.11), we have that

/: r— <a+lb2a> dtzl(x—a)z-i- [(a+)tb

4 2
b b—a
/x t—(b—k 5 )

a f—
2
1 2 b—a X+b
) +Kb—x _ )- :
2

2

2
) “H], (14.12)
] . (1.4.13)

Using (1.4.12), (1.4.13) in (1.4.10) we get
b 2 )2 _ _ _ .\ 2
/‘ﬁ(X,t”dt:%(x @) +(b=x) +</lb - a) +<b X b a)

2 2 2

—a)? a :
_(”4)[/12+(/11)2}+<x ;b> = a(x). (14.14)

Using (1.4.14) in (1.4.9), we get the required inequality in (1.4.1).
Multiplying the left hand sides and right hand sides of (1.4.5) and (1.4.6), we get

DI IDlsto)] - Dleto)] | syl [ styar ([ roar) ([ etorar)

= ([ penrroar) ([ g ar). (1.4.15)

Integrating both sides of (1.4.15) from a to b, we have

B(f.g) = / ’ ( / ) f’(t)dt) ( / bp(x,t)g'(t)dt) dx. (1.4.16)

Using the properties of modulus, from (1.4.16), we get

b [ b 2
Bl <1l [ ([ pteolar) ax (1417)
a a
Using (1.4.14) in (1.4.17), we get the required inequality in (1.4.2). The proof is complete.

Remark 1.4.1. If we take A = 0 in Theorem 1.4.1, then by simple calculations,

b
T8 < [ [8@ILF et O8] 0 (), (14.18)
and
/ ! 1 b 2
T < Il gy [ 0B (e (14.19)
where 5
11 (x—%?
“1“):2[4*(@2)3 ’
2
Ocz(t)zl(b—a)z—i-(x—a;b) ,
for x € [a,b].

In proving the inequalities in the next theorem, established in [106], we make use of the
following variant of the well-known Lagrange’s mean value theorem given by Pompeiu in
[145].
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Lemma 1.4.1 (see [145]). For every real valued function f differentiable on an interval
[a,b] not containing 0 and for all pairs x| # x; in [a, b] there exists a point ¢ in (x,x2) such
that

x1f () —xaf(x1)

X1 —X2

= fle) —cf'(c).
For the proof of Pompeiu’s mean value theorem, we refer the interested readers to [57,147].

Theorem 1.4.2. Let f, g: [a,b] — R be continuous functions on [a,b] and differentiable

on (a,b) with [a,b] not containing 0, then

b b
1 X 1 X
g o / - - o / oo/ -
G < =171 [ el |5 = g s+ el 1701 |5 = g
(1.4.20)
and
H(f ) < IIf = 1f llllg — LIl M, (1.4.21)
where [(1) =t,t € [a,b] and
3 (a+b)?
M= (b— l————--—"—]|. 1.4.22
(b-a) 4 a? +ab+ b? ( )

Proof. From the hypotheses, for x, ¢ € [a,b], t # x there exist points ¢ and d between x
and ¢ such that

tf(x) =xf(1) = [f(c) = cf(c)](t —x), (1.4.23)
and
tg(x) —xg(r) = [g(d) — dg'(d)](t —x). (1.4.24)

Multiplying both sides of (1.4.23) and (1.4.24) by g(x) and f(x) respectively and adding

the resulting identities, we have

2t f(x)g(x) —xg(x)f (1) —xf (x)g(t)

= [£(e) — ef ()t —2)g(x) + [g(d) — dg ()| (1 — ) f(x). (14.25)
Integrating both sides of (1.4.25) with respect to  over [a,b], we have
b b
(8 =) f (¥)g) =x(0) [ £t —xf() [ s(e)ar

2_ 2

~ 10 ~er @ 5 e e -}
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2 2

g f(x) —xf(x)(b—a)}. (1.4.26)

s(d)—dg/(d)] {"

Now, integrating both sides of (1.4.26) with respect to x over [a,b], we have

=) [ st [ roar) ([ rewax) - ([ star) ([ srax)

b —d?

~ e {55 [ stas—6-a) [ xetoa |

b2 _ 2 b b
+g(d) — dg'(d)] { = / F(0)dx— (b—a) / xf(x)dx} . (1.427)
Rewriting (1.4.27), we have
67,8 = [fte) e @) [ 50 {1~ 25 ae
’ a 2 a+b
b 1
o) —ag @] [ 1 {3 - 2 b (1428)
Using the properties of modulus, from (1.4.28), we have
/ b 1 / b 1
DI ~1f - [ le |5 = =5 |dx+ g =18l [ 1)l |5~ =] dx
and the inequality (1.4.20) is proved.
Multiplying the left hand sides and right hand sides of (1.4.23) and (1.4.24), we get
12 f(x)g(x) = (xf (x)) (18 (1)) — (xg () (1 (1)) +2° f(1)g (1)
= [f(e) = cf(0)][g(d) — dg(d))(t —x)*. (1.4.29)

Integrating both sides of (1.4.29) with respect to 7 over [a,b], we have
b —a
3

1080 27 [ 150t —xg) [ 1y -2 [ et

3_ .3
—x(b* —a®)+x*(b —a)} . (1430

= [f(c) —cf'(c)][g(d) — dg'(d)] x { b

Now, integrating both sides of (1.4.30) with respect to x over [a,b], we have

2 [ swstan— ([ arwa) ([ s
- (/dbxg(X)dx> (/abtf(t)dt> e gaS /abf(t)g(t)df

=[f(e) —cf'(0)llg(d) —dg'(d)]
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33 2_ 2 33
X{b 3a b-a)- - —a)? 3a } (1.4.31)

Rewriting (1.4.31), we have
H(f,g) = [f(c)—cf'(c)]g(d) — dg'(d)]M. (1.4.32)

Using the properties of modulus, from (1.4.32), we have

H(f ) < IIf = 1f llllg — 1 Il |M],

which is the required inequality in (1.4.21). The proof is complete.

Let h : [a,b] — R be a differentiable function on [a,b] and /' : [a,b] — R be integrable on
[a,b]. Let w: [a,b] — [0,0) be some probability density function, that is, an integrable
function satisfying [”w(t)dt = 1 with W (t) = [ w(x)dx for 1 € [a,b], W(1) =0 fort < a
and W(¢) = 1 for r > b. In the proof of the following Theorem given in [111] we use the

Pecari¢’s extension (see [142]) of Montgomery’s identity:

b b
h(x) = / w(t)h(1)di + / Pu(e, )R (1)dt, (1.433)
a a
where P, (x,7) is the weighted Peano kernel defined by
W(t), t € la,
Py(x,1) = ) o, (1.4.34)
W(t)—1, 1€ (x,b

Identity (1.4.33) can be proved easily by considering | f P, (x,t)H (t)dr and integrating by
parts.

Theorem 1.4.3. Let f, g: [a,b] — R be differentiable functions on [a,b] with f/, ¢’ :
[a,b] — R integrable on [a,b]. Let w : [a,b] — [0,) be an integrable function satisfying
j: w(t)dt =1 and W (¢) be as defined above, then

1 rb
IT(w,f,8)| < E/a w(x) [lgC) S llew + 17 ()1 l|o=] E (x)dlx, (1.4.35)
b
700 £, < 17 gl | w2, (1436)
where
b
E(x) = / Py (x,1)|d, (1.437)

for x € [a,b] and P, (x,1) is given by (1.4.34).
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Proof. From the hypotheses, the following identities hold:

b b
10 = [ worswar+ [ Rens o, (1438)

and ab ‘
o(x) = / w(t)g(t)dt + / Py (x,0)g (0)d. (1.4.39)
Multiplying both sides of (1.4.38) and (1.4.39) by w(x)g(x) and w(x)f(x), adding the re-

sulting identities and rewriting, we have

W )g() = 5 w0 [ w0+ w0 [ vl

a

+H /P () (1)dt +w(x /P (x,0)g/( )dt} (1.4.40)

Integrating both 51des of (1.4. 40) with respect to x over [a, b] and rewriting, we have

T(w,f,8) / g(X)/P (x,0)f'(t)dt +w(x)f(x) /P (x,0)g'(t)dt | dx. (1.4.41)

From (1.4.41) and usmg the properties of modulus, we have

70w £.9) 2/ Dlglx |/|P<xr||f(>\dr+w \fX)I/IP(xtIIg()\dt dx

<3 [ ) [ e+ 700l ] O,
and the inequality (1.4.35) is proved.

From (1.4.38) and (1.4.39), we observe that

(100~ [ wiorstar) (s - [ wietoar)
| - </{;bPW(x,t)f’(t)dt> (/b Pu(x0)g (1 )d;)

7090~ 1) [ w0 [ wsoars ( [Cwrswar) ([ woeoa)

= </abPW(x,t)f'(t)dt> </abPW(x,t)g/(t)dt> . (1.4.42)

Multiplying both sides of (1.4.42) by w(x), integrating the resulting identity with respect to

x over [a,b] and usmg [P w(x)dx = 1,, we have

T(w, f,g) = / e < / Pu(xt)f’ (t)dt> x ( / bPW(x,t)g’(t)dt> dx.  (1443)

From (1.4.43) and using the properties of modulus, we have

g0l < [ v ([ Beollroi) < ([ 1ol o)

b
<l [ Wl B @),
which is the required inequality in (1.4.36). The proof is complete.
We end this section with the following Theorem which deals with the inequalities proved
in [127].
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Theorem 1.4.4. Let f, g, h: [a,b] — R be continuous functions on [a,b] and differen-
tiable on (a,b) and w : [a,b] — [0, ) be an integrable function such that | f w(x)dx > 0. If
H'(t) # 0 foreach t € (a,b), then

1 / /
sons.0) < 5 ISl [ 4] +isonrm|S) [ aasn
b 2
Nolle b ( /! w(x)h(x)dx)
[S(w. f18)| < ‘ Wl mx /a w(x)h (X)dx_W (1.4.45)

Proof. Letx, y € [a,b] with y # x. Applying Cauchy’s mean value theorem, there exist
points ¢ and d between y and x such that (see [146])

7109~ 1) = T3 h(x) ) (1446
) —g) = S0 ). (1447

Multiplying both sides of (1.4.46) and (1.4.47) by g(x) and f(x) respectively and adding

the resulting identities, we get

219609~ £0)10) ~ S 08) = TN (609h) — la)h0)
ﬂ%; (f()h(x) = F()R()) - (1.4.48)

Multiplying both sides of (1.4.48) by w(y) and integrating the resulting identity with respect

to y over [a, b], we have

2(([ w3y} 10960~ 560) [ wOL Iy~ 1) [ w00

= LD vty ) sorhta) 0 [ wirpitnay)

D ([ w01 ramte) 1) [ wmonas). (1.449)

Next, multiplying both sides of (1.4.49) by w(x) and integrating the resulting identity with

respect to x over [a,b], we have

2([ vy ) [ v roeoas— ([T ( [Mworroin)
- ([ weorea) ([ wosoiay)
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— 2 ([ woar) [ westoneas - ( [ wswar) ([ womoiay)
S (([woar) [ wsemtas - ([ wensear) (| bw(y)h(y)dy2L .

From (1.4.50), it is easy to observe that

Sw, f.8) = % [ms(w,g,h) + mS(w,f,h)} . (1.4.51)

Using the properties of modulus, from (1.4.51),we have
Multiplying both sides of (1.4.46) and (1.4.47) by w(y) and integrating the resulting iden-

1 /
5009 < 5 156w | £

g/
+1s0n | £

and the inequality (1.4.44) is proved.

tities with respect to y over [a, b], we get

(/ bw(y)dy) 1) [ wsoay

(o S
and
< /a bW(y)dy> g(x) — /a bW(y)g(y)dy
_ % K / bw(y)dy) e - [ bw(y)h(y)dy} . (14.53)

Multiplying the left hand sides and right hand sides of (1.4.52) and (1.4.53), we get

([ vt "o ([ wisnas) s ( [ wietoras)
- ([ woras) st ([Tworroar) + ([ winsoras) ([ worstar)
= (;g) (m) [(/;W(y)dyyhz(XH (/ahvV(y)h(y)dy)2
-2 ( / bw(y)dy) W) ( / bw(y)h(y)dy)] . (14.54)
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Multiplying both sides of (1.4.54) by w(x) and integrating the resulting identity with respect

to x over [a, b], we get

= ([ o) ([weorear) ([ wieoia)

- ([ o) ([ o) ( [Tworsoay)
(v ([ worroias) ([ woreoiay)
= (53) (53 [(['vom) ([ o)

2 [Nwoar) ([Mweoncas) ([Cwomoia) | aass

From (1.4.55), it is easy to observe that

by (x)h(x)dx ?
S(Waf»g):<£,((z))> (i,g;l;)X Lhw(x)hz(x)dx—w. (1.4.56)

Using the properties of modulus, from (1.4.56), we get the desired inequality in (1.4.45).

The proof is complete.

Remark 1.4.2. We note that in [42], Dragomir has given a number of inequalities similar
to (1) and (3) by using different hypotheses on the functions and their derivatives. For

earlier discussion on such inequalities, see [79,144].

1.5 More inequalities of the Griiss-and éeby§ev-type

This section deals with some more inequalities of the Griiss- and Ceby3ev-types involving

functions and their higher order derivatives, established by Pachpatte in [118,120,121].
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First, we introduce some notation to simplify the details of presentation. For some suitable
functions f, g, h and their derivatives £, g A" (n > 1is an integer) defined on [a, b]

and a harmonic sequence of polynomials {P, ()}, t € [a,b], we set

MIh(x)] :h(x)—i—w— (x—“;b) W (), (15.1)

NIh(x)] = h(x) - h(bl)):z(a) (x— a;b), (15.2)

Alh(x) = hx) + blag {(" 9 ?;f;ll))f(x_“)kﬂ} W), 153)
Blh(x)] = % h(x) +ZZ‘; (=1)*P(x)™ (x) +:Z;Hk} , (1.5.4)

H = H)k# [Pk(a)h(k’”(a) —Pk(b)h("’])(b)] , (15.5)

" Fi(x) = n,;kf(k_l)(a)(x_a);:£<k_l>(b)(x_b)k, (15.6)
Gi(x) = ",;kg(kfl)(a)(xia);:i(kﬂ(b)(x*b)k, (15.7)

Hi(x) = n,;kh(k_l)(a)(x_a);:Z(k_l)(b)(x_b)k, (15.8)

=g [ 90y, Ty = / o)y (1.59)

Ji= %/ﬂbg(") (V) (x—y)*dy, Jo = /‘;bg(y)dy, (1.5.10)

L= %/ WO )y, Lo = / "hy)dy. (15.11)

for 1 < k < n—1. We use the usual convention that an empty sum is taken to be zero and
define ||| = SUP;e[a,b) |A(2)] < oo

We begin with proving some auxiliary results.

Lemma 1.5.1 (see [35]). Let /4 : [a,b] — R be a function with first derivative absolutely

continuous on [a,b] and assume that the second derivative 4" € Lo[a,b], then
2 P P a+b
M - =- ——— | A 1.5.12
4]~ 5 [ w0t =~ o) (= S0 W s

x € [a,b], where M[h(x)] and p(x,t) are given by (1.5.1) and (1.2.11) respectively.
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Proof. The following identity holds (see, the proof of Theorem 1.2.3):

Flx) = ﬁ [/a.bf(t)dt—}—/abp(x,t)f/(t)dt} , (1.5.13)

for x € [a,b], provided f is absolutely continuous on [a,b]. Choose in (1.5.13) f(x) =
(x—<2) 1 (x), to get

(xa;b) H(x) = - 1 - Uab (ta;b> W (t)dt
+/ (x.t [h’ < a+b>h/’(t)} dz] (1.5.14)

Integrating by parts, we have

/b <t - “H’) i (eyde = WA FTRB) (b=a) /bh(t)dt. (1.5.15)

2 2
Also, upon using (1.5.13), we have

/:’p(x,t) {h’(t) + (z - T’) h”(t)} d
:/a'bp(x7;)h’(z)dt+/abp(x,t) <t—“;b> W (¢)dt
/ h(t dt+/ xt)( >h”( )dt. (1.5.16)

Using (1.5.15) and (1.5.16) in (1.5.14), we deduce that
(b—a) (x— a+b> H(x) = (h(a)+h(D)) (b—a) —/hh(t)dt

2 2

b b
+(b—a)h(x) —/ h(t)dt+/ p(x1) <t— “*2”> 1 (1)dr. (1.5.17)
Rewriting (1.5.17) we get (1.5.12).

Lemma 1.5.2 (see [28]). Let & : [a,b] — R be a continuous function on [a,b] and twice

differentiable on (a, b) with second derivative h" : (a,b) — R being bounded on (a, b), then
1 b 1 b rb

NI - — / Wi = o / | / (1) p(t, )K" (s)ds, (1.5.18)

for x € [a,b], where N[h(x)] and p(x,r) are given by (1.5.2) and (1.2.11) respectively.
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Proof. From the hypotheses, the identity

1 b 1 b
h(x)=—— [ h(t)dt+— 1) (t)dt 1.5.1
) =5 [ o+ — [ plxoi @), (15.19)
holds for x € [a,b]. Applying the identity (1.5.19) for /'(r), we can state

K (1) = bia/b H (s)ds +b%/h (1,5)1" (s)ds

— a b
_ h(b;_Z( )+bia/a p(t,5)" (s)ds.

Using this in the right hand side of (1.5.19), we get

h(x) = bla/abm )dwb%/bp(x,t) {h(b;:’;(“) +b1a/abp(t7s)h”(s)ds} dt

Sy Y

1 b b
omar ), / P 1) pless A 5) . (1.5.20)

It is easy to observe that

pr(x,t)dt:/a t—a dt+/ (t—b)dt = (b— )( —a;b

Using (1.5.21) in (1.5.20) and rewriting, we get (1.5.18).

) . (1.5.21)

Lemma 1.5.3 (see [16]). Let & : [a,b] — R be a function such that A1) g absolutely

continuous on [a,b], then

b _,1,1 (b—x)k+l+(—1)k(x—a)k+l ® o b (n)
/ah(t)dtkzb[ T }hk(x)+( 1) /aEn(x,t)h (t)dt

(1.5.22)

for x € [a,b], where

if 1 € a,x]

En(x,1) = ( n! (1.5.23)

if 1 € (x,b]

for x € [a,b] and n > 1 is a natural number.
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Proof. The proof is by mathematical induction. For n = 1, we have to prove the identity

/h — (b—ah(x)— /Elxt (t)d. (1.5.24)

The equality (1.5.24) can be proved by following the proof of identity (1.2.12) given in
Theorem 1.2.3. Assume that (1.5.22) holds for n and let us prove it for n+ 1. That is, we

have to prove the equality

b n R (1Y — g )k
/ah(t)dtZ{(b ) —(Zi:))‘( ) }h(k)(x)

k=0

b
+(=1)"*! / Enet (x,0)h" D (1)dt. (1.5.25)

It is easy to observe that

b , X t—a”'H n b t—bn+1 n
/a En+1(x,t)h(’“)(t)dt=/a ﬁh( “>(t)dz+/x ﬁh( D (t)dr

> n+l1
- o

(l‘ _ b)nJrl ()

* (n+1)!

b
- [ =y wyar
n:Jx

(=) ()2 0!

b
- (n+1)! A ) _/a En(x.)h") (1)1

That is
b
/ E,(x,0)h"™ (1)dr

_ \n+l _1\n+2(1 _ \nt+l b
_(r—a) +(,(1+1i)' (b—x) A (x) — / Eni1 (x, )R (1)t (1.5.26)

Now by using induction hypotheses and (1.5.26), we get

n 1 (b x)k+l+( ])( a)k+l
/h [ k+1)! ]h(k)(x)

(b—x)”“ + (—1)"(x—a)”+1
+ (n+ 1)1

KO0 — (1) [ B 0D )

|:(b 7x>k+1 + (71)k(x7 a)k+l
(

which is the identity (1.5.25) and the proof is complete.

k X n+1 w1 (x n+1 d
P +1)} J(x) 4 (— /E (e, )R (1,
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Lemma 1.5.4 (see [22]). Let {P,(¢)}, t € [a,b] be a harmonic sequence of polynomials,
that is P,(t) = P,_1(t), n € N, Py(t) = 1. Further, let & : [a,b] — R be such that 2"~V is
absolutely continuous for some n € N, then
1
h(t)dt =
[0

for x € [a,b], where B[h(x)] and p(x,t) are given by (1.5.4) and (1.2.11) respectively.

n 1

Bh(x)] - / o1 (1) plx, VA (1), (1.5.27)

Proof. Integrating by parts, we have (see also [21])

=0 1/ w1 (R (0)de = (=1)" By (R (1)

y

X

02 sl e

= () Bt 0@ = P 0] + (<1772 [P 0r Y @),

¥
for x, y € [a,b]. By applying the same procedure to the last integral, we successively get

the relation
(1 [ Paon ) = 2(1 [P00AO () = PO (3)| +h(x) — h),

i.e.,

W) =)+ ¥ (< DF [B@AO )~ RO )] + (1 [ By 0n @yt
' (1.5.28)
for x, y € [a,b]. If we set x =a and y = b, n=m+ 1 and replace h(t) by [ h(u)du in
(1.5.28), we get

/.bh(t)dt _ i (=)t {Pk(a)h(kfl)(a) —Pk(b)h(kfl)(b)
¢ k=1

b
+H=1)" / P (t)h"™ (1)dt. (1.5.29)

Integrating both sides of (1.5.28) with respect to y over [a, b], we have

[ 1yas = —a |1

—Z( D / P()h® (y)dy+(~1)" /’b " Bt (0K (1)drdy. (1.5.30)
a Jy

Using (1.5.29), we have

b
[ 10y = (b=a)

n—1
h(x)+ Y (= 1) Pe(x)h® (X)}

k=1
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'y [zk"(_w {Pj(b)h(/fl)(b) _Pj(a)h</—1>(a)} +/bh(t)dt]

+(=1)" ,/ab /yxpn_l ()h") (1)drdy,

n/ab (y)dy = (b— X)+Z( D*P(x) k)(X)}
¥ c1fm-b (PO (b) = Pa)h ()|
k=1
+(—1)”/h /xPn,l(t)h(”)(t)dtdy. (1.5.31)

By making use of (1.5.4) and (1.5.5) and (1.2.11) in (1.5.31) and rewriting, we get (1.5.27).

Remark 1.5.1. 'We note that, for the harmonic sequence of polynomials

t— k
Pk(t):( k')C)7 k>07

the relation (1.5.27) reduces to the identity given by Fink in [59].
We are now ready to state and prove the following Theorems which deal with the inequali-

ties proved in [118].

Theorem 1.5.1. Let f, g: [a,b] — R be functions with first derivatives absolutely con-
tinuous on [a, b] and assume that the second derivatives f”, g” : (a,b) — R are bounded on

(a,b). Then the inequalities

o [ttt + romtelas — ([ g ([ etwar)

< s [ T o+ - (1532
and
’bla / bM[f(x)]M[g(X)] dxfﬁ K / bM[g(x)]dx) ( / ’ f(x)dx)
+ ( / bM[f(X)]dx> ( / bg(x)dxﬂ +ﬁ < / bf(x)dx) ( / bg(x)dx)
< G el [ Pl 1539
hold, where
/ \p(x,1)] t—ib dt, (1.5.34)

in which p(x,) is given by (1.2.11).
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Theorem 1.5.2. Let f, g: [a,b] — R be twice differentiable functions on (a,b) and
/", ¢ : (a,b) — R be bounded, then the inequalities

o [ e+ rotelax 2 ([ rax) ([ etoas)

< = )3/ g oo+ £ ) IlE" lleo] H (x)dx, (1.5.35)
and
o [ Mrte] as- gt () Mistwlax) ([ st )
+ (/abN[f(x)]dx) (/jg(x)dx)} +ﬁ </abf(x)dx) </abg(x)dx)
< G el 1 [ H0as (1536)
hold, where
H(x):/ah/:\p(x,t)\|p(t,s)|dsdt, (1.537)

in which p(x,7) is given by (1.2.11).

Proofs of Theorems 1.5.1 and 1.5.2. From the hypotheses of Theorem 1.5.1, we have

the following identities (see, Lemma 1.5.1):

MIf()] — —— /bf(t)dt U bp(x,t) (t - a;”’) £"(t)dt, (1.5.38)

b_a.a b—a a

b b
Mg(x)] — 2 /a g(r)dt = fbia /a p(x,t) <t — a—;b) g’ (t)dt, (1.5.39)

for x € [a,b]. Multiplying both sides of (1.5.38) and (1.5.39) by g(x) and f(x) respectively

and adding the resulting identities, we have

MU+ M)~ 52 660 [ o+ [ stran

b—a
e [ ot (- 52
+f(x) /abp(x,t) <t — a;b> g"(t)dt} . (1.5.40)

Dividing both sides of (1.5.40) by (b — a) and integrating with respect to x over [a,b], we

bia / (ML ()] + FCOMIg )] dx— ﬁ < / ’ f(x)dx> < / ’ o) dx)

get
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et [ e [ ot (1= 552 )

+£(x) /jp(x,t) (t - a;b> g”(t)dt} dx. (1.5.41)

From (1.5. 41) and using the properties of modulus, we have

‘ MIf(x)] + f(x)M[g(x)]) dx —ﬁ ( / bf(x)dx> ( / bg(x)dx>
. W/ el [ ot~ 45

) [ e

b
< e [ el e 4N 1] (ot

1 b
~ o, Il e 7] o,

and the inequality (1.5.32) is proved.
Multiplying the left hand sides and right hand sides of (1.5.38) and (1.5.39), we have

MU - 52 e | s0ar+ Mol [ etorar

+m </a f(t)dt) (/a g(t)dt)
= ﬁ (/a.bp(x,t) <t— a;b) f"(t)dt)
X (/abp(x,t) <t— a;b> g"(t)dt) : (1.5.42)

Dividing both sides of (1.5.42) by (b — a) and then integrating with respect to x over [a, b],

L [ romtemian— 2 [( [ et ) ([ o)
+([mreas) () bg(r)dr)] + s ([ r0a) ([ st0ar)
= (}9_:)3/: (/abp(x,t) <t— a+2b> f”(t)dt)

t_

\ £ (0) e

t’| |dt}dx

Z‘fi

o

we get
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X (/abp(x,t) (r — a+2b> g”(t)dt> dx. (1.5.43)

From (1.5. 43) and using the properties of modulus we have

’ ()M [g(x)]dx — [(/ Mg > (/ (t)dt>
+(/ M[f(x)}dx) ( / bg(t)dt)} T < / f(t)dt) ( / ’ (t)dt)
A /”|p<x,r>| =22 irwlar) ([ neolf- ;b\ o

/! " b
< a1 [ ([ e =22

f———
- (b—a)3 ”f//”m”g//Hoo/ 1 (x)dx
a
which is the required inequality in (1.5.33).

From the hypotheses of Theorem 1.5.2 we have the following identities (see, Lemma 1.5.2):

b b b
x)]_ﬁ/a f(t)dt:ﬁ/a /a p(x,t)p(t,s)f//(s)dsdt, (1.5.44)

and

1 b 1 b b o
_ R 154
M = | i = o [ [ plenp9g (dsar, 1545)
for x € [a, b]. Multiplying both sides of (1.5.44) and (1.5.45) by g(x) and f(x) respectively

and adding the resulting identities, we have

NI+ FONe(o)] = 1 600 [ s+ 500 [ sty

= [ / / (x,t)p(t,s)f" (s)dsdt

—I—f(x)/ / p(x,t)p(t,s)g”(s)dsdz] . (1.5.46)
Multiplying the left hand sides and right hand sides of (1.5.44) and (1.5.45), we have

NFWIVg(] — 5 [Met [ s0ar+n17] [ o]

+(b o ([ o) ([ st0)

T - a)4 < / / bP (% 1)p(t,s f"(S)dsdz>

X </ / p(x,t)p(t,s)g”(s)dsdt) . (1.5.47)
From (1.5.46) and (1.5.47) anda fo[lllowing similar arguments as in the proof of Theo-
rem 1.5.1, below (1.5.40) and (1.5.42) with suitable changes we get the desired inequalities
in (1.5.35) and (1.5.36).
Next, we give the inequalities established in [120].
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Theorem 1.5.3. Let f, g: [a, b] — R be functions such that £~V ¢(*=1) are absolutely

continuous on [a,b] and £, g e Lo [a b for some n € N, then

] JALF)] + F)ALR(0)] dx

T a) ( /ab f(x)dx) ( /ahg(x)dx>

< e [, [+ ]teas a4
. ‘ x)]Afg(x)] dx
e ([ o) (/f ) ([ atrconar) ([ etwar)]
s ([ 1) ([ st
< G Il [ B oas (1549
where 1,00 = [ )l (1550)

in which E,(x,t) is given by (1.5.23).

Theorem 1.5.4. Let {P,(¢)},t € [a,b] be a harmonic sequence of polynomials and f, g
[a,b] — R be functions such that "= ¢("=1) are absolutely continuous on [a,b] and

0 ¢ e L. [a,b] for some n € N, then

1 b
o [ lsCoBIF o)+ F0Bls(o)

([ ) )

b—a
1 b
<Gar | @l L+ 176016 Patords, (15.51)

and

b—a g

*(b_la)z [(/abB[g(x)}dx) (/abf(x)dx) + (/abB[f(x)]dx> (/abg(x)dxﬂ
*(17—]761)2 (/abf(x)dx) </abg(x)dx)

1 b
< Gap Ll [ i (1.5.52)

’ : / " Bl (]Blg() dx

where
b

Do(x) = / Pyt (1) p(x,1)| i (1.5.53)
in which p(x,) is given by (1.2.11).
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Proofs of Theorems 1.5.3 and 1.5.4. From the hypotheses of Theorem 1.5.3, we have

the following identities (see, Lemma 1.5.3):

n+1
A[f(x)]—bl / f(t)dt = % /ahEn(x,t)f(”>(t)dt, (1.5.54)

)]fL/ (t)dt = Cy™ /bE( 1)g" (1)dt (1.5.55)
X b —a a g - b —a Ja n x7 g ) e
for x € [a,b]. Multiplying both sides of (1.5.54) and (1.5.55) by g(x) and f(x) respectively

and adding the resulting identities, we have
b
WAL 0]+ FALe(] — 1 (600 [ r0ar-+ 0 [ oy

_1\n+1
_ % {gm / hEn(x,t)f(") (t)dt + f(x) / B (1) (t)dr} : (1.5.56)

Multiplying the left hand sides and right hand sides of (1.5.54) and (1.5.55), we get

A ATe(] - 5 [ | 70 +alro) [ o]

toap (/;hf o) (/fg(’)””>
,( i (/ En(r0)f d:) </ E,(x.1)g dt> (1.5.57)

Dividing both sides of (1.5.56) and (1.5.57) by (b —a) and then integrating both sides
with respect to x over [a,b] and following closely the proof of Theorem 1.5.1 with suitable
changes, we get (1.5.48) and (1.5.49).

From the hypotheses of Theorem 1.5.4, the following identities hold (see, Lemma 1.5.4):

v C :
/ f(t)dtfn(b_a)/a Pocr (1) p(,0) ) ()d, (1.5.58)

_b_(l a
and

n—1
. / g(1)di = ) / Poo1(1)p(x, )™ (1), (1.5.59)
for x € [a,b]. The proofs of the mequalltles (1.5.51) and (1.5.52) can be completed by

following the proofs of Theorems 1.5.1-1.5.3, we leave the details to the reader.

Remark 1.5.2.  'We note that, one can very easily obtain bounds on the right hand sides in
(1.5. 32) (1 5.33), (1.5.35), (1.5.36) and (1.5. 48) (1.5.49), (1.5.51), (1.5.52) when f”, g"
and £, g belong to L,[a,b] forg > 1, 1 + ~ =1orL;[a,b]. The precise formulation of
such results are very close to those given in Theorems 1.5.1-1.5.4 with suitable changes.
We omit the details.

To complete this section we present the Griiss-type inequality established in [121].
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Theorem 1.5.5. Let f, g, h: [a,b] — R be continuous functions on [a,b] and n-times
differentiable on (a,b) and with derivatives £, g h(") : (a,b) — R being bounded on
(a,b) for some n € N, then

n—1
o [ s ot [ {gmh(x) {10 ) Ik}

=1

n—1 n—1
+ h(x)f(x) {JO + Z Jk} + f(x)g(x) {Lo+ Z Lk} dx
k=1 k=1

1 b
S W/ﬂ [lg(x)llh(X)\Hf(”)Hw + )£
7 llg@) 1] M), (1.5.60)
where
B (x_a)n+l + (b_x)n+1
M) = (1)1 ) (1.5.61)
for x € [a,b].

Proof. Letx€ [a,b],y € (a,b). From the hypotheses on f, g, h and Taylor’s formula with

the Lagrange form of reminder (see [77]), we have

n—1 (k)

fE) =10+ Y ! k,(y) (x=y)" + %f(")(é)(x—y)", (1.5.62)
=k !
n—1 (k)

g =g+ Y & k,(y) (x—y)*+ %g(") (M) (x—y)", (1.5.63)
=k !
n—1 (k)

hx) = h()+ Y. - k,(y) (X—y)k—i-%h(”)(c)(x—y)”, (1.5.64)
=k !

where § =y+a(x—y) O<a<l),n=y+Bx-y) (0<B<1),0=y+y(x—y)
(0 <y < 1). From the definitions of Iy, Ji, Lk ,Io,Jo, Lo and integration by parts (see, [77]),

we have the relations

n—1 n—1

b+ Y Ik=nly—(b—a) ) F(x), (1.5.65)
k=1 k=1
n—1 n—1

Jo+ Y. Jk=nlo—(b—a) ) Gi(x), (1.5.66)
k=1 k=1

n—1 n—1
Lo+ Y Ly=nLy—(b—a) Y Hi(x). (1.5.67)
k=1 k=1
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Multiplying both sides of (1.5.62), (1.5.63) and (1.5.64) by g(x)A(x), h(x) f(x) and f(x)g(x)

respectively and adding the resulting identities, we get

3(3)g(x)h(x) = g { 2 gt (é)(x—y)"}

A0S () { L +,,f!g<"><n><xy>"}
" A0 (y) ) n
D) 4 h0)+ Y = (=) + (o) ()" (1.5.68)
k=1 : .

Integrating both sides of (1.5.68) with respect to y over (a,b) and rewriting, we obtain

n—1
J(x)g(x)h(x) = ﬁ [g(x)h(x) {Io +) Ik}

k=1

n—-1 n—1
A0 (2 {Jo Ly Jk} £ F(W8) {Lo Ly Lk}]
k=1 k=1

1

e [ (E)+ h() 08 )

b

() g(x)A™ (o—)} / (x—y)"dy. (1.5.69)

a

Integrating both sides of (1.5.69) with respect to x over [a,b] and rewriting, we get

n—1
bla/abf(x)g(x)h(x)dx—3(bla)z /ab [g(x)h(x) {10+kzllk}

n—1 n—1
+h(x) f(x) {JO +) Jk} + f(x)g(x) {Lo +) LkH dx
k=1 k=1

- 3(1,_;)2(,11)/:9 [g(x)h(x)f(n)(g) R (D)™ (1)
+H s (o)) </b (xy)"dy) dx. (1.5.70)

From (1.5.70) and using the properties of modulus, we get the desired inequality in (1.5.60).

The proof is complete.
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Remark 1.5.3. Taking /(x) = 1 and hence 2¥)(x) =0, k=1,...,n, in Theorem 1.5.5 and

by simple computations, it is easy to see that the inequality (1.5.60), reduces to

| b 1 b n—1 n—1
b—a/a f(x)g(x)dx—m/a [g(X){IO+/;Ik} +/f(x) {Jo—i-];Jk}] dx

gﬁ/ @1+ 17 gL Ma(x)a. (1.5.71)

We note that, here we have used Taylor’s formula with Lagrange form of remainder to
establish (1.5.60). Instead of this, one can use Taylor’s formula with integral remainder, to

obtain a result in the framework of Theorem 1.5.5.

1.6 Discrete Inequalities of the Griiss-and CebySev-type

A number of Griiss-and CebySev-type discrete inequalities

have been investigated by different researchers, see [79,144], where further references are
also given. In this section we deal with the recent results established by Pachpatte in
[128,133,138].

We begin with a discrete version of the premature Griiss-type inequality proved in [128].

Theorem 1.6.1. Let f = (fi,...,/n), = (g1,---,8n) be two n-tuples of real numbers and
y<gi<I'fori=1,...,n, where 7,I" € R are constants, then

1

where
71 - Lo 1 - L 1 - . 162
g)—;i;ﬁgﬁ ;[;ﬁ ;i;gz . (1.6.2)

Proof. By direct computation it is easy to observe that the following discrete Korkine’s

type identity holds:

l n n
=53 Y)Y —gj)- (1.6.3)

i=1j=1

It is easy to observe that

2
Co(f.f) = %Zf?— <1ﬁﬁ> . (1.6.4)
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Furthermore, by using the Cauchy-Schwarz inequality for sums, we observe that C,(f, f) >
0. Similarly, C,(g,g) = 0. From (1.6.3) and using the Cauchy-Schwarz inequality for dou-

ble sums, we have

The following identity also holds:

o= (r-1fe) (Lher)-tErnw-n  aso
i=1

Using the fact that (I'— g;)(g; — 7) = 0 in (1.6.6) and then the elementary inequality cd <
(%)2, ¢, d € R, we have

1y r—v\?
Ca(8,8) < F—fZgl “Ye-v|<(— ) - (1.6.7)
i=1
Using (1.6.7) in (1.6.5), we get (1.6.1). The proof is complete.

Remark 1.6.1. In Theorem 1.6.1, if we assume that ¢ < f; < ® fori=1,...,n, where

¢, ® € R are constants, then by following the same arguments used to obtain (1.6.7), we

2
Colfof) < (q’;qj) . (168)

get

Using (1.6.8) in (1.6.1), we get
1
Calfr8)l < 7 (@=9)(T =), (1.6.9)

which in turn can be considered a discrete version of the well-known Griiss inequality.

The discrete Griiss-type inequality given in [138] is embodied in the following theorem.

Theorem 1.6.2. Let f = (fi,...,/n),&=(g1,---,8n) be two n-tuples of real numbers and
p=(p1,...,pn) be an n-tuple of nonnegative real numbers such that B, =3 | p; > 0, then

1 & 1 &
(fi_&jz,lpjfj) (gi_Pan,IPjgj> ,

1 & 1 &
Cu(p, f:8) szfzgz (P ZPifi) (P Zpigi) . (1.6.11)
ni=1 ni=1

1Ca(p, f28) Xp, (1.6.10)

where



Griiss-and Ceby§ev—type inequalities 47

Proof. First we observe that

1 & 1 & 1 &
Fn;pl (fz_Pn.;PJfJ> (gl_Pnj;p]gJ

1 n 1 n 1 n 1 n n
:szi figi_fiF Y pig;i —8ip ijfj‘f'ﬁ Y pifi Y pig;
n =1 nj=1 nj=1 nj=1 j=1

1 n l n 1 n 1 n 1 n
_E;Pifigi_ Fni;piﬁ Flejgj - Fn;pigi E;pjfj

noj=

n l n 1 n
=5 ) pifigi < Zmﬁ) ( Zm&)
n =1 ni=1 n =1
=Cu(p, [, 8)- (1.6.12)

From (1.6.12) and using the properties of modulus, we have

1 & 1 &
(fi—Pnj_Zlefj> (gi—Pnj_Zlegj>

which is the required inequality in (1.6.10) and the proof is complete.

)

12
|Cn(p7f7g)| < Fn;pl

Remark 1.6.2. By taking p; =1 fori=1,...,nand hence P, =n, C,(p, f,g) = Cu(f,8)

in (1.6.10), we get
(-157) (152
! n = J ! n = J

We note that the inequality (1.6.13) can be considered as the discrete version of the Griiss-

. (1.6.13)

S =

ICa(f,8)] <

n

i=1

type integral inequality given by Dragomir and McAndrew in [34].
The discrete CebySev-type inequality established in [128] is given in the following theorem.

Theorem 1.6.3. Let f = (f1,...,/n), 8 = (g1,---,8n) be two n-tuples of real numbers,
then

Vn?—1 —
‘Cn(f;g)| < 2\/§ 1<T3371|Afk| Cn(g,g)7 (16]4)

where C,(f,g) is given by (1.6.2) and Af = fir1 — fr-
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Proof. First we recall that the discrete Korkine-type identity (1.6.3) holds. Following the
proof of Theorem 1.6.1 we get (1.6.5). It is easy to observe that the following identity
holds:

i1 i1
—fi=Y (fix1 —fi) = Y. Afr. (1.6.15)
k=j k=j

We also observe that

1 n o n 1 n o n i—1
|Cn(fvf)‘ N2 ZZ(f \7222 Z|Afk|
2n i=1j=1 2n i=1j=1 \k=j
! A B33 2 1.6.1
< — [ — 7)”. .0.
53 <1<5?32‘ | fk|> ,-:Zu;(l J) (1.6.16)
By simple computation, we get
n o n 2 2_1
Y Y i-jp=" (n6 ). (1.6.17)

i=1j=1

Using (1.6.17) in (1.6.16) and the fact that C,(f, /) = 0, we get

2 2
n-—1
C < A 1.6.18
nfif) < 12 (1<k<n 1| fk|) ( )
Using (1.6.18) in (1.6.5), we get (1.6.14) and the proof is complete.
Remark 1.6.3. 'We note that the inequality (1.6.14) can be considered as a discrete version

of the inequality given in Theorem 1.3.1. By following a similar arguments as in the proof
of (1.6.18), we obtain

21 2
Cu(8:8) < —3 <1<r,§<3; 1IAgkI> (1.6.19)
Using (1.6.19) in (1.6.14), we get
2
n2—
< 6.
Cu(f,8) < o nax \Afk| | nax |Agk|- (1.6.20)

The inequality (1.6.20) can be considered a discrete version of the Cebysev inequality
given in (1).
The following Theorem deals with the discrete weighted Ceby3ev-type inequality proved
in [138].
Theorem 1.6.4. Let f, g, p, B, be as in Theorem 1.6.2, then

1<k< n

2
ICu(p, fr8)| < max \Afk| _max. Agk|><[ Zpl ( ’llp’) }, (1.6.21)

where C,(p, f,g) is given by (1.6.11).
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Proof. By direct computation, it is easy to observe that the following discrete Korkine

identity holds:

Cu(p, f,8) P2 Z Z pip;(fi —gj)- (1.6.22)
n =1 j=
We observe that the following identities also hold:

i—1

fi=fi=Y,(fix1i=fi) = ZAfk, (1.6.23)
k=j k=
i-1

8i—8j= Z 8k+1— ZAgk (1.6.24)
k=j

Using (1.6.23) and (1.6.24) in (1.6.22), we get

1 n o n i—1
Culp.f8) = 557 L X Pipj <Z Afk) (ZAgk)- (1.6.25)
k=j

n j=1 j=1

From (1.6.25) and using the properties of modulus, we have

1 n o n i—1
Calp. £,8)| < 557 X X Pipj (Z Afk|> (Z Agk|>
n i=l1j=1 k=j

X |Afi| max IAgkIZZp,pJ J)?

2P2 1<k<n 1 1<k<n—
i=1j=1

i=1

2
1 o
2P2 l<l<<n l|Afk| max |Agk|2 P, Zp,z - (Zzp,-)

= A Agil x =1 P
(Jdnax [Afil| max |Ag [ Zp, < ,
and the inequality (1.6.21) is proved.

Remark 1.6.4. We note that A. Lupas [79, Chapter X] proved some results similar to
that of the inequality (1.6.21) when f = (fi,...,fn), ¢ = (g1,...,8x) are two monotonic
n-tuples in the same sense and p = (pi,...,p,) is a positive n-tuple. In the special case,
when p; =1 fori=1,...,nand hence P, =n, C,(p, f,g) = C,(f,g), the inequality (1.6.21)

reduces to

1<k<n— 1<k<n—

2
(Calf,8) < | max [Afi] max Agklx[ Zl < '11) } (1.6.26)

In the proof of the next theorem, we need the following representation formula given in [1].
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Lemma 1.6.1. Let {x,...,x,} be a finite sequence of real numbers and {wy,...,w,} be
a finite sequence of positive real numbers, then

1 & n—1
= or Y wixi+ Y Dy (k,i)Ax;, (1.6.27)
1 i=1

nj—

where Ax; = x;11 —x; and

. 1 Wi I<i<k—1,
Dy (ki) = — _ (1.6.28)
Wa | (-Wi), k<i<n,
is the discrete weighted Peano kernel, in which
k n
Wk:ZWh Wk: Z Wi:Wn—Wk.
i=1 i=k+1

Proof. By direct computation it is easy to observe that the following discrete identity
holds (see [1]):

n k—1 n—1
Y wixi =xWo+ Y Wilxi —xi)+ Y, Wilxip1 —x), (1.6.29)
i=1 i=1 i=k
for 1 < k < n. Rewriting (1.6.29) by using (1.6.28) we get the desired identity in (1.6.27).
Remark 1.6.5. If we take w; =1fori=1,...,n,then W; =i and W; =n —i and (1.6.27)

reduces to the discrete Montgomery identity,

1 & n—1
= Y xi+ Y Dy(k,i)Ax;, (1.6.30)
i=1 i=1
where .
L oI<i<k—1,
Dy(k,iy=3 ;" (1.6.31)
——1, k<i<n.

n
Finally, we present the Griiss-type discrete inequalities given in [133].

Theorem 1.6.5. Let {u;}, {vi} for k=1,...,n be two finite sequences of real numbers
such that max;<i<,—1{|Aug|} = A, maxj<x<n—1{|Avk|} = B, where A, B are nonnegative

constants, then the following inequalities hold:

1 n
| (e, vi) | < 5 Y [[vk|A + uy | BH, (k), (1.6.32)
k=1
and
AB
o (g, vi) | < — Y (Ha(k))?, (1.6.33)
k=1
where
1 n 1 n 1 n
Jn(uk,vk) = - Z U — | — Z Uy — Vi |, (1634)
= = =
n—1
Hy(k) =Y, [Du(k, i), (1.6.35)

in which Dy, (k, i) is defined by (1.6.31).
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Proof. From the hypotheses, we have the following identities (see, Remark 1.6.5):

n—1
ukfqu,f ZD (k,i)Au;, (1.6.36)
=1
12 n—1
ve— =Y vi= Y Dy(k,i)Av;, (1.6.37)
i3 i=1

for k =1,...,n. Multiplying both sides of (1.6.36) and (1.6.37) by v; and u; respectively,

adding the resulting identities and rewriting, we get
n—1 n—1

1 n n 1 7
UV — % |:Vk Z Ui+ uy Z V,':| = 5 |:vk Z D,,(kﬂ')Au,' + uy Z Dn(k,l')AV,“| . (1.6.38)
i=1 i=1 i=1 i=1

Summing both sides of (1.6.38) over k from 1 to n and rewriting, we get

=1
From (1.6.39) and using the properties of modulus, we get the required inequality in

(1.6.32).
Multiplying the left hand sides and right hand sides of (1.6.36) and (1.6.37), we get

1 n n 1 n n
ukvk—; kaui—l—ukai +7 ZM,‘ ZV,’
i=1 i=1 i=1 i=1

n—1
Y Du(k, i)Av,-] : (1.6.40)
i=1

n—1
Jn (U, vi) = — Z [vk ZD (ki) Au; + uy, ZD (k,i Av,‘| . (1.6.39)

n—1
Y Du(k, i)Au,}
i=1

Summing both sides of (1.6.40) over k from 1 to n and rewriting, we have
1
Jn(ukavk) = E Z

ZD (k,i Au,]
k=1

From (1.6.41) and using the properties of modulus, we get the desired inequality in (1.6.33).

n

n—1
):D (k,i Av,] . (1.6.41)

The proof is complete.

1.7 Applications

In this section we present applications of a few of the inequalities given in earlier sections

which have been investigated during the past few years.

1.7.1 Estimation of the remainder in the Trapezoid formula

As an application of Theorem 1.2.2, in this section, we present a version of the Trapezoid-
type inequality and it’s application given in [34].
We start with the following Trapezoid-type inequality.
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Theorem 1.7.1. Let f : [a,b] — R be a differentiable mapping on (a,b) having first
derivative f” : (a,b) — R bounded on (a,b), then

fla+f(b) 1 P b—a 1oy SB)—f(a)
Proof. A simple integration by parts, gives
fla+10) / f(x) dx—/ (x—a+b>f/(x)dx (1.7.2)
5 > . .

Applying the inequality (1.2.7) given in Theorem 1.2.2, we get

‘bia/ab <x— +b>f’(x)dx— <bia/ab (x—a;b>dx> (ljia/abf'(x)dx>

| a+b 1 b a+b |
< _ars - d ' —7/ '(y)dy )| d
bia/a (x 5 bia/a (y 5 ) y>><<f(X) baaf(y)y> x
As
b b
/ (x—a—; )dx:O,
we get

—a

/ab (x “J;b)f’(x)dx‘ </ab

) (- L)

<x232>f%x) f(b) - 5()'be__a+b‘dx
(b—a)’ / f(b) fla)|
= ) x]gzg)l()) f(x) — (1.7.3)

Now using (1.7.2) in (1.7.3), we obtain (1.7.1).
In the following Theorem we assume that f: / C R — R is a differentiable mapping with

derivative satisfying the following condition:

[f(b) = fla) = (b—a)f'(x)| < Q(b—a)’, Q>0, (1.7.4)
foralla, b1 and x € (a,b).
If f" is M-lipschitzian, i.e.,

|f/(w) = f W) < Mlu—v], M>0,
then
() = f(a) = (b—a)f' ()| = |/ (c) = f (x)||b—a| < M|c—x||b—a| <M(b—a)’,

where ¢ € (a,b). Consequently, the mappings having the first derivative lipschitzian satisfy

the condition (1.7.4).

The following trapezoid formula holds.
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Theorem 1.7.2. Let f: [a,b] — R be a differentiable mapping on (a,b) with derivative
f": (a,b) — R satisfying the above condition (1.7.4) on (a,b). If I, :a=x9 < x; < -+ <

Xn—1 < X, = b is a division of [a,b] and h; = x;41 —x;, i =0,1,...,n— 1, then we have:
b
[ @ = Ars (1) +Rea (), (1.7.5)
a
where
n—1
Xi)+ f(xi
Arg,(f) =Y, f6) + floit) 2f( +l)hi7 (1.7.6)
i=0
and the remainder Rr , (f) satisfies the estimation:
anl 3
Rz, ()] < 7 Y n. (1.7.7)
i=0
Proof. Applying Theorem 1.7.1 on the interval [x;,x;11], we can write
Xit1 . — . — .
(Xit1 — X )M / ' FOde| <L max |F () — S@ir) = flx)
2 Sy xe(xiis1) Xig1 =X
< Q(xiy1 —Xi)37
4
i.e.,
; ; Xit1 o
‘Wki— / " p)ar] < 2 (1.7.8)

foralli=0,1,...,n—1.

Summing both sides of (1.7.8) over i from i = 0 to n — 1 and using the generalized trian-
gle inequality, we get the approximation (1.7.5) and the remainder satisfies the estimation
(1.7.7).

Remark 1.7.1. 'We note that the trapezoid formula given above works for a class larger
than the class C?[a, b] for which the usual trapezoid formula works with the remainder term

satisfying the estimation

//
R, ()] < Hf Ioo Zh
where || /"]l = supeqp) 11" (1)] < o.

1.7.2 Bounds for a perturbed generalized Taylor’s formula

In [31], Dragomir was the first to introduce the perturbed Taylor formula, with the idea to
estimate the remainder using Griiss and Ceby3ev-type inequalities. We state the following

result given in [31].
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Theorem 1.7.3. Let f: 7 — R (I C R is a closed interval, a € I) be such that £ is

absolutely continuous. Then we have the Taylor’s perturbed formula:

. (xfa)nJrl n). .
fx) =Tu(fsa,x) + CES [f< ),a,x} +Gyu(fa,x), (1.7.9)
where
NI S Gt L
Talfiax)i= Y @), (17.10)
and
() (x) — £(n)
{f(”);a,x} ARG b A O) (1.7.11)
X—a
The remainder G, (f;a,x) satisfies the estimation:
_ \n+l
Gr(ia0] < S )~ o) (17,12
where
C(x):= sup f7D(),  y(x):= inf £ (0), (1.7.13)
t€la.x] 1€fax]

forallx >a,x€l.
In this section we present some generalizations and improvements of Theorem 1.7.3, as
well as some other results from [72].

In [72], Mati¢, Pecari¢ and Ujevi¢ proved the following generalized Taylor formula.

Theorem 1.7.4. Let {P,(x)} be a harmonic sequence of polynomials, that is
Pi(x)=P,1(x), neN; Pyx)=1.
Further, let I C R be a closed interval and a € I. If f: I — R is any function such that, for

some n € N, £ is absolutely continuous, then for any x € I,
f@) = fla)+ Z D AW~ R(@fP(@)] +Ralfra),  (17.14)
where
Ru(fia,x) = (=1)" /:P,,(t)ﬂ”“)(t)dr. (1.7.15)

Proof. Integrating by parts, we have

(1 [ B0 0d = (17RO + 0 [ Bnf 0d
= (1 [B@S6) ~ Bla)s @]+ (<0 [P

Clearly, we can apply the same procedure to the term (—1)"~' [*B,_(t) f") (t)dt. So, by
successive integration by parts, we obtain
X n
(1 [ B 0d = ¥ (1) [AE 90 - B @] +50) - fla),

k=1
and this is equivalent to (1.7.14).
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Remark 1.7.2. The formula (1.7.14) can be called a generalized Taylor’s formula. Since,

if we set P,(1) = (t " in (1.7.14), then we get the classical Taylor’s formula:

n o k
1) = fta) + 3, C 0 @) 4 R (fra,9), (1.7.16)
k=1 :
where

1 X
Rl (f:a,x) = 7'/ (x—2)" F" D (1)dr. (1.7.17)
n. Ja
The following theorem, proved in [72], deals with the generalization of the result stated in

Theorem 1.7.3 which also improves the estimation (1.7.12).

Theorem 1.7.5. Let {P,(x)} be a harmonic sequence of polynomials. Let / C R be a
closed interval and a € I. Suppose f : I — R, is such that, for some n € N, ") is absolutely

continuous, then for any x € / we have the generalized Taylor’s perturbed formula:

Fx) =Tu(f30,%) + (=1)" [Pos1 (x) = Pay1(a)] [f(”);a7x}+6,,(f;a,x)7 (1.7.18)

where

Tu(frax) = Zn: D[R9 () = Pla) f9(a), (1.7.19)

and {f(’”;a?x} is defined by (1.7.11). For x > a the remainder G,(f;a,x) satisfies the
estimation

—a

|6n(f;a7x)’ <
where I'(x) and y(x) are defined by (1.7.13).

T (Pu ) [T(x) = 7(x)], (1.7.20)

Proof. Taylor’s generalized formula (1.7.14) can be rewritten as
F@) =Tl f:0,0) + (=1)" [Pos1 () = Paga ()] [£":0.2] +G(f1a,3),
where
Gul fi.5) = Ro(fi,%) = (=1)" [Pus1 () = Pusa (@) [ s 2]
and this is just the representation (1.7.18). By (1.7.15), we have
Galfia,x) = (=1)" { / RS @)t~ [P ()~ B (@) [£50,1] } . 72D

On the other hand, setting f = B, and g = f (n+1) in Theorem 1.2.1, we get

! ! (n+1) _# X X (1)
x—a/a P, (0) " (1)dr (X—a)Z/a Pn(t)dt/a £ (1) dr
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< %[F(x) —YOINVT (P, Py). (1.7.22)
Note that
[ Bwdr = [P0 = P (9~ P @)
and

[0 @ =1 6) = £ (@) = (5= a) [£:a,4]
a
so that, after multiplying (1.7.22) by (x —a), we have

[ B0 0d = Brir (9~ P @] [1750,4] | < 54 00 = v0) VT o).

Combining this with (1.7.21), we get the estimation (1.7.20).

The above result gives the following improvement of the estimation (1.7.12).

Corollary 1.7.1. Let the assumptions of Theorem 1.7.3 be satisfied, then the remainder
Gy (f;a,x) defined by (1.7.9) satisfies the estimation

Golfia0l < =D ny ) (17.23)
T 0 4 1) V2n+ 1 7oL o
Proof. If P,(t) = (’;f)n, then it is easy to see that T,(f;a,x) = T,(f;a,x) and

(xfa)'”rl

(=D)"[Pys1(x) = Bip1(a)] = T SO that (1.7.18) becomes (1.7.9), that is G,(f;a,x) =
G,(f;a,x). Also, we have

T {Eka) = xia /ax (t(;!););ndt_ (x_la)2 </ax (t;!x)nd’)z

~ar | () - (53

2n

x>2‘|
_ n*(x—a)
[(n+1)22n+1)’

JTBp) = — M =a” (1.7.24)

(n+1)V2n+1
Now, we apply the inequality (1.7.20) to obtain the desired result.

that is,

Remark 1.7.3. Denote by A, and A, the right hand sides of (1.7.12) and (1.7.23) respec-

tively, then, we have

— 2n
A——— " A <A,
" (n+1)v2n+1 "
since obviously wlfﬁ < 1 for all n € N. Moreover, Mﬁ tends to zero when, n

tends to o. So the estimation in (1.7.23) is much better than the estimation in (1.7.12).
We next give another estimation obtained in [72] for the remainder term in the representa-

tion formula (1.7.18).
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Theorem 1.7.6. Suppose that the assumptions of Theorem 1.7.5 are satisfied. Addition-

n+l1)

ally, suppose f{ is differentiable and such that

for x > a. The remainder G, (f;a,x) satisfies the estimation

M\/T(P P,) (1.7.25)

|Gu(f3a,x)| < NG

forallx >a,x€l.

Proof. From the proof of Theorem 1.7.5, it is easy to see that
Golfra,%) = (—1)"(x—a)T (f<”+1>,Pn). (1.7.26)

From (1.7.26) and making use of the inequality given in Theorem 1.3.1 when f = f("+1)
and g = P,, we observe that
_ (x _ a)ZM(n+2) (x)

< v VT (P Py),

Gu(f30,%)| = (x—a) ‘T (f(nJrl)’Pn)

and the proof is complete.

Corollary 1.7.2. Let the assumptions of Theorem 1.7.6 be satisfied, then we have the

representation (1.7.9) and the remainder G, (f;a,x) satisfies the estimation:

i n(x_a)n+2M(n+2) (x)
n\J:3a, <A = . 1.7.27
[Ga( 3 2)] < Aln) VI2(n+ 1)\ 2n+1 ( )

(t—x)"
n!

Proof. SetP,(r) =

result.

and apply Theorem 1.7.6, then use (1.7.24) to obtain the desired

Remark 1.7.4. In [31, Theorem 2.4] the following estimation can be obtained

(x _ a)n+2M(n+2) (x)

Gn(fra,x)| < Ay =

12[(n+1)!]
We have
—_ V12
An = 7An>
(n+1)v2n+1
and (nm% < 1, for n > 1. So, the estimation established in Corollary 1.7.2 is better

than the one given in [31, p.187]. For some other estimations by using Taylor’s perturbed

formula, see [72].
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1.7.3 Some inequalities for expectation and the cumulative distribution functions

In the present section we apply Theorem 1.3.1 to obtain some inequalities recently given
in [5] for the expectation and cumulative distribution function of a random variable having
probability density function defined on a finite interval.

Let f : [a,b] — R be the probability density function (p.d.f) of the random variable X, that
is, an integrable function satisfying [ ab f()dr =1,

E(x):= /abtf(t)dt

its expectation and the cumulative distribution function F : [a,b] — [0, 1], i.e

Flx) = /axf(t)dt, x€ [a,b].

We start with the following result for expectation.

Theorem 1.7.7. Let X be a random variable having the probability density function f :
[a,b] — R. Assume that f is absolutely continuous on [a,b] and f’ € L.|a, b], then

E()_aer 112(

where E(X) is the expectation of the random variable X.

@)’ (|||, (1.7.28)

Proof. If we put g(¢) =1t in the inequality (1.3.3), then we have

o (5 [ soar) (525 [ )

1

<3 50-alfl- [/”,zdt(bia/a‘bfdt)zr.

1, 1 2 \* (b—a)?
t_ R =
bfa/a rd (ba/u tdt) 2
and so (1.7.28) is true.

The following Theorems provide inequalities that connect the expectation E(X) and the

However,

cumulative distribution function F(x) of a random variable X having p.d.f., f,

Theorem 1.7.8. Let X be a random variable with p.d.f., f : [a,b] — R absolutely contin-
uous on [a,b] and f’ € Le[a,b], then
b—a 1

| < 5B = @ 1F (1.7.29)

E(x)+(b—a)F(x) —x—

for all x € [a, D).
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Proof. We use the following identity established by Barnett and Dragomir in [4]:

b b
(b—a)F(x) +E(x) — b= / P 0)dF (1) = / Pl ) f(1)dr, (1.7.30)
for all x € [a,b], where

t—a, a<t<x<b,
plx,t) =
t—b, a<x<t<b.

Indeed, the Riemann-Stieltjes integral | f p(x,t)dF (1) exists for any x € [a,b] and the for-

mula of integration by parts for Riemann-Stieltjes integral gives

/abp(x,t)dF(f):/:(“ a)dFt +/ (t=B)AF ()
:(Fa)F(t)Ef/axF(f)dH(t’ ‘ 7/ Fle

= (b*a)F(X)*/abf(t)dt. (1.7.31)

On the other hand, the integration by parts formula for Riemann-Stieltjes integral also gives

E(x) = /abtdF(t) - tF(;)E f/abf(t)dt

b b
— bF(b) — aF (a)— / Fl)dt =b— / F(t)dr. (1.732)
a a
Now, using (1.7.31) and (1.7.32), we get (1.7.30).
Now, if we apply the inequality (1.3.3) given in Theorem 1.3.1 for g(z) = p(x,7), we obtain

oz [ eosan (1 [ pwnar) (1 [ oar)|

2f(b DIlf - [/ahpz(x,t)dt— (bla/ahp(x,z)dt)j y (1.7.33)

Observe that

b
bla/ plx,1)dt x—a;b, (1.7.34)
and
1 L (- () +b\?
—X X—a a
S e N
Lp—ap (1.7.35)

12
Using (1.7.30), (1.7.34), (1.7.35) in (1.7.33), we get the required inequality in (1.7.29).
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Theorem 1.7.9. Let X, F and f be as in Theorem 1.7.8, then

2 2 | 4 2

—a x a :
’E(x)+b Fx)— “" <Yo- a)||f||w[< “’) +112(b—a)2], (1.7.36)

for all x € [a, D).

Proof. Applying the inequality given in Theorem 1.3.1 in the form (1.3.3), we get

xia/ (t—a)f(t dt—< /(t— dt) <x_1“/:f(t)dt>’

1

< T\%(X-d)l\f“w Lia /:(t_a)zdt_ (xia./ax(t_a)dt> 2] |

_ 1 20 £
- lz(x a) Hf ||°°’

and similarly,

‘bix/xb(t—b)f(t)dt— (bix/j(t—b)dt) (bix/xbf(t)w)‘

1 21 £
< —(b— oo
< 750 2f I
for all x € [a,b]. From (1.7.37) and (1.7.38), we can write

X—a

/ (1~ a) )i~ F ()| <

1
=P

and

b b—x 1 31 ot
[ = prart 21 F )| < 50071 e

(1.7.37)

(1.7.38)

(1.7.39)

(1.7.40)

for all x € [a, b]. Summing (1.7.39) and (1.7.40) and using the triangle inequality, we deduce

/ax (t—a)f(t)dt+ /xb (t—b)f(t)dt — b%aF(x) + bz_x‘

Ly
S [ + (b))

1 / a+b 2
- L e-alr Hx— ) +4(b—a)2}

1 ) a+b\* 1
=4(b—a)||f||m[<x— ) +12<b—a>2].

Using the identity (1.7.30) in (1.7.41), we deduce (1.7.36).

(1.7.41)
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Remark 1.7.5. 1If we take x = a or x = b in (1.7.29) and (1.7.36), then we recapture the

inequality given in (1.7.28) and if we take x = “—;h in (1.7.29) and (1.7.36), then we get

inequalities that are of independent interest

1.8 Miscellaneous inequalities

1.8.1 Dragomir [42]

Let f and g be two functions defined and integrable on [a,b]. If ¢ < f(x) < D, y < g(x) <
I for all x € [a,b], where ¢, @, y, T are given real constants, and £ : [a,b] — [0,0) is
integrable and [” h(x)dx > 0, then

‘ / ’ h(x)dx / )2 ()h(x)dx — / ’ () f(x)dx / ’ h(x)g(x)dx

2

< @0 ( [ Har)

and the constant i is the best possible.

1.8.2 Dragomir [42]

Let f, g [a,b] — R be two differentiable mappings on (a,b) and p : [a,b] — [0,00) is
integrable on [a,b]. If f/, g’ € Lu[a,b], then

[ pax [ pw s [ pise [ pogtos

<5 [ [ reone| [ 17 0rar| [ 1 @la

<71l {/ ot [ piyea (| bp(x)xdxﬂ ,

and the inequality is sharp.

dxdy

1.8.3 Pachpatte [113]

Let f, g : [a,b] — R be absolutely continuous functions whose derivatives /', g’ € L,[a,b],

p > 1, then
b i
0.0 < 55 [, L8 o+ IIg'1) (B,

where
1
B(x) = o) [(x—a)® !+ (b—x)""],
for x € [a,b], % + é = 1and T(f,g) is the notation set in (2).
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1.8.4 Pachpatte [137]

Let f, g, h: [a,b] — R be continuous functions on [a,b] and differentiable on (a,b). If
I (1) # 0 for each t € (a,b) and f & :(a,b) — R are bounded on (a,b), then

W
1 e
IT(f,8)| < b—ar |7

i
M= (bfa)/abhz(x)dxf </abh(x)dx>2,

and T'(f,g) is the notation set in (2).

IMI,

where

1.8.5 Cerone and Dragomir [18]

Let f, g: I C R — R be measurable functions on / and the intervals [a, ], [c,d] C I. Define

the functional

(/. giabe d>=ﬁ/f g (x)m%/d Ole0))
,7/ fx)dx~ /dg(y)dy*blfa/

and assume that the mtegrals 1nvolved in (1.8.1) exist, then
1
IT(f,8:0,b,¢,d)| < [T(f3a,b) +T(f3c,d) + (M(f;a,b) = M(f3c,d))*]?

1
x [T(g:a,b) +T(gic,d) + (M(g;a,b) — M(g;c,d))*]?, (1.8.2)
where for a measurable function & : I — R on [a,b] C I we set the notations

T(ha,b) = b]fa/abhz(x)dx— (bl/bh(x)dx>2
1

M(hsa,b) = / h(x)dx,

and the integrals involved in the right membershlp of (1.8.2) exist.

(1.8.1)

1.8.6 Pachpatte [137]

Let f, g: [a,b] — R be continuous functions on [a,b] and differentiable on (a,b), with

derivatives f’, g": (a,b) — R being bounded on (a, b) then

P8 < 1g(b—a)?
where . )
P(f7g):FGfblfa {F/a g(x)dxth/a f(x)dx}
*(bia/abf(x)dx) <bia/abg(X)dx), (1.8.3)
in which ) M7 - B
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1.8.7 Pachpatte [113]

Let f, g: [a,b] — R be absolutely continuous functions with derivatives f’, g’ € L,[a,b],

p > 1, then we have the inequalities

2
1S(f,8)| < M|l lg Nl

1
(b—a)?
1 1 b ./ /
H(f.8)l < WMq/a (g GO 1y + LF Gl Nl o] dx
where %—0—% =1,

(2971 1) (b —a)t™!
g+ 1)6e

and

S(f,g) = FG—ﬁ {/abg(x)dx—}—G/a.bf(x)dx}

+ (bla/:f(x)dx> <bla/a'bg(x)dx),
H(f,g)= /Fg )+Gf(x)] dx— 2<b a/f ><bla/abg(x)dx>,

in which
L0 o (250Y],

L[ o (18]

|

Ql

1.8.8 Pachpatte [137]

Let f, g: [a,b] — R be continuous functions on [a,b] and twice differentiable on (a,b),

with second derivatives f”; g” : (a,b) — R being bounded on (a,b), then

PU )| < (0=l

where P(f,g) is the notation set in (1.8.3).
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1.8.9 Pachpatte [137]

Let f, g: [a,b] — R be continuous functions on [a,b] and twice differentiable on (a,b),

whose second derivatives ", ¢": (a, b) — R are bounded on (a,b). Then

10(£:8)| < 2o (b= a) 1" llg" =

576
where , )
] S
o(f.g) :ABfm [A/a g(x)dx+B/a f(x)dx}
1 P 1 b
(o [ rwan) (1 [ o). (184
in which

Ao f<a—;—b) B—g<a—;b).

1.8.10 Pachpatte [112]

Let f, g : [a,b] — R be absolutely continuous functions on |a,b] with ', g’ € L|a,b], then
1 1
(b— a)2 1 /112 2|2 1 "2 2|2
< - o X b (T
ol < T i (ran?] g ean?]
where Q(f,g) is the notation set in (1.8.4) and
f(b) - f(a)
sa,b| = —————=,
fra b= TS

1.8.11 Pachpatte [124]

Let f, g, h: [a,b] — R be twice differentiable functions on (a,b) and f”, g", " : (a,b) = R

are bounded, then

\l/ﬁumwmmw— Dlf. g1

3(b—a)?
a+b .
b a) Ja ( >f(X)g(x)h(x))dx

<§@j;Y/’[ﬁ&}<><>¢n

where

D[f,g.h] = ( / bg(x)h(x)dx) ( / bf(X)dX) + ( / bh(x)f(x)dx) ( / bg(x)dx)
(/fX)g )(/ h(x ) (1.8.5)

B[f,g,h)(x) = [g()[[RC] [ f"lleo + [RE | F ()& oo + £ () g (1A oo, (1.8.6)
b
m@:/m@m@
in which k(x,t) is given by (1.2.28). ‘
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1.8.12  Pachpatte [124]

Let f, g, h: [a,b] — R be functions with first derivatives absolutely continuous on [a,b]

and assume that the second derivatives f”, g”, h" : (a,b) — R are bounded on (a,b), then

b
[ T 3Dl

2 b a+b , 1 b
—3(;,761)/“ (X—2> (f(x)g(x)h(x)) dx+m/a LIf,g,h)(x)dx

b
< 3o | B s N @I

where D[f,g,h], B[f,g,h](x) are the notations set in (1.8.5), (1.8.6) and

15,1100 = LT O g 4 8L ) HOTRD) ),
1= [ ol ar,

in which p(x,) is given by (1.2.11).

1.8.13 Pachpatte [124]

Let f, g, h: [a,b] — R be continuous on [a, b] and twice differentiable on (a, b) with second
derivatives f”, g”, h" : (a,b) — R bounded on (a,b), then

[ T 3Dl e

_ﬁ / ’ (x— “?’) MIf.g.h)(x)dx

b
< s /| Bl e H (s
where D[f,g,h],B[f,g,h](x) are the notations set in (1.8.5), (1.8.6) and
mi () = PO gy 8O =8 0 iy 4 HOIZHD ),

b rb
He) = [ [ Ipten) ()| dsde,
in which p(x,) is given by (1.2.11).
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1.8.14 Pachpatte [132]

Let f, g: [a,b] — R be continuous functions on [a,b] and twice differential on (a,b), with

first and second derivatives f', f”,¢',¢" : (a,b) — R bounded on (a,b), then

1 b
7(1.9) < 5 [ AW,

where T'(f,g) is the notation set in (2) and

Alx) = (x_a+b

) 1 ollg

"

2
g llell " lleo } L)+ 115" 1ol oo L ().

for x € [a,b],

1 b b—a)? 1 a+b\?
L(x):m/a (e )\t = & 24) +2(x— ; > ,

in which k(x,?) : [a,b]> — R is given by
(t—a)®

, [€]a,x],

k(xvt): 2 2
(1=b)
T, Z‘E(x,b}

1.8.15 Pachpatte [132]

Let f, g: [a,b] — R be continuous functions on [a,b] and twice differentiable on (a,b),

with second derivatives ", g" : (a,b) — R bounded on (a,b), then

IT(f.2) /B

where T'(f,g) is the notation set in (2) and

B(x) = |FG| <xa;b)2

b
+]x at ‘{IFlllg”looJrlGlllf” VM) + £ M),
for x € [a, b],
A0 -f@) . sb)—s(a)
F= b—a '’ G= b—a ’
1 b Vf[e—ay? 117
M(x):W/Q/u|p(x,t)|\p(t,s)|dsdt=§ [Wu +55 ¢ (b—a)

in which p(x,t) : [a,b]> — R is given by

t—a, tE€la,x],
plx,t) =
t—b, t€(x,bl.
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1.8.16 Pachpatte [90]

Let f, g: [a b] — R be functions such that f (n=1), g<"’1) are absolutely continuous on
[a,b] and £, g € L [a b for some n € N, then

’ (0)g(x)dx — (1;16,/ ’ f(x)dx) <b1 / bg(x)dx>
_Z(biia)z/ (ZZ:F,((XO (): Gk(x)> x)] dx

b
e+ s ..] An (o),
)

1
[ —
= 2(b—a)? /

where ( k+1 ( )k( )k+l

— b—x +(—1)*(x—a

F — (k)

= e | 00,
o (b—x)k+l—|—(—1)k(x—a)k+l ®
Guto) = | e )
b
0= [ IKatxlar,
in which K, (x,7) : [a,b]> — R is given by
(t—a)"
( ) T, IS [a,x],
Ky (x,t) = :
n\A, t—b)"
UZD e )

for x € [a,b].
1.8.17 Pachpatte [119]
Let the functions f , g |a,b] — R be such that f (n=1) o(n=1) are absolutely continuous on
[a,b] and £, ¢ € L.[a,b] for some n € N, then

b
|A[f,g;a,b;n]| < m”ﬂmnwnﬂmnw/a [Eq(x))dx,

where

1 b
A[fvgvavb’n]:b (l/
- a

_nKbla/j f(x)+:ZiFk(x) dx> (bla/abg(x)dx)
- <bia/ab g(x)+:Zin(x) dx) (bia/abf(x)dx>:|
(s ) s o)

b
En(x) :/ |Ge— 1) p(a,t) |, (1.8.7)
in which Fy(x), Gi(x) are given by (1.%.6), (1.5.7) and p(x,t) is given by (1.2.11).

n—1
f@+ Y F(x)
k=1

n—1
x)+ Z Gr(x)| dx
k=1
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1.8.18 Pachpatte [119]

Let the functions f, g : [a,b] — R be such that f° (n=1) o(n=1) gre absolutely continuous on
[a,b] and £, g € L. [a,b] for some n € N, then

1 b = n
|B[fyg§ayb;”]|<m/a g(x)+k§,1Gk(x) ”f< )Hm
n—1
+ @)+ Y F@)|[|g"™]|. | En(x)dx,
k=1
where
1 b n—1 n—1
Blf.giabin] = o— [ |f0)+ L AW| [g0)+ ¥ Guw) | dx
a k=1 k=1

-3 Kbia/; dx) (bia/abg(x)dx>
+ (bia/b dx) (bia/abf(x)dx)],

and E, (x) is given by (1.8.7), and Fi(x), Gi(x) are given by (1.5.6), (1.5.7).

n—1
@)+ Filx)
k=1

n—1
g(x) +I;] Gr(x)

1.8.19 Dragomir and Khan [51]
Leta = (ay,...,a,) and b = (by,...,b,) be two sequences of positive real numbers with

O<a<ai<A<oo, 0<b<b;<B<o, (1.8.8)

foreachi € {1,...,n} and let C,(@,b) is given by (1.6.2) replacing f, g by @, b, then

g 1 (A—a)(B=b) [ 1 _ l" '
|Cn(a,b)| < ZW <nlz{al> (”iz;bl> )

and the constant i is best possible.

1.8.20 Dragomir and Khan [51]

Leta = (ay,...,a,) andb = (by,...,b,) be two sequences of positive real numbers satisfy-

ing (1.8.8) and let C,(a,b) is given by (1.6.2) by replacing f, g by @, b, then

Co(a,b)| < (\/X—\/Zz) (\/E—\/B) (iim) <’1’ibi>7

i=1

and the inequality is sharp.
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1.8.21 Pachpatte [99]

Let f(n), g(n) be real-valued functions defined on N, , = {a,a+1,...,.a+m=>b},a € R,
m € N, and equal to 0 if n ¢ N, 5, for which Af(n),
Deltag(n) exist and |Af(n)| <

(n)] < B, for n € Ny, where A, B are nonnegative

real constants. Then

1 b—1 1 b—1 b—1
b_a’;af(”)g(”)—m [(;g(”)) (r;af(n-i-l))

b—1 b—1 1 b—1
+<Zf(n)> (Zg(nﬂ)) b_a? (Zf(nﬂ)) (Zg(n—i—l))‘

b—1
< G L (),

where
b-1
H(n) =Y |r(ns)l,
S=a
in which
s—a, s€la,n—1]
r(n,s) =
s—b, s&n,b]
forn, s € Nyy.

1.8.22 Pachpatte [105]

Let f(n), g(n), h(n) be real-valued functions defined on N, = {a,a+1,...,a+m = b},
a € R, meN, and equal to 0 if n ¢ N,;, for which Af(n), Ag(n), Ah(n) exist and
|Af(n)| < My, |Ag(n)| < Ma, |Ah(n)| < M3, for n € Ny, where My, M>, M3 are non-

negative constants. Then

1 b—1 1 1 b—1
— nzaf<n>g<n>h<n>—3[< zg h<n> <ba”z:1f(n)>

| bl | bl | bl
Zh n)f(n) mg,g(”) + ng(n)g(”) E;h(”)

b—1

< 3(b‘_a) . )l ) M+ ) ) M+ £ ) ) 5] B
where
1 a+b
o [ioh-222]
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1.9 Notes

The inequality in Theorem 1.2.1 is taken from Mati¢,Pecari¢ and Ujevi¢ [72]. In [72] it
is shown that, if a factor is known, say g(r), ¢ € [a,b], then instead of using the Griiss
inequality (3) to estimate the difference given by T'(f,g), it is better to use the inequality
(1.2.1). They demonstrated this by improving some results given by Dragomir in [31]
related to Taylor’s formula with integral remainder. Theorem 1.2.2 deals with a Griiss-type
inequality proved by Dragomir and McAndrew [34]. The inequalities in Theorems 1.2.3—
1.2.5 deal with Griiss-type integral inequalities involving functions and their derivatives
and taken from Pachpatte [96,105].

The Ceby3ev-type inequality in Theorem 1.3.1 is taken from Mati¢, Petari¢ and Ujevié
[72]. Theorem 1.3.2 is a generalization of the Cebyéev inequality and taken from Dragomir
[42]. Theorems 1.3.3-1.3.5 deal with CebySev-type inequalities established by Pachpatte
in [112,113). Section 1.4 contains inequalities of the Griiss-and CebySev-type investigated
by Pachpatte in [106,111,117,127]. Section 1.5 deals with some more inequalities of the
Griiss-and Ceby3ev-type involving functions and their higher order derivatives and taken
from Pachpatte [118,120,121]. The discrete Griiss-and CebySev-type inequalities in The-
orems 1.6.1-1.6.5 are due to Pachpatte [128,133,138]. The results in Theorems 1.7.1 and
1.7.2 are due to Dragomir and McAndrew [34]. Theorem 1.7.3 is taken from Dragomir
[31]. Theorems 1.7.4—1.7.6 are due to Mati¢, PecCari¢ and Ujevi¢ [72] and the results in
Theorems 1.7.7-1.7.9 are taken from Barnett and Dragomir [5]. Section 1.9 contains some

useful miscellaneous inequalities.



Chapter 2

Multidimensional Griiss-Cebysev
and-Trapezoid-type inequalities

2.1 Introduction

During the last two decades many researchers have given considerable attention to the fa-
mous inequalities (1), (3) and (4) associated to the names of Cebyéev, Griiss and Trapezoid.
In view of the usefulness of these inequalities and their applications, many authors have in-
vestigated a large number of new multidimensional, Griiss, CebySev and Trapezoid type
inequalities. Some of these results provide simple and elegant extensions of the inequali-
ties (1), (3) and (4) and have a wider scope of applicability. These results did not just add
new objects of study, but also brought new insights and techniques to handle such inequal-
ities. This chapter deals with a number of new multidimensional inequalities discovered
by various investigators, which claim their origin to the well-known inequalities in (1), (3)

and (4). Some applications are given to illustrate the usefulness of certain inequalities.

2.2 Some Griiss-type inequalities in inner product spaces

In this section we offer some fundamental Griiss-type inequalities established by Dragomir
[32,43,53] and Dragomir, Pecari¢ and Tepe$ [56] in inner product spaces.

We start with the following Griiss-type inequality investigated in [32].

Theorem 2.2.1. Let (H,(-,-)) be an inner product space over K (K=R, C) and ¢ € H,

lle]l = 1. If ¢, v, ®, I are real or complex numbers and x, y are vectors in H such that the

condition
Re(®e —x,x—¢e) >0, Re(le—y,y—7ye) >0, (2.2.1)
holds, then we have the inequality
(63) ~ (v )(e)] < 71@— I~ 222)

The constant % is the best possible.

71
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Proof. It is obvious that (see [156])

(xvy) - (x,e) (e7y) = (X - (x7e)€ay - (y7€)€). (223)
Using Schwarz’s inequality in inner product spaces, we have

|(x,) = (x,e) (e,9)* = |(x— (x,e)e,y — (y,e)e) [

< Jlx= (s, )ellPlly = (s e)el
= (P =l P) (WP = l0e)). @24
On the other hand, a simple computation shows that
(@~ (x.0)) ((re) = 8) = (@e—xx—ge) = |5l ~|(xe) 2, (225)
and
(=) (0e)=7) = (Te=yy=ye) = bIP - ). @26)

Taking the real part in both the above equalities, we can write

Re {(be (x,€)) (@75)] —Re(®Pe —x,x — ¢e) = ||x]|> — |(x,e)|?, 2.2.7)

and
Re [(T= () (0n) =7)| ~Re(Ce—yy—ye) = D>~ ). 228)
From the condition (2.2.1), we deduce
¥/ = |(x, ) <Re [(@ = (v,€)) ((v.e) -9 (229)
and
91 =€) P < Re [T (v,e)) (0re) 7)) (22.10)

Using the elementary inequality 4Re (ab) < |a-+b|* holding for real or complex numbers

a,b, fora:=®— (x,e) and b := (x,e) — ¢, we get
Re (@ (v.0)) ((v.e) = 5)] < 71002 @211)

and, similarly

Re (0= (0)) (Tre) - )] < gIr— 7. 2.12)

Consequently, using (2.2.3)—(2.2.12), we have successively
|(6.3) = (@) (e )2 < (el = 1 0)P) (I¥117 = 10 e) )

<Re|(@— (x,0)) ((ce) =) | Re (T = (.e) (0re) -7)



Multidimensional Grl‘jss»éebyéev and-Trapezoid-type inequalities 73

1
b — 62T — y/2
I o,
from which we get the desired inequality (2.2.2).

To prove that the constant }1 is sharp, we can restrict ourselves to the real case. Let e,m € H

with ||e|| = ||m|| = 1, e L. m and assume that ¢,y, P, are real numbers. Define the vectors
_ P49 -9  y+[ I'-— v
y tTy YTt
Then
o o\2
(<I>e—x,x—¢e)—<2¢> (e—m,e+m)=0

and similarly (I'e — y,y — ve) = 0, i.e., the condition (2.2.1) holds. Now, observe that
_ D+ ¢ y+I D—9¢ I'—y
(P49 y+T
maen=("52) (557)-

()~ () )| = 1@ 9lIC 71,

which shows that the constant % is sharp.

and

Consequently,

In [53], the author gave an alternative proof of (2.2.2) by using the following lemmas.

Lemma 2.2.1. Let a,x,A be vectors in the inner product space (H,(-,-)) over K (K =
R,C) with a # A. Then

Re(A —x,x—a) >0,

if and only if

o2

1

< =[|A —all.
|<31a-a
Proof. Define

a+A 2
2

1
I :=Re(A—x,x—a), L:= Z||A—a|\2— Hx—

A simple calculation shows that
Iy =, = Re[(x,a) + (A, x)] —Re(A,a) — |lx]*,

and thus obviously, /; > 0 if and only if I, > 0, showing the required equivalence.

The following corollary is obvious.



74 Analytic Inequalities: Recent Advances

Corollary 2.2.1. Letx, e € H with |le| = 1 and J,
Delta € K with § # A. Then

Re(Ae —x,x— 8e) >0,

if and only if

1
< - ||A=46].
fl| < 5 1A=

S+A
o
2

Lemma 2.2.2. Letx,e € H with ||e|| = 1. Then one has the following representation
0 < ||x]|>—|(x,e)|* = inf [x—Ae|?, (2.2.13)
AeK
where K is as in Lemma 2.2.1.
Proof. For any A € K observe that
(x—Ae,x—(x,€)) = [x]* — |(x,€) > = A [(e,x) = (e,x)le]|*] = lxl* — |(x,e) .
Using Schwarz inequality, we have

[P = 1 0)P]” = |(x— e, x = (x,e)e)

<= 2e]? x = (x,e)e]| = x — Ael* [|lx]]* — |(x.e)]
giving the bound
el = (x,e)* < v — Ae . (2.2.14)
Taking the infimum in (2.2.14) over A € K, we deduce
lx[l> = (e e) < liglfgﬂx—MHZ-
Since, for Ag = (x,e), we get ||x — Agpe||> = ||x||> — |(x,e)|?, then the representation (2.2.13)

is proved.

The following result is proved in [53].

Theorem 2.2.2. Let (H,(-,-)) be an inner product space over K (K=R, C) and ¢ € H,
le]| = 1.1f @, 7y, @, I are real or complex numbers and x, y are vectors in H such that the

conditions (2.2.1) hold, or, equivalently, the following assumptions

o+ 1 y+T 1
— el < o - — e <=l — 2.
‘x 5¢ \2\(13 o, |y 7 \2|F Y, (2.2.15)
are valid, then one has the inequality
1
|(x,y) = (v e)(ey)] < [P =9l = . (2.2.16)

The constant % is the best possible.



Multidimensional Grl‘jss»éebyéev and-Trapezoid-type inequalities 75

Proof. As in the proof of Theorem 2.2.1, we have (2.2.3) and (2.2.4). Using Lemma 2.2.2

and conditions (2.2.15), we obviously have

1 ()] 1
2 212 _ _ < ,b < —|P—
[l = 1Cxse)]* = inf Jlx—Ael| < Hx 5 H <5le-9l, (22.17)
and
1 r 1
[yl =1 e) ] llrel]{(lly Ae| < |ly———e|[ < 3T =7l (2.2.18)

Using (2.2.17), (2.2.18) in (2.2.4), the desired inequality in (2.2.16) follows. The fact that
% is the best possible constant, has been shown in the proof of Theorem 2.2.1 and hence
we omit the details.

The refinement of the inequality (2.2.2) proved in [53] is embodied in the following theo-

rem.

Theorem 2.2.3. Let (H,(-,-)) be an inner product space over K (K=R, C) and ¢ € H,
le]| = 1. If @, 7y, ®, I are real or complex numbers and x, y are vectors in H such that the

condition (2.2.1) or equivalently, (2.2.15) hold, then we have the inequality
|(r,) = (x,€)(e,y)]
1
< 1@ 9|~ 7|~ [Re(@e —x.x— ge)]* [Re(Te — y.y—ye)]? (22.19)

Proof. Following the proof of Theorem 2.2.1, we have (2.2.3), (2.2.7), (2.2.8), (2.2.11),

(2.2.12) and consequently, we observe that

(50) ~ (e < [ 310 0 - (Rele ~x.x- ge))) |

X HF—YZ— ([Re(Fe—y,y—ye)]é)z]. (2.2.20)
By a suitable application of the elementary inequality
(mz—nz) (p2 —qz) < (mp—nq)z, (2.2.21)
for m,n, p,q € R, to the right hand side of (2.2.20), we have
|(6.3) = (x,€)(e,)

1 ! 1217
< Z|CI>— olIT—7]— ([Re(dJe—x,x— de)]? [Re(Fe—y,y—ye)]2> } ,
from which the desired inequality in (2.2.19) follows.
The following Theorem given in [56] deals with the inequalities of the pre-Griiss-type in

inner product spaces.
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Theorem 2.2.4. Let (H,(-,-)) be an inner product space over K (K =R, C) and ¢ € H,
|le]| = 1. If ¢, ® are real or complex numbers and x,y are vectors in H such that either the

condition
Re(®Pe —x,x— ¢e) >0

or equivalently,

Hx o+ H f@ 9/, (2.2.22)
holds true, then we have the inequalitles
[(6y) = (xe)(ey)| < *I‘I> 91yl = 1(e)l )% (2.2.23)
and
[(6y) = (x,e)(e,y)] < *\‘D BllIyll — (Re(@e —x,x— 9e))? |(y.e)]. (2.2.24)

Proof. As in the proof of Theorem 2.2.1, we have (2.2.3) and (2.2.4). Now, the inequality
(2.2.23) is a simple consequence of (2.2.2) for x =y or of Lemma 2.2.2 and (2.2.22).
Furthermore, from the proof of Theorem 2.2.1, we have (2.2.7) and (2.2.11). Using (2.2.7)
and (2.2.11), we have

1 2 N2
Il — | (x,0) < (2<1>— ¢) ~ ((Re(®e—x,x—9e))?) . (2225)
From (2.2.4) and (2.2.25), we get
‘(X— (x,e)e,y— (yae)e)|2

: 1
< <<;|<I>—¢|> - ((Re(<1>e—x,x—¢g))2)2> (||y||2—|(y,e)|2). (2.2.26)

Now, by a suitable application of the elementary inequality (2.2.21) to the right hand side
of (2.2.26) and rewriting, we get the desired inequality in (2.2.24). The proof is complete.
Before closing this section, we present a Griiss-type inequality for sequences of vectors in
inner product spaces given in [43].

The following lemma given in [43] is of interest in itself.

Lemma 2.2.3. Let (H,(-,-)) be an inner product space over the real or complex number
field K,x; e Hand p; >0(i=1,...,n)suchthat}} , p; =1 (n >2). If x, X € H are such
that

Re(X —x;,x;—x) >0, (2.2.27)

foralli € {l1,...,n}, then we have the inequality

n
sz ‘xl” - szxz

2
1
<glx — x| (2.2.28)

1 .
The constant  is sharp.
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Proof. Define

n n
I = (X— Zpixi,ZPixi—x> )
i=1 i=1

and
n
L= Zp,-(X — Xj, X —X).
i=1
Then
2
n n n
Li=Y pi(X,x)—(X,x)— || Y pixil| + Y pi(xi,x),
i=1 i=1 i=1
and
n n n
L=Y pi(X.x)—(X,x)= Y pillx|*+ Y pi (xi,x).
i=1 i=1 i=1
Consequently,
2
n n
L—=hL=Y pillxl®— |} pix (2.2.29)
i=1 i=1
Taking the real value in (2.2.29), we can state
2
n 2 n n n
Y pillxill? = ||Y pixi|| =Re | X =Y pixi,) pixi —x
i=1 i=1 i=1 i=1
n
—Y piRe(X —xi,xi—x), (2.2.30)

i=1
which is an identity of interest in itself.

Using the assumption (2.2.27), we can conclude by (2.2.30), that

2
n n n n
ZP:’HXin - Zpixi <Re (X — Zpix,-7 Zpixi x) . (2.2.31)
i=1 i=1 i=1 i=1

It is known that if y, z € H, then

4Re(z,y) < |2+, (2.2.32)

with equality if and only if z =y. Now, by (2.2.32), we can state that

n n 1 n n
Re (X— Y pixi Y pixi —x> <zIE- Y pixi+) pixi—x
=1 = i=1 i=1

Using (2.2.31), we can easily deduce (2.2.28).

’ 1
= 21X =P,
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To prove the sharpness of the constant }T, let us assume that the inequality (2.2.28) holds

with a constant ¢ > 0, i.e.,
2

n
0< Y pillxil* - <cllX —x?, (2.2.33)

i=1

iXi

for all p;, x; and x, X as in the hypotheses. Assume thatn =2, p; = py = % x; = x and
xo =X with x, X € H and x # X. Then, obviously,

(X —x1,x1 —x) = (X —x2,x0 —x) =0,

which shows that the condition (2.2.27) holds. If we replace n, p1, pa,x1,Xx2 in (2.2.33) as

above, we obtain

sz ‘-xl” - szxz

from where we deduce ¢ > Wthh proves the sharpness of the constant factor 1 i

x+X 2
2

I
= ( [l + 11112 ~ ) = 2 IIX = <cllx =,

The following Griiss-type mequallty holds (see [43]).

Theorem 2.2.5. Let (H, (-

,+)) be an inner product space over K (K =R, C) and x;, y; €
H,pi=0,(i=1,....n) (n>22)with Y , p;=1.1fx, X, y, Y € H are such that

Re(X —xj,xi—x) >0, Re(Y—y;,yi—y) =0,

foralli € {l1,...,n}, then we have the inequality

n

Y pilxiyi) (Z pixi, me>

1
< 71X =y -y (2.234)
i=1

1 .
The constant 7 is sharp.

Proof. A simple calculation shows that

n

Z (X1, i) (ZP:MaZP:}’:) = Z pipj(Xi =X}, yi —Yj)- (2.2.35)

i=1 z J=1
Taking modulus in both parts of (2.2.35), and using the generalized triangle inequality, we

obtain

ZPsz X=X,y — ;)| (2.2.36)

i=1 1] 1

Y pilxi,yi) (Z pixi, Zm:)

By using Schwarz’s inequality in inner product spaces we have

i —x5,3=37)| < = x5l =31 2237)
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fori, j€{l,...,n}, and therefore

n

Z (%1, 1) (Z pixi, pryi>

1 n
<3 Y pipjllxi—xjl[|yi = ;- (2.2.38)
ij=1
Using the Cauchy-Schwarz inequality for double sums, we can state that
l n
3 2 pivjlxi=xlllyi =yl
ij=1

1 1
1 & 2 2
< (2 )y Pipj||xi—xj||2> ( Z pipillyi— il ) : (2.2.39)
ij=1

i,j=1
and a simple calculation shows that

2
n n n
5 Z pipjllxi— x> =Y pillxl> = || Y pixi||
=1 i=1 i=1
and
1 n 2 n 2 n 2
5 L pipilyi=yillP = Y pelyill” = || X povi
ij=1 i=1 i=1
We obtain
n
Z pi(xi,yi) szx,,Zp,y,
i=1
1 1
; \ 2\ 7/, 2\ 2
< X pillxl? = ||Y pixi Y pillyill* - (2.2.40)
i=1 i=1 = i=1
Using Lemma 2.2.3, we know that
2
n 2 n 1
Y pillill* - X < 51X =, (2.2.41)
i=1 i=1
and
2\ 2
n 2 n 1
Y pillyill* = || X pivi <Y =yl (2.2.42)
i=1 i=1

Using (2.2.41) and (2.2.42) in (2.2.40), we get the desired inequality in (2.2.34)

To prove the sharpness of the constant }1, let us assume that (2.2.34) holds with a constant
c>0,1e

sz x”)’z (ZP;X”ZM)’:)

<cllx —x][¥ . (2.2.43)
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under the above assumptions p;, x;, yi, X, X, ¥, ¥ and n > 2. If we choose n =2, x; =

x,x0=X,y1=y, =Y (x#X,y#Y) andplzpzz%,then

2 2
Zpl(xuy, (Z ,Zpiyi)— szp,(xl X, yi—Yj)
=1 i=1

tjl

= Y pipjlxi—xjyi— )—*(x X,y—Y),
1<i<j<2

and then

1
= =X y-1).

(i, i) (Z pixi, Z pzy,>

Choose X —x =1z, Y —y =1z, z# 0. Then using (2.2.43), we derive

*HZII2 cllzll*,z #0,

which implies that ¢ > %, and the Theorem is proved.

2.3 Griiss-and (vlebyﬁev-type inequalities in two and three variables

This section deals with some Griiss and CebySev-type inequalities established by Pachpatte
in [89,91,122,129], involving functions of two and three independent variables.

LetA=[a,b] X [c,d],a, b, ¢, d e R. The partial derivatives of a function A(x,y) defined on
A are denoted by Dh(x,y) = aX h(x,y), Dah(x,y) = ay h(x,y), DaD1h(x,y) = %{;xh(x,y).
We denote by C(A) the class of continuous functions & : A — R for which Dh(x,y),
D>h(x,y), DaDih(x,y) exist and are continuous on A and belong to L..(A). For any function
h(x,y) € Leo(A), we define ||h[| = sup(, y)ea [2(x,y)| < . For convenience, we introduce

the following notation to simplify the details of presentation:

k=(b—a)(d—c),

H(x) = [i(b_a)2+ (x_a;rb>2

Hy(y) = [l(dc)z+ <yc_|2_d>2

)

b

P =@ [ e+ ¢-a) [ sixsias).

Glxy) = [(d—e) [ steyaso-a | dg(x,sms],
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aoe) =) [ [ stespasars seey) [ [ stesyasar,
ate) =gt [ [ ptenpistesasas s [ [ ptnpist sasar
aae) =g0) [ [ atvsipartesasar sty [ [ atvs)Dag s)asa,
Aste) =ge) [ [ plen)atrs)DaDy 0,5)dsa

+f(x,y) /a ' /c dp(x,t)él(y,s)Dleg(t»S)dsdt,
M (x,y) = g y)I1D1flleo + | (2, 9) [ D18]| oo,
Ma(x,y) = g ) ID2f [l + 1 £ (x, 9) 1 D28 |,
M;(x,y) = [g(x,y)[1D2D1 flloo + | £ (x,9)[[[D2D1g]| o
A(x,y) = [ID1 flleo(d = €)H1 (x) + | D2f || oo(b — @) Ha(y) + [[D2D\ f || ooH1 (x) Ha(y),

B(x,y) = [D1gll--(d — ) Hy (x) + [ D2gle= (b — @) Ha(y) + || D2D1 8| H1 (x) Ha (),

for some suitable functions f, g defined on A, and p : [a,b]> — R, ¢ : [c,d]? — R are given

by
I—a, te[ ’ ]
plxt) =
t—b, te€(xb]
( ) s, SG[C,y}
7s =
w Sid7 SE(y7d]
and set

Lih(x,y)] = / ’ / C o(eO)DIA(E,5)dsdr
b rd b rd
+/ / q(y,s)Dzh(t,s)dsdt+/ / p(x,1)q(y,s)DaDyh(t,s)dsdt,

b pd
MIh(x,y)] = / / p(x,1)q(y,5)DaD1h(t,s)dsd,
a c
for some suitable function % defined on A.

We begin with proving some auxiliary results.
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Lemma 2.3.1 (see [37]). Let & : A — R be such that the partial derivatives D;h(x,y),
Dyh(x,y), DaDih(x,y) exist and are continuous on A. Then for all (x,y) € A, we have the

representation

kh(x,y) — /ab [dh(t,s)dsdt = L[h(x,y)]. (2.3.1)

Proof. We use the following identity, which can be easily proved by integration by parts,

B B
g(u) = 5o a/ g(z)dz—l—ﬁ%oc/oC e(u,z)g (2)dz, (2.3.2)

where e : [a, B]* — R is given by
z—a, z€|[o,u]
e(u,z) =
=B, z€ (up]
and g is absolutely continuous on [, B]. Now, write the identity (2.3.2) for the partial map
h(-,y),y € [c,d], to obtain

1 b 1 b
=— e D 2.3.
Wy) = 5= [ Wey)dr+ — [ plenDinieya, (233
for all (x,y) € A. Also, if we write (2.3.2) for the map A(r, -), we get
d
/ h(t,s ds+—/ q(y,5)Dh(t,s)ds, (2.3.4)
—c

for all (,y) € A. The same formula (2.3.2) applied for the partial derivative Dh(-,y) will

produce

d 1
Dih(t,y) = - / Dih(t,5)ds+—— / 43, 5)DaD1h(1,5)ds, (2.3.5)

—c /.
for all (¢,y) € A. Substituting (2.3.4) and (2.3.5) in (2.3.3), and using the Fubini’s theorem,

we have

h(x,y) = bi / ’ [dic / dh(;,@dwﬁ / dq(y7s)D2h(t,s)ds} di

aJa

1 b 1 d 1 d
+m/a p(x,1) {d—c[ D]h(t7s)ds+ﬁ/c q(y,s)Dleh(t,s)ds]dt

= m [./ab /th(t,S)dsdt +'/ab /qu(y,s)Dzh(z,s)dsdt

b rd b d
+/a /E p(x,t)Dlh(Ls)dsdt—i-./a /E p(x,t)q(y,s)Dleh(t,s)dsdt}. (2.3.6)

Rewriting (2.3.6), we get the required identity in (2.3.1).
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Lemma 2.3.2 (see [8]). Let: A — R be a continuous mapping on A and D,Dih(x,y)

exists on (a,b) x (c,d). Then, we have the identity
kh(x7y)_H(xay) :M[h(xvy)]v (2.3.7)

where
b d b rd
H(x7y):(dfc)/a h(z‘7y)dt+(bfa)/C h(x,s)dsf'/a /C h(t,s)dsdr.
Proof. Integrating by parts twice, we can state:
/a ' / "t —a)(s — \DaDyh(t, s)dsdt = (x—a)(y— c)h(x, )
—(y—c) /axh(t,y)dt—(x—a) /Cyh(x,s)ds—l—/:/Cyh(t,s)dsdt, (2.3.8)
/ax/yd (t—a) (s —d)DaDyh(t,s)dsdt = (x—a)(d — y)h(x,y)
X d X rd
f(dfy)/a h(t,y)dtf(xfa)/y h(x,s)ds+/a /y h(t,s)dsdt, (2.3.9)
/x ’ /y (0= b) (s—d) DaDyh(t,5)dsdt = (b—)(d — y)h(x.y)
b d b rd
—(d—y) / h(t,y)dt — (b—x) /} h(x,s)ds—f—/x /) h(t,s)dsdt, (2.3.10)
/ ’ / "t = b)(s — ) DaDyh(t, 5)dsdt = (b—x)(y— c)h(x,y)

b y b ry
—(y—c)/ h(t,y)dt — (b—x)/ h(x,s)ds+/ / h(t,s)dsdr. (2.3.11)
Adding (2.3.8)—(2.3.11) and rewriting, we easily deduce (2.3.7).

In the following theorems, we present the inequalities investigated in [89,122].
Theorem 2.3.1. Let f, g € C(A). Then
1 b pd
EG)| < 5 [ [ M@= () + Mol y) (b - a) ()
a c

+M;(x,y)Hi (x)Ha(y)] dydx, (2.3.12)

and

1 b pd
EGol<g | [ AcyBeydar (23.13)

where

b prd
E(f>g):% /a /C f(x,y)8(x,y)dydx

_ <11{ / ’ / ‘ f(x,y)dydx> (;{ / ’ / ’ g(x,y)dydx). (23.14)



84 Analytic Inequalities: Recent Advances

Proof. From the hypotheses, we have the following identities (see, Lemma 2.3.1):
b

kf(x,y) = / / ! te,s)dsde + / ’ / (e, f (1, 5)dsdr

b rd b rd
+ / / 4(y.5)Daf (¢, s)dsd1 + / / p(x.0)q(ys)DaD f(t,5)dsdi,  (2.3.15)

and

b rd b rd
ko) = [ [“ettydsai+ [ [ pleopigte,syasar

b rd b prd
+ [ [ aopastesiasar+ [ [ plxnglusDaDiglesdsar,  @3.16)
a c a C

for (x,y) € A. Multiplying (2.3.15) by g(x,y), (2.3.16) by f(x,y), and adding the resulting

identities, we get
Zkf(xay)g(xay) = A()(X,y) +A1 (X,y) +A2(X,y) +A3(X,y). (2317)

Integrating (2.3.17) over A and rewriting, we get

1 b rd
E(fvg)zﬁ/a /L [A1(x,y) +A2(x,y) +As(x,y)] dydx. (2.3.18)

It is easy to observe that

|A1(x,y)| < Mi(x,)(d — c)Hy (x), (2.3.19)
|A2(x,y)| < Ma(x,y) (b —a)Ha(y), (2.3.20)
A3 (x,y)| < M3 (x,y)Hi (x)Ha(y), (2.3.21)

for (x,y) € A. From (2.3.18)—(2.3.21), we get

b rd
ECI< 5 [ [ 141G+ x| + ) dyd

1 b d
< 27{2/61 /c M (x,y)(d — ¢)H (x) +Ma(x,y)(b—a)Hy(y) + M5 (x,y)H) (x)Ha (y)] dydx.

This is the required inequality in (2.3.12).
The identities (2.3.15) and (2.3.16) can be rewritten as

Kf ()~ / ’ | / ! s)dsdt = LLF(ry)]. (23.22)

and

b rd
kg(x,y) f/a /C g(t,s)dsdt = L[g(x,y)], (2.3.23)
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for (x,y) € A. Multiplying the left hand sides and right hand sides of (2.3.22) and (2.3.23),

we have

d b
€ rengtn) ko) [ [ gt stasai ki) [ [ rte.spasar

+ (/ab'/cdf(t’s)dsdo (/ab,/cdg(t’s)dsdt> = L[f(x,y)]L[g(x,y)]- (2.3.24)

Integrating (2.3.24) over A and rewriting, we get

fe) =15 / / [g(x,y)]dydx. (2.3.25)

From (2.3.25) and using the properties of modulus, we get

B0 <5 [ [ it y)avas 0326)

It is easy to observe that

IL[f(x, )] / / P (e, )DL (8,5 |dsd

bord b rd
+/H/L_|Cl(y,S)Hsz(t,s)|dsdt+/a /L 1p(x,0)||g(v,5)||DaD1 f(t,5)|dsdt

b rd
<IDflle [ [ ptear)lasar
a c
b pd b pd
HD2fl [ [ laGlasdr +[DaD1f e [ [ p(n)lg(rs)ldsar
b
— [D1flled~c) [ Iplx.0ld

~d b pd
HIDafllelb=a) [ lats9lds-+ 1001 f e [ [ pteo)llglrs)ldsd
= D1 fll(d = )i (5) + | Do (b= ) Ha(5) + | D21 f | Hi () Ha)
= A(x,y). (2.3.27)

Similarly, we have

L[g(x,y)]| < B(x,y). (2.3.28)

Using (2.3.27) and (2.3.28) in (2.3.26), we get the desired inequality in (2.3.13). The proof

is complete.
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Remark 2.3.1. From (2.3.17), (2.3.19)—(2.3.21), it is easy to obtain the inequality
12k f (x,y)8(x,y) —Ao(x,y)| < Mi(x,y)(d — c)Hi(x)

+Ma(x,y) (b —a)Ha(y) + M3 (x,y)H1 (x)Ha2(y), (2.3.29)

for (x,y) € A and from (2.3.24), (2.3.27), (2.3.28), it is easy to see that the following in-
equality

et~ g [ [ [ stesasar +eten) [ [ stesyasa

(L [ (][]

1
holds for (x,y) € A

Theorem 2.3.2. Let f, g € C(A). Then
L 1 b d 1 b d
‘k/a /C f(x,y)g(x,y)dydx + (k/a /C f(x,y)dydx) (k/a /C g(x,y)dydx>

—ﬁ / b / L6 3)F (x03) + £ (3) G x,y) dyelx

S / / Ms(x,y)Hi (x)Ha (y)dydx, (2.3.31)
and
1 b pd
L[ v
1
2 / / [ FOey)G(x,y) + 8, y)F (x,y) = F(x,y)G(x, y)} dydx
1 b pd
< k*3||D2D1f||ooHD2D1gllw/ / [Hi (x)Ha ()] dydx, (2.3.32)
where

F(x,y) =F(x,y)— // (t,5)dsdt,G(x,y) = G(x,y) // (t,5)dsdt.
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Proof. From the hypotheses, we have the following identities (see, Lemma 2.3.2):

kf(x,y) = F(x,y) / / flt,s dsdt—|—/ / (x,1)q(y,s)D2D; f(t,s)dsdt, (2.3.33)

and

b pd b rd
ke(x.y) = G(ey) = [ [“glt9)dsdr+ [ [ p(en)as)DaDigle,s)dsdr, - 2334)

for (x,y) € A. Multiplying (2.3.33) by g(x,y), (2.3.34) by f(x,y), and adding the resulting

identities, we get

2kf(x,y)g(x,y) = g(x,y)F (x,y) + f(x,9)G(x,y) — Ao (x,y) + A3(x,y). (2.3.35)

Integrating (2.3.35) over A and rewriting, we have

b pd 1 b pd
| [ ressendas =52 [* [ s Fey) +7)G ) dyds

([ sraras) ([ [ etwntras) + 3 [ [astupiasas. @330

We note that, here (2.3.21) holds for (x,y) € A. From (2.3.36) and (2.3.21), we observe that
1 b rd 1 b rd 1 b rd
[ restoasas+ (¢ [ [ e (¢ [ [ steiava)

_27]1{2 /a'b /C.d [g(x,y)F (x,y) + f(x,9)G(x,y)] dydx

< 2k2/ / |A3(x, )| dydx

< T / / M3 (x,y)H; (x)Hz(y)dydx.
This is the required inequality in (2.3.31).
The identities (2.3.33) and (2.3.34) can be rewritten as

kf(x,y) = F(x,y) = M[f(x,y)], (2.3.37)
and
kg(x7y)76(x’y) :M[g(xvy)L (2.3.38)

for (x,y) € A. Multiplying the left hand sides and right hand sides of (2.3.37) and (2.3.38),

we have
K2 £ (x,y)8(x,y) — kf (x,9)G(x,y) — kg(x,y)F (x,y)

+F (x,5)G(x,y) = M[f (x,y)|M[g(x,y)]. (2.3.39)
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Rewriting (2.3.39) and integrating over A and using the properties of modulus, we have

| b
L[ penistesasas

2 / / [ Fx,y)G(x,y) + g(x,y)F (x,y) — }{F(x,y)G(x,y)} dydx

1 b rd
<5 [ [ MirGIMletey)yds. (23.40)
It is easy to observe that
b pd
MU < DD flle [ [ 190l a5)ldsde = 2D f by ()Ha ). 2341
Similarly, we get
Mlg(53)) < D218l () ). (2342)

Using (2.3.41) and (2.3.42) in (2.3.40), we get the desired inequality in (2.3.32). The proof

is complete.

Remark 2.3.2. From (2.3.35) and (2.3.21), it is easy to observe that the following in-
equality holds,

12k f (x,y)g(x,y) +Ao(x,y) — [8(x,¥)F (x,) + f (x, ) G(x,y)]]

< Ms(x,y)H (x)Ha(y), (2.3.43)

for (x,y) € A and from (2.3.39), (2.3.41), (2.3.42), one can very easily obtain the following

inequality

F52)800) =  [£50780) + 650 F () = (P 50)G(0)|
<k2HDzD1f|| w[|D2D1g]|e [Hy (x)Ha ()], (2.3.44)
for (x,y) € A.

In our further discussion, the following notation will also be used to simplify the details of
presentation.

Let Q = [a,k] x [b,m] X [c,n],a,b,c,k,m,n € R. The partial derivative azgi;axe(x,y,z) of
a function e defined on Q is denoted by D3D;Dje(x,y,z) and the function e is said to
be bounded if [|e[|e = sup, y,cq [€ (x,¥,2)| < co. For some suitable functions /2 : A — R,

e:Q— R, we set

A(Dleh(X,y)) =A[a,c;x,y;b,d;Dleh(s,t)]
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Xy X pd
= / / Dleh(I,S)detf/ / Dleh(l‘,S)dsdl‘
a Jc a Jy

b ry b rd
- / / DDyt s)dsdi+ / / DDy h(t,s)dsdt,
x Jc X JYy
E(h(x,y)) = Ela,c;x,y;b,d; h]

[h(a,c)+h(a,d)+h(b,c)+h(b,d)],

1 1
= E[h(x,c) +h(x,d)+h(a,y)+h(b,y)] — )

B(D3DyDye(r,s,t)) = Bla,b,c;r,s,t;k,m,n;D3DyDye(u, v,w)]
r S t r S n
:///D3D2Dle(u7v,w)dwdvduf///D3D2D1e(u,v,w)dwdvdu
a Jb Jc a Jb Jt

rorm pt k ps ot
—/ / /D3D2Dle(u,v,w)dwdvdu—/ / /D3D2D1e(u,v,w)dwdvdu
a Js c r Jb Jc
rooprmoopn k rmo ot
+/ / / D3D2Dle(u,v,w)dwdvdu+/ / /D3Dlee(u,v,w)dwdvdu
a N t r s c

ks on k rm rn
+/ //D3D2D1e(u7v,w)dwdvdu7// /D3D2Dle(u,v7w)dwdvdu,
r Jb Jt r Js t
L(e(r,s,t)) = Lla,b,c;r,s,t;k,m,n; ]
1
= g[e(a,b,c) +e(k,m,n))
1
—Z[e(r,b,c)+e(r,m,n)+e(r,m,c)—|—e(r,b,n)]
1
—Z[e(a,s,c)+e(k7s,n)+e(a,s,n)+e(k,s,c)]
1
—Z[e(mb,t)+e(k,m,t)—Q—e(k,b,t)—i—e(a,m,t)}
1 1
+§[e(a,5,t) +e(k,s, )]+ E[e(nb,t) +e(r,m,t)]

1
—|—§ le(r,s,c)+e(r,s,n)].
The Griiss- and Cebygev-type inequalities established in [91,129] are given in the following

theorems.
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Theorem 2.3.3. Let f, g: A — R be continuous functions on A and D,D; f(x,y),

DD, g(x, y ) exist, continuous and bounded on A. Then

[ 70et0) = G )etc) + Elelr) 5] v

1 b rd
< glb—a)d—0) / / (g IDaD1 flle +|f(ey) [ DaD1gll] dydx,  (23.45)

and

[f(x,9)8(x,y) — [E(f(x,3))8(x,y) + E(g(x,¥)) f(x,¥)

—E(f(x,))E(g(x,y))]] dydx

16 (b—a)(d—c)}||D2D1 o] D2D1 g co- (2.3.46)

Proof. From the hypotheses, it is easy to observe that the following identities hold for
(x,y) € A (see [86,91]).

f53) = ~f@0)+ f(x.c) + fla)+ [ [ DaDif0.)dsa,

163) =~ asd) + fx.)+ fla) - [ [ DaD1G.5)ts,
b ry

F@3) = ~F0,0)+ 1.0+ £ b3) = [ [ Doy f(r.5)dsabr,

b rd
F5y) = —f(b,d) + Flx,d) + £(b,y) + / / DaD f(t,5)dsd.

Adding the above identities and rewriting, we have

1
f@xy) =E(f(x,y)) = 7A(D2D1 f(x.7)), (2.347)
for (x,y) € A. Similarly, we have
1
8(x.y) —E(g(x,y)) = 7A(D2D1g(x.y)), (2.3.48)

for (x,y) € A. Multiplying (2.3.47) by g(x,y) and (2.3.48) by f(x,y) and adding the result-

ing identities, rewriting and then integrating over A, we have

[ [ [t - JipComet + Betmmseavas

1 b d
:é/a / [A(D2D1 f(x,y))g(x,y) +A(D2D1g(x.y)) f(x,y)]dydx. (2.3.49)
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From the properties of modulus and integrals, it is easy to see that

b rd
A(D2D1 £(x,7))] < / / D>y £(1,5)|dsdt < | D2D1 fllw(b—a)(d—c),  (2.3.50)

b
A(DaD1g(x,y))| < / / ID>Dyg(t,5)|dsdt < |DsDigll(b—a)(d—c).  (2.3.51)
From (2.3. 49) (2 3.51), we observe that

' / / [f x,y)g(x,y)—[E(f(x,y))g(x,y)+E(g(x,y))f(x7y)]}dydx

<x [ [ Ise MDD 17 1A (DaDigls ) v

< é/ / [|g X,y |/ /L |Da2D f(t,s)|dsdt +|f(x,y)|/a /L D2D1g(t,s)|dsdt] dydx

400 [ [ g y)IDaD s +1706 )] D2D1g] v,
which is the required inequality in (2.3.45).
Multiplying the left hand sides and right hand sides of (2.3.47) and (2.3.48), we get
J(x,y)g(x,y) = [f(x,y)E(g(x,)) +8(x, »)E(f(x,y)) — E(f(x,y))E(g(x,y))]
= 1gAD2D1f(x.9)A(D2D1g(x.)). (2.3.52)
Integrating (2.3.52) over A and using the properties of modulus, we have

[ [reyetes) = ) E(exn)) + e B (5.3)) = E(F ) E(sx.y)) v

b d
1
< g'/ / [A(D2D) £ (x,3))[|A(D2D1g(x, ) |dydx. (2.3.53)

a ¢
Now, using (2.3.50) and (2.3.51) in (2.3.53), we get (2.3.46). The proof is complete.

Theorem 2.3.4. Let f, g: Q — R be continuous functions on Q and D3D,D f(r,s,t),

D3DyDg(r,s,1), exist, continuous and bounded on Q. Then
k m n

///[ (r,s,0)g(r,s,1) — [ (f(r,s,1))g(r,s,t) +L(g(r,s,1))f(r,s,0)]| dtdsdr

k m n
1
—6(k a)(m—>b)(n—c) /// lg(r,s,0)|||D3D2D1 f || oo
+|f (s, t)|HD3D2D1gH |dtdsdr, (2.3.54)

and

’ f(r,svt)g(rasat) - [L(f(rvsvt))g(rvsvt)

+L(g(r,s,0))f(r,s,8) — L(f(r,s,¢))L(g(r,s,1))]] dtdsdr

1
<6*4{(k*a)(m b)(n—c)}|DsD2D |l | D3D2D1 g (2.3.55)
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Proof. From the hypotheses, it is easy to observe that the following identities hold (see
[83,90]):

f(r,s,t):f(a7b,c)+f(a,s,t)+f(r,s,c)+f(r,b,t)
*f(a,b,t)*f(a“S',C)*f(ﬂb,C)+/ar/bs/CID3D2D1f(M7V,W)deVdu,
f(r,s,t) :f(r,s,n)+f(a,s,t)+f(r,b,t)+f(a,b,n)
_f(aabat) —f(a,s,n) _f(l",b,l’l) _'/ar/bs/tnD3D2D]f(u7vaW)deVd“7
f(rs,t) = f(r,m,t)+ f(r,s,c)+ f (a,m,c) + f(a,s,t)
_f(r,m,c)—f(a,m,t)—f(a,s,c)—/r/m/ID3D2D1f(u,v,w)dwdvdu,
f(rs.t) = fk,s.0) + f (k,b,c)+ f(rs,¢c) + f(r.b,1)
ff(k“v,c)ff(k,b,t)ff(nb,c)f/rk/bs/cthDlef(u,v,w)dwdvdu,
f(rs,t) = f(rm,t) + f(r.s,n) + f (a,m,n) + f(a,s,1)
ff(r,m,n)ff(a,m,t)ff(a,s,n)+/r/m/nD3D2D1f(u,v,w)dwdvdu,
f(rs,t) = f(rm,t)+ f(rs,c) + f(k,s,2) + f (k,m,c)
_f(k7m7t) _f(k7sac) _f(r7mvc)+ /k /m /ID3D2D]f(u,v,w)dwdvdu,
frs.t) = flk,s,t) + f(k,b,n) + f(r,5,n) + f(r.b,1)
—f(k,s,n)—f(k,b,t) —f(l”,b,l’l)+/’:k/:/tnD3D2D1f(M7V,W)deVdu,
f(i;s,t):f(k7m,n)+f(k7s,t)+f(r,m,t)+f(r,s7n)

—f(k,m,t) — f(k,s,n) — f(r,m,n) —/k /m /tnD3D2D1f(u,v, w)dwdvdu.
Adding the above identities and rewriting, we have
f(rs,t) = L(f(r,s,1)) = %B(D3D2D1f(r,s,t))7 (2.3.56)
for (r,s,t) € Q. Similarly, we have

o(r.5,1) — L(g(r.5,1)) = %B(DgDle 2(r5,0)), (2.3.57)
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for (r,s,1) € Q. Multiplying (2.3.56) by g(r,s,7) and (2.3.57) by f(r,s,t) and adding the

resulting identities, then integrating over Q and rewriting, we have

/ / / [ f(rs,t)g(rs,t)— [f(r,sJ)L(g(r,s,t)) +g(r,s,t)L(f(r,s,1))] | dtdsdr

1 k rm rn
= / /b / (g(r,5,1)B(D3D2D1 f(r,5,1)) +f(r,5,0)B(D3D2D1g(r.s,1))] drdsdr.

(2.3.58)
From the properties of modulus and integrals, we observe that
B(D3DaD: f(r,s,1))] < / ‘ /b ! / " \DsDaD f(r,5,1)|dwelvdu
< | D302y f ook — @) (m—b) (n—c). (2.3.59)
Similarly, we get
|B(D3D;D1g(r,s,t))| < ||D3DaD1g||.. (k—a)(m—Db)(n—c). (2.3.60)

Now, from (2.3.58)-(2.3.60) and following the same arguments as in the proof of inequality
(2.3.45) with suitable changes, we get the required inequality in (2.5.54).
Multiplying the left hand sides and right hand sides of (2.3.56) and (2.3.57) and integrating

/ak/hm/cn [f(r,s,0)g(r,s,0) = [f(r,s,0)L(g(r,5,1))

+g(r,s,0)L(f(r,s,8)) — L(f(r,5,1))L(g(r,s,t))]] dtdsdr

over Q, we get

k rm prn
=6i4 L[ [ B0sD2D(15,0) B(D3D2Dg r5.0)) s (2.3.61)
a Jb Jc

From (2.3.61), using the properties of modulus and (2.3.59) and (2.3.60), we get the desired
inequality in (2.3.55). The proof is complete.

2.4 Trapezoid-type inequalities in two variables

In this section we present some Trapezoid-type inequalities involving functions of two
independent variables, recently established by Dragomir, Barnett and Pearce [39], Barnett
and Dragomir [6] and Pachpatte [86]. In our subsequent discussion, we make use of some
of the notations and definitions given in Section 2.3 without further mention.

We start with the Trapezoid-type inequality established in [86].
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Theorem 2.4.1. Let f: A — R be a continuous function on A, D,D; f(x,y) exists and

continuous on A. Then

[ [ sesasae-3[@-o [ 1.0+ i +o-a [ @)+ fbs)as

+5b- 0= 0.0+ @)+ 0.0+ 0]

1 b rd
< (b-a)(d—0) / / D21 (1) dsdr. 24.1)
a c
Proof. By following the proof of Theorem 2.3.3, we have the following identity

F03) = 5 1)+ £ (x.d) + (@) + £(b.3)] + 5 (@) + lad) + f(bc) + (b))

1
= 7ADD1f(x,y)), (2.4.2)

for (x,y) € A. Integrating both sides of (2.4.2) over A, we get

/ / (t,5)dsdi — ~ [(d—c)/ [F(t,6)+ f(t,d)|dr +(b—a)/cd[f(a,s)+f(b,s)]ds
+%(b—a)(d—6)[f(avc)+f(avd)+f(b7€)+f(bvd)]

b prd
:% / / A(DaDy f(t,5))dsdt. (2.43)

Using the properties of modulus and integrals, we observe that
b rd
MDD < [ [ 1001 f(5) dsar (2.4.4)
From (2.4.3) and (2.4.4), we have

Cd (1,5)dsdi — % {(d 0) / "F(.0) + Fe.d)d + (b—a) / ‘Uas) + f(b,s)]ds]

+5 =00 + @)+ 1.0 + 03]
<3 [ [ 1401 asa

1 b rd
< b-a)d—0) / / DDy f(1.5)dsdr,

which is the required inequality in (2.4.1) and the proof is complete.
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Remark 2.4.1. From (2.4.2) it is easy to observe that the following inequality holds

F63) = 57 0) + 706+ £ @) + £(b, )] +51F(@) + fasd) + F(b,) + 1 (b, )]

1 b pd
<3 [ [ 1Distesasar, 245)
4 a c
for (x,y) € A.
The next Theorem deals with the Trapezoid-type inequality investigated in [39].

Theorem 2.4.2. Let f: A — R be a continuous mapping on A, D>D; f(x,y) exists on
(a,b) x (c,d) and is bounded, then

/(;b/cdf(t,s)dsdtf% [(dc) /ab[f(t,c)Jrf(;,d)]dt

+(b—a) / “[Flas)+ f(b,s)]ds}
+40-0d=(@0) 4 ad) + (b.0) (0.0

1
< g {(b=a)(d =)} [D2D1 f]|e (24.6)
Proof. From the hypotheses, the following identity holds (see, Lemma 2.3.2):
b rd
/ / p(x,1)q(y,s)Da2D f (t,s)dsdt
b
— (d=o)b-a)f(x.y) = (d=0) [ fit.v)d
d b rd
—(b—a) / Flx,5)ds + / / Ft,s)dsdr, 2.4.7)
c a c
for all (x,y) € A, where p(x,1), g(y,s) are as given in Section 2.3. In (2.4.7) choose (i) x =

a,y=c; (i) x=>b, y=c; (iii) x =a, y=d; and (iv) x = b, y = d to obtain the following
identities:

b pd
/a / pla,1)q(c,s)DaD1f(t,5)dsdt
b
:(dfC)(bfa)f(a,c)—(dfc)/a Flt,c)dt

—(b—a) / ! ays)ds+ / ’ / ! te,s)dsdr, (2.4.8)
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b rd
/a /c p(b,1)q(c,s)DaD1f(t,s)dsdt
b
:(d—c)(b—a)f(b,c)_(d_c)/a Ft,0)de
d b ed
~(b-a) [ £+ [ [ sles)asar, (2.49)
b pd
/a /C pla,1)q(d;s)DaD1 f(t,5)dsd1
b
= (@-)(b-a)f(ad)~ (o) [ f(t.dyn

—(b—a) /Cdf(a,s)ds+/ab /Cdf(t,s)dsdt, (2.4.10)

and

b rd
/a /C p(b,t)q(d,s)D2D1 f(t,s)dsdt
b
:(d—C)(b—a)f(b,d)—(d_c)/a Ft.d)di

d b pd
—(b—a) / F(b,s)ds + / / Ft,s)dsdr, 2.4.11)
c a c
Adding (2.4.8)—(2.4.11) and dividing by 4, we have

% /ab /Cd (p(a,t) + p(b,1)) (g(c,s) +q(d,5)) DaD1 £(t,5)dsdt
d

:/ab/C f(t,s)dsdt—i-%(b—a)(d—c)[f(a,c)—Q—f(a,d)_._f(b’C)_,_f(b’d)}

1 d

3|0 [Teosseaaso-a [ +rosta)

and as
pla,t)+p(b,t) =2t —(a+b),q(c,s)+q(d,s) =2s— (c+d),

then we get the identity:

/ab/cdf(t,s)dsdtf% [(dC)/a'b[f(t,c)+f(t,d)}dt+(ba)/C

d

[f(a,s) +f(b,s)]ds:|

+%(b—a)(d—c‘)[f(a,€)+f(aad)+f(b,6)+f(b>d)}
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—//< “H’) <st2“d>DZDIf(t,s)dsdt. (2.4.12)

Now, using the identity (2.4.12) and the properties of the integral, we get

’ c'd f(t,s)dsdt—% {(d—c) / "0 + £ d)]de + (b—a) / ‘) + f(b,s)]ds]

+iw—uXd—cnﬂmcraﬂaﬂ>+fwmwfﬂadﬂ

‘ |D2D1f(t S)|dsdl‘

a+bH c+d

LG {(b—a)(d—)}*||DaDy ]|

Since a simple calculation gives,
c+d

b a+b (b—a)> [d
/th—z‘dt—4,/cs—2

the inequality (2.4.6) is thus obtained. The prof is complete.

’dt:

In order to prove the next two Theorems we need the following integral identity proved in

[6].

Lemma2.4.1. Let f:A— R be acontinuous mapping on A such that D, f (a,-) , D2 f (b,-)
are continuous on [¢,d], Dy f (-,¢),D1f(-,d) are continuous on [a,b] and DD f(+,-) is

continuous on A. Then we have the identity:

//fxy)dydx-l—(b a)/<

(b a)(d—c)[f(a,c)+ f(a,d)+ f(b,c)+ f(b,d)]
+/ / ( a+b> <y—c;d>DzD1f(x,y)dydx, (2.4.13)

fi8) = 3 [D1 () + D1 (), (24.14)

L) oy @) [ (v- 152 ) siayax

~ \

where

for x € [a,b] and

f20) = 3 [Daf (@) + Daf (b)), @4.15)

fory € [c,d].
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Proof. A simple integration by parts gives

/aﬁh(x)dx: w(ﬁ—a)—/j (x—a—;ﬂ> W (x)dx, (2.4.16)

provided that & : [o, B] — R is absolutely continuous on [c, ]. Using (2.4.15), we can

write:
/bf(xvy)dx:(bia)w /b <xa—;b)le(x7y)d-x7 (2417)

for all y € [c,d]. Integrating (2.4.17) over the interval [c,d], we obtain

/Cd (/abf(x,y)dx) dy= %(b—a) [/Cdf(a,y)dy+/cdf(b,y)dy]
_/cd </ah (x_ anrb> le(x,yMX) dy.

Using x’s theorem, we can state:

/ab /Cdf(xyy)dydx: %(b—a) Ucdf(a,y)der /cdf(b,y)dy}
_(/ab (x a+b> </ D f(x, y)a’y) dx. (2.4.18)

By the identity (2.4. 16) we can also state:

[ Hanay= i@+ sadi@-a- [ (=) pasanas. - @a19)

c+d

[ 7009005 = 5170+ oaa—o - [ <y

and

[ Pty = 2piste) 40y ) -

d d
- / (y— C; >Dlef(x,y)dy. (2421

Now, using (2.4.18) and (2.4.19)—(2.4.21), we have successively

[ [ seasa=0-0 | s0tee + eaia-o - [* (- 57 ) pastaias

#3170+ baa—o- [ (y=50) Dastoyan]

[ (-52) [ +oisaia—e
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d
*/C (y C;d>DzD1f(x7y)dy} dx

[f(a,¢) + f(a,d) + f(b,c) + f(b,d)|(b—a)(d —c)

1
1
,l( ,a)/cd <y C+d>D2f(a,y)dy;(ba)/cd <yc+d>D2f(b>y)dy

2 2 2
1 b b 1 b b
_E(d_c)/a (x—a;_ >D1f(x,c)dx—2(d—c)/a (x—a;_ )le(x,d)dx
+ / / ( a+b) (y—cgd)Dle £(x,y)dydx. (2.4.22)

Rewriting (2.4.22), we get the desired identity in (2.4.13).

The Trapezoid-type inequalities given in [6] are embodied in the following theorems.

Theorem 2.4.3. Let f, f1, f> be as in Lemma 2.4.1 and assume that DD f(x,y) is

bounded. Then
d b b
CJ; )fz(y)der(d—C)/a (x at >f1( )dx

df(x,y)dydx+ (b—a) /d (
5 (@, + fad) + £(b,) + 1,06 ~a)(b—0)

1
< 1 lb—a)(d=)}*[D2D f|, (24.23)
where fi(x) and f>(y) are given by (2.4.14) and (2.4.15).

Proof. Using the identity (2.4.13) and the properties of integral, we have

s o-a) [ (- 52 mosay +a—o) [ (352 ) e

—% [f(a,e)+ fla,d) + f(b,c) + f(b,d)](b—a)(b—c)

a+b c+d
] ] ] DD f(x.y)| dyd
b +d
< DD £l / - ‘dx/ s ‘dy
¢ 2
(b-a) (d—c)
= ||D>D oo ,
12Dy £l P2

and the inequality (2.4.23) is proved.
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Theorem 2.4.4. Let f, f1, f> be as in Theorem 2.4.3 and assume that
[fille = sup [fi(x)| <eo, [|falle = sup |f2(y)] < oo.

x€la,b] yele.d]
Then

a-b /Cdf(x,y)dydxf %[f(a,c)+f(a,d)+f(b,c) + f(b,d)|(b—a)(b—c)

1

< 0-0@-IE- Al + @Ol £l +5(0-a)a-OID:Dis. . 2424

Proof. As in the proof of Theorem 2.4.3, we have, by the identity (2.4.13) that
d 1
f(x,y)dydxf Z[f(a7c) +f((,l,d) +f(b,€) +f(b7d)](b7a)(b*c>

a C
d
<(b—a)/ y—

a+b

b
(Y)\dy+(d—c)/ x— ’fl )dox
+// x_a+bH C+d‘|D2D1f(xy)|dydx
2 b a) (d—c)?
<t-alal- S+ @-anal LS )+||szlf||w( )

:Z(b*a)(d%) [(b—a)llfilleo +(d =) I f2ll + b a)(dC)IDlefoo]

Hence the proof is completed.

Remark 2.4.2. We note that, one can very easily obtain bounds on the right hand sides in
(2.4.23) and (2.4.24) for || - || , norm, p € [1,00). Here, we do not discuss the details.

2.5 Some multivariate Griiss-type integral inequalities

Our main goal in this section is to present some multivariate Griiss-type integral inequalities
recently investigated by Pachpatte in [94,130].

Let B = []",[ai,bi] be a bounded domain in R”", the n-dimensional Euclidean space.
For x; € R, x = (x,...,x,) is a variable point in B and dx = dx;---dx,. For
any integrable function u(x) : B — R we denote by [pu(x)dx the n-fold integral
ff: . -~ff1‘ u(xy,...,x,)dx; - - -dx,. For integrable functions f, g: B— RonBand p: B —

R an integrable function on B such that P = [ p(x)dx > 0, we set

T(Ep.f.B) =5 [P s | 5 [pesear | 5 [ s |,
B B B
(2.5.1)

and assume that the integrals involved in (2.5.1) exist.

In the following theorems, we present the integral inequalities investigated in [130].
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Theorem 2.5.1. Let f, g: B — R be integrable functions on B and p : B — R an inte-
grable function on B such that P = [ p(x)dx > 0. Then

\T(P,p,f.8:B)| < /T (P.p.f,f:B)\/T(P.p,g.8:B), 2.5.2)

and in addition if ¢ < f(x) < P, y < g(x) < I for each x € B, where ¢, ®, 7, I are given

real constants, then

1
T(P.p.f8:B)| < (@ =9)(T=7). (2.5.3)

Proof. By direct computation, it is easy to observe that the following version of the Ko-
rkine’s identity [79, p. 242] holds:

TEpS6B) = 35 [ [ PWOPOI0 - 7060 g0 254
From (2.5.4), it is easy to observe that
1 5 1 :
TEpt s = 5 [ W (5 [prar) . ess)

Furthermore, by using the multivariate version of the Schwarz integral inequality, it is easy

to observe that T'(P, p, f, f3;B) > 0. Similarly, we have

T(P,p,g,8:B) = 1 /B p(x)g” (x)dx — (1 / p(X)g(X)dX>2, (2.5.6)

P P Jp
and T(P,p,g,g;B) > 0. From (2.5.4) and using the multivariate version of the Schwarz

integral inequality, we have

1Cp 8P = {5 [ [ P0p0I0) - 700 et - g(y))dydx}2
{2 [ [0 - sorrava { s [ ] pwpo)eto) - st}
:{ /p fz(xdx—< /p x)dx)}
x {,ﬂ Jpwgwas— (5 [ p(x>g(x)dx>2}

=T(Pp.f.f:B)T(P,p,8,8:B). (2.5.7)
The desired inequality in (2.5.2) follows from (2.5.7).

It is easy to observe that the following identity also holds:

1(epg.si8) = (0= 5 [ pria) (5 [ psiiax—o)
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5 [P0 @ ) ()~ 0) . .58

Using the fact that (® — f(x)) (f(x) — ¢) = 0in (2.5.8), we have
1 s
1ep s s < (0 [ prwa) (5 [ petar—e). 59
Similarly, we have

T(P.p,g.g:B) < (F—;,/BP(X)g(X)dX) ( /p x)dx — Y) (2.5.10)

Using (2.5.9) and (2.5.10) in (2.5.7), we get

e p Bl < (- [ ptsas) (},/B P ()~ )
« (r—; /B p(x)g(x)dx) ( / ()2 (X)dx — y> 2.5.11)

By using the elementary inequality cd < (%) ; ¢, d € R, we observe that

(05 [ pmsax) (5 [ sac—o) < (‘I’z“”)z 25.12)
(F—/p )( /p )g(x)dx — y) (Fzy) . (2.5.13)

The required inequality in (2.5.3) follows from (2.5.11)—(2.5.13).

Remark 2.5.1. We note that the inequality established in (2.5.3) can be considered as
a weighted multivariate generalization of the Griiss inequality. In the special case when
n=1, from (2.5.3), we get the generalization of the Griiss inequality (3) given by Dragomir
in [42].

Theorem 2.5.2. Let f, g: B — R be integrable functions on B and p : B— R an inte-
grable function on B such that P = [, p(x)dx > 0. Then

|T(P,p, f,&B)|

<3 [ (100- 3 [p01s00as ) (s 3 [ p02e1ay)

and in addition if ¢ < f(x) < & for each x € B, where ¢, P are real constants, then

IT(P,p,f,g:B ¢\/W (2.5.15)

dx,  (2.5.14)
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Proof. In order to establish the inequality (2.5.14), we observe that

%/Bp(x) (f(x)_}l’/gp(y)f(y)dy> <g(x)—;/9p(y)g(y)dy> dx

- %/Bp(x> {f(x)g(x) - %f(x)/BP(y)g(y)dy

~ ) [P0+ 5 ([ 001 ) ([ p02e00as ) bas
=L [ ot w—(éémnﬂmm>(;éprMM)
—(;AMﬂﬂ@w>((/M@g i) + P ([ swas) ( [ pwetoas)
— 3 [ peseseas (3 [ pasear) (3 [ pstias)

=T(P,p,f,g:B). (2.5.16)
From (2.5.16) and using the properties of modulus, we get the desired inequality in (2.5.14).
Following the proof of Theorem 2.5.1, we have T(P, p, f, f;B) > 0, T(P,p,g,g;B) > 0 and
(2.5.7), (2.5.9), (2.5.12) hold. From (2.5.9) and (2.5.12), we get
T(Pp.f.f:B) < 3(®—9)" @517)
The required inequality in (2.5.15) follows from (2.5.7) and (2.5.17). The proof is com-
plete.

Remark 2.5.2. By taking p(x) = | and hence P =[] (b; — ;) in (2.5.14), we get

1
T(P1fgiB) < 5 [

A (f(X)—;,/Bf(y)dy> (g(X)— },/Bg(y)dy)

dx. (2.5.18)

The inequality (2.5.18) can be considered as the multivariate version of the integral in-

equality of the Griiss-type given by Dragomir and McAndrew in [34]. We note that the

inequality (2.5.15) can be considered as a multivariate version of the Pre-Griiss inequality

given by Mati¢, Pecari¢ and Ujevi¢ in [72].

Before giving the next result, we introduce the following notation used to simplify the

details of presentation.

Let Dia;,bi] = {x;: a; < x; < b;} fori = 1,...,n; a;, b; € R, D =T, D;|ai, b;] and D be

the closure of D. For any function u : D — R, differentiable on D, we denote the first order

( ) and by Jpu(x)dx the n-fold integral. If

‘ du 8u(x)
ox; ox;

w  xED
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agi)_() are bounded. For continuous functions p, g
1

defined on D and differentiable on D and w(x) a real-valued, nonnegative and integrable

function for x € D and [, w(x)dx > 0 and x;, y; € Dj[a;, bi], we set

Awp.:D) = [ wx)p(ads

—W (/Dw(x)p(x)dx> (/Dw(x)q(x)dx> , (2.5.19)
H(p,xi,yi)zi g—i mlxi—yil, (2.5.20)

and assume that the integrals involved in (2.5.19) exist.

The Griiss-type integral inequalities established in [94] are given in the following theorem.

Theorem 2.5.3. Let f(x), g(x) be real-valued continuous functions on D and differen-
tiable on D, with partial derivatives ol (,), ag)([ %) being bounded. Let w(x) be a real-valued,
nonnegative and integrable function for x € D and [, w(x)dx > 0. Then

W /D w(x) [|g(x)| /D H(f,xi,yi)w(y)dy

+f(x)] /DH(g,xnyf)W(y)dy} dx, (2.521)

[A(w, f,8:D)| <

A £D)| < s ) ([ G vy

«(f Hteonmwiiay (2522)
D

Proof. Letx= (x,...,%,) €D,y= (y1,-..,yn) € D. From the n-dimensional version of

the mean value theorem, we have (see [146, p.174])

F@—r) =Y 2D (2.523)

= oxi

and

()Ci 7y,'), (2524)

8
where ¢; = (y1 + (X1 —¥1)y- -, Y0+ 0i(xy —yn)) (0 < oy < 1) for i = 1,2. Multiplying
both sides of (2.5.23) and (2.5.24) by g(x) and f(x

2f(x)g(x) —g(x)f(y) — f(x)g(y)

) respectively and adding, we get
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~ ) 3 L0 5+ 19 3 25 (). 2.5.25)

Multiplying both sides of (2.5.25) by w(y) and integrating the resulting identity with respect

to y over D, we have

() w(y)dy) 19809~ 8) [ w0)70)ay— 12) [ wig )y

/ Z ax, X ywly)dy+flx / Zag(cZ) (xi—yw(y)dy.  (25.26)

Next, multiplying both sides of (2.5.26) by w(x) and integrating the resulting identity with

respect to x over D, we get

2( [ o) [ wio)0ta
- ([ wesas) ([ worsoar) - () w<x>f<x>dx) (/ wora)
= [t g<x</z i <>dy>dx

+ / W) f(x ( / Z agaxclz Xi— )dy) dx. (2.5.27)

Rewriting (2.5.27), using the notation given in (2.5.19) and the properties of modulus, we

have

Ao f-50) < 37 [ [ wlet) ( 8>
+/ )| £(x) (/ Zl
< s | [0 [

+1f(x I/Z‘i

df(c)
8xi

|x; —Yi|W(y)dy> dx

dg(c2)

|xl Yi | W(y)dy> dx:|

Xi

—yilw(y)dy

inW(y)dy} dx

- 2/()d/DW(X) |:|g(x)|/DH(f;xiJi)W(y)dy-l-|f(x)/DH(g7xi7)’i)W(y)dy dx.
Jp
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This is the required inequality in (2.5.21).
Multiplying both sides of (2.5.23) and (2.5.24) by w(y) and integrating the resulting iden-

tities with respect to y over D, we get

w0y ) £@) — [ wofoay= [ ¥ 2L o way,  @528)
(/D ) /D /Di:1 dx;

([ o)t [ wrsoiar= [ 3 B syt @529

Multiplying the left hand sides and right hand s1des of (2.5 .28) and (2.5.29), we get

( /D W(y)dy>2 f(x)g(x) — ( /D W(y)dy> f(x) /D W
_ ( /D w(y)dy) g() /D W) f()dy+ < /D w() f(y)dy> ( /D W(y)g(y)dy>

(/ Z (xz yz)w(y)dy> (/ Zag ¢2) ‘y,')w(y)dy>. (2.5.30)

Multiplying both sides of (2.5.30) by w(x) and integrating the resulting identity with respect

and

to x over D and rewriting, we obtain

A(w, f,g:D) = ;/ (/ i 91;;1)(xi_yi)w(y)dy>
(fwone ) ’

% ( /Dg a%(;z) (i —yi)W(y)dy> dx. (2.5.31)

From (2.5.31) and following the proof of inequality (2.5.21) with suitable modifications,

we get the required inequality in (2.5.22). The proof is complete.

Remark 2.5.3. Ifwetaken=1and D=1= {x:a <x<b}in(2.5.21), then we get

N /abwl(t)dt < / ") f(t)dt) ( / hw(t)g(t)dt)
< W [ w01 [ 17 1ol =siwisras

[ 0w

)] / "1 el s|w(s)ds} dr. (2.5.32)
Similarly, one can obtain the special version of (2.5.22). It is easy to see that the bound
obtained on the right hand side in (2.5.32) (when w(¢) = 1) is different from those given by
Griiss in [61].
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2.6 Multivariate Griiss-and éeby§ev-type discrete inequalities

In this section, we deal with certain multivariate Griiss- and Ceby3ev-type discrete inequal-
ities established by Pachpatte in [95,103,129].

Let Ny ={1,2,....,k+ 1}, Mo ={1,2,...,m+ 1}, N3 ={1,2,...,n+ 1} fork,m,n € N and
denote by G = N| X N, H = N; x N, x N3. For functions /(x,y) and e(x,y,z) defined re-
spectively on G and H we define the operators Aji(x,y) = h(x+ 1,y) —h(x,y), Agh(x,y) =
h(x,y+1) — h(x,y), MAih(x,y) = Ay (Arh(x,y)) and Aje(x,y,z) = e(x+1,y,2) —
e(x,5,2), Ave(x,y,2) = e(x,y+1,2) —e(x,3,2), Ase(x,y,2) = e(x,y,z+ 1) —e(x,y,2),
AzAle(x,y,z) =M (Are(x,y,2)), A3ArAje(x, Y.z z) = A3 (AvAre(x,y,2)). Let N;[0,a;] =

{0,1,2,...,a;}, a; € N, i=1,...,nand Q = HN [0,a;]. For a function u(x) : Q — R
we define the first order difference operators as Alu( Y =u(x;+ Lxa,...,x0) —u(x),...,
Apu(x) = u(xy,...,Xy—1,%: + 1) —u(x) and denote the n-fold sum over Q with respect to

the variable y = (y1,...,yn) € Q by

all a,,l

Yup)=Y - Y u(yi,....ym).

y1=0 yn=0
Clearly Y, u(y) = Y., u(x) for x, y € Q. The notation

)C,'—l
Z Aiu(yh vy Vie U lisXigt 1, - - 7xn)
Li=yi
for x;, yi € N;j[0,qa;]; i = 1 ,n, we mean for i = 1, it is Zt] i Alu(tl,xz7 .,Xx,) and so on

and for i = n, itis Y;'= "A u(yl, .yYn—1,tn). The functions h(x,y), e(x,y,z) and u(x) de-
fined on G, H and Q respectively are said to be bounded if ||| = sup(, y)c [A(x,y)| < oo,
llelleo = Sup .y, o) cm l€(x,y,2)| < oo and [|uleo = sup,cq |u(x)| < co. We use the usual conven-
tion that the empty sum is taken to be zero. We give the following notation used to simplify

the details of presentation:

A(MALh(x,y)) =A[1, L;x,y; k,m; AgArh(s,t)]

—1y—1 — k y—1
IXZ AzAlh(SJ) —XZ iAzAlh S l‘ Z Z A2A1h(s t + Z ZAZAlh S, t
s=11=1 s=11=y S=X{= s=xt=y

E(h(x,y)) =E[l,1;x,y;k+ 1,m+ 1;h]

= % (x, 1) +h(x,m+1)+h(1,y)+h(k+1,y)]

1
—Z[h(171)+h(17m+1)+h(k+l,1)+h(k+l,m+1)],
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B(AsAxAje(r,s,t)) =BI1, 1, 1;ns,t5k,m,n; AsAcAre(u, v, w)]

r—ls—11t—1 r—=1s—1 n
= AsApAje(u,v,w) Z A3 Mo Are(u,v,w)
u=lv=1w=1 u=1v=1w=t
r—1 m t—1 k s—11—1
— Z A3 Mo Are(u,v,w) Z AsApAje(u,v,w)
u=1v=sw=1 u=ry=1w=1
r—1l m n k m t—1
+ ZZA3A2A16 u, v, w —O—ZZ ZA3A2Ale(u v, W)
u=1v=sw=t u=rv=sw=1
k s—1 n k m n
+ Z Z Z AsApAje(u,v,w) — Z Z Z AsMpAje(u,v,w),
u=ry=1w=t u=rv=sw=t

L(e(r,s,t)) =L[1,1,1;r,s,55k+ 1,m+1,n+ 1;¢€]

1
= g[e(l,Ll)—l—e(k—i—1,m+17n+1)]
1
—Z[e(nl, D4e(rl,n+1)+e(rnm+1,1)+e(rrm+1,n+1)]

1
—Z[e(k+l,s,n+1)+e(k—|—17s,1)+e(17s,n+1)+e(1,s,1)}

f%[e(kJr1,m+1,t)+e(k+1,1,t)+e(17m+1,t)+e(1,1,t)]
[ (Ls,t)+e(k+1,s,1)]+ 1[ (r,1,t)+e(r,m+1,t)]

1
—l—i[e(r,s, 1)+e(rs,n+1)],

and for x € Q,

S(/.6.M50) = 3 X0~ (7 £00) (3 Bt

for some suitable functions f, g and a constant M.
In the following Theorems we present the inequalities of the Griiss-and Ceby3ev-type es-

tablished in [103,129].
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Theorem 2.6.1. Let f, g: G — R be functions such that AyA; f(x,y), AxA;g(x,y) exist
and bounded on G. Then

yY s { olxy) - {g(x,y)E<f<x,y>>+f<x,y>E<g<x,y>>}]'

x=ly=
k m
gkm Y Y s y) A2ALflloo + £ (x,3) 1 A2 A1 g]|oo] (2.6.1)
x=ly=1
k m
21 ; [f (x,9)8(x,y)— {g(x,)E(f(x,y)) + f(x,y)E(g(x,y)) —E(f(x,y))E(g(xyy))}]’
< 1 (km)? [As £ |21 :62)

Proof. For (x,y) € G it is easy to observe that the following identities hold (see [86]):

—1y—1

Floy) =)+ f(1y) = f(1,1) +ZZA2A1fst)

s=11=

x—1 m
foy)=fem+1)+f(1y)—f(Im+1) - Z ZAZAlf(Svt)v

s=1t=y

k y—1
f(xay):f(xvl)+f(k+17y)_f(k+l 1 ZZAZAlfSI)

s=xt=1

k m
Fey)=fm+1)+f(k+1,y) = flk+1,m+1)+Y Y AAif(s,1).

s=xi=y
Adding the above identities and rewriting, we have

F03) = E(f63)) = 34 (88 £ (1)), (263
for (x,y) € G. Similarly, we have

809) ~ E(glx.3)) = JA(RA1g(x,). (264)

for (x,y) € G. Multiplying (2.6.3) by g(x,y) and (2.6.4) by f(x,y), adding the resulting

identities, rewriting and then summing over G, we have

g i 8(53) — 3 180 D) E(F(6) + £ () E(s(x))

[

Ms

SN

x:l

A (A2A1f(x,3)) + f(x,9)A(A2A18(x,y))]. (2.6.5)
1

:

-
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From the properties of modulus and sums, it is easy to see that

A (AA f(x,y)))| ZZ|A2A1fSl)| 14241 f1.. (km), (2.6.6)

s=1t=

|[A(A2A1g(x,y)) Z Z |A2A1g(s,1)] < ||A2A 8]0 (k). (2.6.7)

s=lt=

From (2.6.5)—(2.6.7), we observe that

k
; 1{ )8(%.y) = { (x,y)E<f(x,y>)+f<x7y>E<g<x7y>>}]'

¥
k m
< 5 X D014 (2 £0x0) 176 148285 0)]
x=1y=1
k m
< gk L X (el A flL + 17l A iglla),

x=ly=1
which is the required inequality in (2.6.1).

Multiplying the left hand sides and right hand sides of (2.6.3) and (2.6.4), we get
f0y)g(ey) = {8l E(f () + £ (x,y)E(g(x,y)) = E(f(x,)) E(g(x,))}
1
=164 (M2A1f(x,y)) A(A2A18(x, y)). (2.6.8)

Summing both sides of (2.6.8) over G and using the properties of modulus, we have

Z Z [f(x,)8(x,y) = {g(x, E(f(x,y) + f(x,9)E(8(x,y)) — E(f(x,y))E(g(x,y))}] ‘

x=1ly=

k m
zz (Ao £ ()| A (B2, ))]. 269)
x=1y=1

in (2

Now, using (2.6.6) and (2. .6.9), we get (2.6.2). The proof is complete.

Theorem 2.6.2. Let f, g: H — R be functions such that A3AA| f(1,5,1), AsAaA; g(r,s,1)
exist and bounded on H. Then

Z Z Z [f(rs 1)g(r,s,1) — *{f(rs 1)L(g (rvs,t))+g(nsvf)L(f(r,SJ))}} ’

k

kmn Z

r=ls

Y lle(rs,D)[1A3AA: flleo+ [ £(r,5,0) | A3A2A: g ], (2.6.10)

=

iMs

™=
(ngE
=

[f(r,s,t)g(r,s,t) —{f(r,s,1)L(g(r,s,1))

ls

,
Il

t

+g(r,s,t)L(f(r,s,t)) —L(f(r,s,t))L(g(r,s,t))}] ’

1

4(kmn) ||A3A2A1f||oo||A3A2A1g||w. (2611)

O\
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Proof. For (r,s,7) € H, it is easy to observe that the following identities hold (see [83]):

f(rs,t) = f(1L,1,1) + f(1,8,0) + f(r, 1,6) + f(r,s,1)

—f(1,1,0) = f(1,5,1) — f(r, 1, 1)+r§ i tf AsAoAL f (v, w),
f(rs,1) :f(1,17n+1)+f(r,s7n¢11v)::}:(11,s,t)+f(r,l,t)
—f(Ls,n4+1) = f(r,1,n+1) = f(1,1,1) — lel Zn:A3A2A1fuvw)
f(r,s,t):f(r,m—l—1,t)+f(l,s,t)+flél,11;ﬁl—wl,1)+f(r,s,l)
—f(Lm+1,0) = f(rym+1,1) — f(1,5,1) — Zliti AsAoAL f (1, v, w),
f(rys,t) = f(k+1,s, t)—O—f(r,l,t)—l—f(llr,;:l;ijl”(k—i-1,1,1)
—flk+1,1,) = f(k+1,s,) — f(r,1,1) ZZ‘:EA3A2A1f(uvw)
f(rs,t) :f(r,m+1,t)+f(r,s,n+1)+;(r:;vnl+wl,n+1)+f(1,s,t)
—f(rm+1,n+1) = f(1L,m+1,6) — f(1,5,n+ 1)+ri“l i iA3A2A1f(u,v,w)7
flrs,1) :f(r,m+17t)+f(r,s,1)+f(k+I,L;:,;Sj‘;:(;c+l,m7l)
—f(k+1,m+l,t)—f(k+1,s,1)—f(r,m+1,1)+iif&AgA]]‘(u,v,wL
f(r,s7t):f(k+1,s,t)+f(k+1,1,n+1)+;(jj;,:;1:11)+f(r,l,t)
—f(k+1,1,n+l)—f(k+1,1,t)—f(r,l,n+l)+isfiA3A2A1f(u,v,w),
f(rs,t)=flk+1,m+1,n+1)+ f(k+1,s t)—i—;(rr::;ltt)—kf(rs n+1)

—flk+1,m+1,0) = flk+1,s,n4+1) = f(rm+1Ln+1) =Y Y Y AspoA1f(u,v,w).

u=rv=s w=t
Adding the above identities and rewriting, we have

f(rvs7t) _L(f(r7s7t)) = %B(A?iAZAIf(nsvl))? (2612)
for (r,s,t) € H. Similarly, we have
8075,1)~ L{g(r5,1)) = B (Ashodiglrs,1)), 26.13)

for (r,s,¢) € H. From the propertles of modulus and sums, we observe that

IB(A3AaA f(1,5,1)) Z Z Z |A380A] f (1, v, w)| < [|A3A2A f|oo(kmn),  (2.6.14)
=lv=1lw=1
n

Z 1Az A0 A1 g (u, v, w)| < [|A3A2A 8|, (kmn) . (2.6.15)

Msw

“
|B(A3A2A1g(r,s,1)) Z

u=lv
The rest of the proofs of (2.6. 0) and (2.6.11) can be completed by closely looking at the

proofs of (2.6.1) and (2.6.2) given in Theorem 2.6.1 with suitable modifications. We omit
the further details.

The inequalities in the following Theorem are proved in [95].
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Theorem 2.6.3. Let f, g: O — R be functions such that A;f(x), Aig(x) fori=1,...,n

exist and bounded on Q. Then

—_

i=

S(f,8:M: Q)| Z [i Oll1Aif [l + 1 (x )||Aigoo]Hi(X)]7 (2.6.16)

I(f,g,MQ\\ZM2 [ [Z 145 fll] i = HZ Iaig]|-- |xl-—yi|H, (2.6.17)

i= i=1

—

where M = [['_; a; and H;(x) = ¥, [x; — yil-

Proof. Forx = (x1,...,x,),y= (V1,-..,y) in Q, it is easy to observe that the following
identities hold:

n xifl
Y { ) A'f(yu---,yz‘1,fi,xi+17---7xn)}, (2.6.18)

i=1 \ti=yi

n X,‘*l
Z{ Z A,-g(yl,...,y,-1,t,~,xi+1,...,x,,)}. (2.6.19)

i=1 ti=yi
Multiplying both sides of (2.6.18) and (2.6.19) by g(x) and f(x) respectively and adding,

we get

2f(x)g(x) —g(x)f(y) — f(x)g(y)

n i
Z{ Y AifO,- 7yi17ti7xi+1»~--axn)}

i=1 ti=yi

xi—1
{ Z Alg(y17 7yilati7xi+la"'7xn)}- (2620)

Vi

lzm=

Summing both sides of (2.6.20) with respect to y over Q, using the fact that M > 0 and

rewriting, we have

F09800) 3380 LSO~ 537/ L)

y

1 n X,’fl
7 [g(x)z [Z{ Y Aif(yl,-n,yi1,ti,xi+1,~--,xn)H
i=1 ti=yi

i=1 \ti=yi

n xl'*l
Z [Z{ Z Aig(yla"'vyi17ti7xi+17"'axn)}:|:| . (2621)
y
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Summing both sides of (2.6.21) with respect to x over Q, rewriting and using the properties

of modulus, we have

xi—1
IS(f,8:M;0)| 2M2 Z [|8(x)|z [Z { Y |Aif(y17---7}’ilatiyxi+1,---7xn)|}‘:|

1 ti=yi
anogg
y |i=1

xi—1

xi—1
{Z |Aig(yl7"'7yi—luti7xi+17"'7xn)|}H‘| .
li=Yi

1 n xi—1
e ) 1o EYI R W EEHED » Y Il | X 1
X Li=Yi

Y1
_;WZ{B(X)Z”‘,HAflexz vil +f(x |Z||A1g||m2|xl yz]

—

i=1

n

=L [2 DAl +1F(x >||A,»g||m1H,-<x>} ,

i=1
which proves the inequality (2.6.16).

Multiplying the left hand sides and right hand sides of (2.6.18) and (2.6.19), we get
F)g(x) —g(x)f(y) = f(x)g(y) + £ (»)(y)

n X,'fl
= [Z{ Z Aif(yla---m'1,t,~,x,-+1,...,x,,)H

Li=yi

n xi—1
X |:Z{ Z Aig()’1>~- Vi1l Xig 1, 7xn)}‘| . (2622)
1i=y;

i=1
Summing both sides of (2. 6 22) with respect to y over Q and rewriting, we have

989~ 78 OLA )~ 32/ Le0)+y Zf ()
n xi—1
IZ[Z{ZA"}[()’],...,)},‘1,tj,Xi+1,...,)Cn)}:|
I \ti=yi
q)

xi—1
{ Z Alg Yi,-- 7yi17tiaxi+17---7xn)}‘| . (2623)
L=y;

Summing both sides of (2.6.23) with respect to x over Q, rewriting and using the properties

of modulus, we have

)Cifl
IS(f,8,M;0)| WZ [Z [Z { Y Aif(y17-~-ayi—lafiaxi+la--~7xn)|}H
X o Li=1 ti=y;
£

xi—1
{Z |Aig(y1,-- 7)’1‘I»tiyxi+1w-~axn)}‘:|:|
ti=y;

MZZ{Z[ZI 14 1le] Jxi = y,HZmA,g J i — mH,

which is the required inequality in (2.6.17). The proof is complete.
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2.7 Applications

One of the main motivations for investigating different types of inequalities given in earlier
sections was to apply them as tools in various applications. In this section we give applica-
tions of some of the inequalities and it is hoped that these inequalities will provide a fruitful

source for future research.

2.7.1 Some integral inequalities via Griiss inequality in inner product spaces

In this subsection, we present some integral versions of Theorem 2.2.1 given by Dragomir
and Gomm [54], that have potential for applications.

Let (Q,X,1t) be a measure space consisting of a set Q, a c-algebra ¥ of subsets of Q
and a countably additive and positive measure ( on X with values in R U {eo}. Denote
L2 5(Q,K) (K =R, C) the Hilbert space of all measurable functions f: Q — K that are
2 — p-integrable on Q, i.e., [op(s)|f(s)[>di(s) < oo, where p : Q — [0,0) is a given mea-
surable function on Q. The inner product (-,-) : ’23(52, K) x Lf, (Q,K) — K that generates
the norm of Lf,(Q,K) is

(1.9 = [ 16)8GIP(5)du(s) @7.1)

The following proposition holds.

Proposition 2.7.1. Let¢, y, @, TcKandh, f, g€ Lf, (Q,K) be such that

Re [ (@h(x) - £(x)) (70— 9h(v)) | >0, (27.2)
Re |(Th(x) — g(x)) (800~ 7(x) ) | >0, (2.72(b))

for a.e. x € Q and
[P p () = 1. (2.73)

Then one has the inequality

oG~ ([ oG ) [ peontotiauco )|

1
< gle-olr-v, (2.7.4)

and the constant i in (2.7.4) is sharp.
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Proof. Follows from Theorem 2.2.1 applied for the inner product (2.7.1), on taking into

account that

Re(®h—f.f ~9h)y = [ p()Re [(@h(x) ~ £(x)) (FG) ~FHCD) | da() > 0
and
Re(Th—g. = 7h), = | p(x)Re[(Th(x) — g() (200 ~7h() ) | au() > 0

The details are omitted.

The following result may be stated as well:

Corollary 2.7.1. Ifz, Z, 1, T € K, p € L(Q,R) with [,p(x)du(x) >0 and f, g €
leJ (Q,K) are such that

Re [(z — ) (ﬂ - ?)} >0, (2.7.5(a))
Re [(T —g(x) (@ - f)} >0, (2.7.5(b))
for a.e. x € Q, then
m / P (x)f(x)g(x)du(x)

1 1
[ P | | ——— [ p()edn ()
/Q p(x)du (x) /ﬂ /Q p(x)du(x) /ﬂ

1
< Z|Zfz\|T7t|. (2.7.6)
The constant % in (2.7.6) is sharp.

Proof. Follows by Proposition 2.7.1 on choosing
1

. [

[Jap(x)du(x)]?

@zz[/gpmdu(x)]é, ¢=z{/ﬂp<x>du<x>}é
ol -]

‘We omit the details.

h=
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As mentioned in [32], if p: Q@ C R — [0,00) is a probability density function, i.e.,
Jop(t)dt =1, then p% € L*(Q,R) and obviously Hp%
that f, g € L?(Q,R) and

,= 1. Consequently, if we assume

apt < f<Ap?.bpt <g<Bp?,
a.e. on Q, where a, A, b, B are given real numbers, then by Proposition 2.7.1, one has the

Griiss-type inequality

Agvmmm—<éfmﬁ@w0(4<> uwﬁ\ Ya-a@-b. @17

The following particular inequalities are of interest.
1. If f, g € L*(R,R) are such that

a x—m A 1 (x=m\?2
v (O s < et
b _1(x—m 2 B _1(x—m 2
vt () e < ot

for a.e. x € R, where a, A, b, B€ R, m € R, 6 > 0, then one has the following Normal-

Griiss inequality

‘/ F(x)g(x)dx — 127: (/Zf(x)ei(xrf")zdx) </ig(x)ei(*a”")2dx>’

%(A a)(B—b). 2.7.8)
2.1f f, g € L*(R,R) are such that
a _|x—a A _|x—a
T < pwy <« 1,
V2P V2B
b Hl‘ B _|ca
——e I B l<glx) < e |1,
V2B V2P

for a.e. x € R, where a, A, b, BER, o € R, > 0, then one has the following Laplace-

Griiss inequality

/_:f(x)g(x x(/ f(x) X2ﬁadx> (/_::g(x)exzé’dx>

(A—a)(B—Db). (2.7.9)

-N—*

3.If f, g € L*([0,00),R) are such that

=
X

o
[
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B p-l
7

) N NN

for a.e. x € [0,0), where a, A, b, B € R, p > 0, then one has the following Gamma-Griiss

inequality
oo 1 tad p-l * pl _x
/0 S(x)g(x)dx— ) < A f)x T e dx) (/0 glx)x T e dx)
< %(A—a)(B—b). (2.7.10)

4.1f f, g € L*(x € [0, 1],R) are such that

(10T <f) <

A
VB(p:q) VB(p;q)
B

Nl

(10T <) < (-0
—x 2 (1=x)7 <gx) L —/—=x7 (1—x) 7,
B(pg) B(p,q)
fora.e. x€[0,1] where a, A, b, BER, p, g € [1,), then one has the following Beta-Griiss
inequality
1 1 1 p1 g1 ! p=t a1
| fwgdr - —— ([ e (10" ax ) ( [ e (120" dx
0 B(p,q) \Jo 0

1 R
gZ(A—a)(B—b). (2.7.11)
Finally, we note that Theorem 2.2.1 allows us to state some discrete versions of the Griiss-

type inequalities for real and complex sequences, see [54]. Here we omit the details.

2.7.2 Application to numerical integration

In this section, we consider an application of Theorem 2.4.2 to numerical integration in
connection with a general cubature formula given by Dragomir, Barnett and Pearce in [39].
First, by employing the identity (2.4.12), we present the perturbed version of Griiss in-

equality proved in [39], which may be useful in certain applications.

Theorem 2.7.1. Let f, g: [a,b] — R be continuous on [a,b] and differentiable on (a,b)

with derivatives being bounded. Then

[ rwsac— (1 [ rwae) (7 [ )

£ HU6)~ 1(@)(s(6) 50

1
<

[If = F(@)llxllg = &(@) | + [ (D) = Fllllg (D) = g]|c]
1
16

N |

+—(b=a)*|f']l I8 l|o- (2.7.12)
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Proof. Define the mapping % : [a,b]> — R given by
h(x,y) = (f(x) = f(7)(g(x) — &),

and write the identity (2.4.12) for A, to get
b b 1
[ [ ne)asdx+ 5 (6= Plh(a.) +ha. )+ hib.) + (b, b)]

:%(b—a)/ (h(s,a) +h(s, b)|ds+ ~ (b a)/b[ h(a,s)+ h(b,s)]ds

b b
+//< at >< “JZF )Dleh(s,t)dtds. (2.7.13)

‘We observe that

%[h(a,a) + h(a,b)+h(b,a) + h(b,b)]

= %(f(b) — f(a))(g(b) — g(a)),

% /  Uh(s,a) + h(s, b)]ds = % / " lh(ays) + h(b, 5)]ds

s [ 106~ @) s5)~ 8(a) + (76) ~ £(5) 0) ~ gls)] s,

DyDih(x,y) = —f (x)g'(v) = f'(»)g' (%),

[ (5552 ) (=557 papists s
L (=50 (- ) oo+ 0 oaas
—2 [ [ (5= 50) (- 52) ror aras
) o 2

Consequently, by (2.7.13), we get
[ [ 00— 1)) goasae 30— aP (1) )52

and

—g(a))

=(b—a) / [(f(s) = f(a))(g(s) —g(a)) + (f(b) = £ (5))(g(b) — g(s))]ds

2 / ( ) (s)ds / <t—) (1)dr (2.7.14)
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Now, dividing by 2 and taking into account the fact that

%/ﬂb/ab(f(x)*f(Y))(g(x)*g(y))dydx: (bfa)/a.bf(x)g(x)dx—/abf(x)dx/a'bg(x)dx’

the identity (2.7.14) becomes

-a) [ $seode— [ s [ s+ 3o a2 () ) s) - g(@)

= 20-a) [ 1076) ~ 1(@)) 805) —8(a)) + (F5) ~ F(5)(s5) —g(s))ls

b b
—/a (s— a;b>f’(s)ds/a (r—“?) ¢ (0)dr. (2.7.15)

Rewriting (2.7.15) and using the properties of modulus, we get

’l;l[ﬂx)g(x)dx—( / fxd )(/ gW”)

+1(70) ~ F(@) (&) —g(a))\

1
S 3—a) [(b—a)|lf = f(a)llxllg —&(a) | + (b= a) [ f(B) = fllllg (D) — &ll]
b
+1£ | / ‘ ‘ B ‘ (2.7.16)
A simple calculation gives
2
/b sf“;rb ds— & 4“) : 2.7.17)

Using (2.7.17) in (2.7.16), we deduce the desired inequality in (2.7.12). The proof is com-
plete.

Consider the arbitrary division I, =a =xo <xj < ++- <x,_1 <X, =bof [a,b] and J,, = c =
Yo <1 <+ <Ymei <ym=dof [c,d], puthi :==xip1 —x;, lj:=yj+1—y;,i=0,1,....n—1;
j=0,1,...,m— 1. Define the sum given by

Yj

lm 1 1
Crlfotnsdn)i= X, X i [ 1F0) + f i 1)
i=l 0 Jj= 0

n—1m—1
+ZZI / [f(s,9))+ f(s,yj1)] ds

i=0 j= 0
n—1lm— 1
_Z Z hl xnyj +f(xl7y/+1)+f(xl+17y/)+f(xl+17y/+l)} (2.7.18)
i=0 j=0

As an application of Theorem 2.4.2, in [39], the authors proved the following theorem.
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Theorem 2.7.2. Let f: [a,b] X [c,d] be as in Theorem 2.4.2 and I,, J,, as above. Then

we have the cubature formula

b rd
//f(s,t)dtds=Cr(f,ln,Jm)+Rr(f,1,1,Jm), (2.7.19)

where the remainder term Ry (f,1,,J,) satisfies the estimation

IRE (f 1 Jm)| < IIDlefIIm Z h Z 17 (2.7.20)
=0
Proof. Apply Theorem 2.4.2 on [x;xi41] X [yj,yj41] for i =0,1,....n—1; j =
0,1,...,m—1, to get

Xitl  [Yj+1

Sf(s,t)deds

1 Vj+1 1 Xit1
- [zhi/yj [f(xz',f)+f(xi+17f)}df+§lj/x’_ [f(s,3))+ f(s,yj11)] ds

—Zhilj [f (i, y) + f (i yja1) + f(xig1,¥5) +f(xi+la)’j+l)]:| ’
—h2lz|\D2D1f||m (2.7.21)

Summing both sides of (2.7.21) over i from O to n — 1 and over j from 0 to m — 1 and using

the generalized triangle inequality, we deduce the desired inequality in (2.7.20).

2.7.3 Approximation for the finite Fourier transform of two independent
variables

The Fourier transform has applications in a wide variety of fields in science and engineer-
ing. In this section, we present the inequality established by Hanna, Dragomir and Roume-
liotis [66] for the error, in approximating the finite Fourier transform in two independent
variables.

Let A = [a,b] X [c,d] and f : A — R be a continuous mapping defined on A and F(f) its

finite Fourier transform. That is
F(f)(u,via,b,c,d) = / ’ / ‘ Fx,y)e ) gy, (2.7.22)
a c
(u,v) € A. For a function of one variable we use the notation
Fg)(wab) = [ (e ax
a

The following inequality in approximating the finite Fourier transform (2.7.22) in terms of

the exponential means was obtained in [66].
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Theorem 2.7.3. Let f: A — R be an absolutely continuous mapping on A and assume
that D> D) f(x,y) exists on (a,b) x (c,d), then we have the inequality
Jis
|F(f)(w,via,b,c.d) =l =L+ 13| < § Ja; (2.7.23)
VER
for all (u,v) € A, where

I :==1(u,v;a,b,c,d) = u)/ F(f(s,"))(v;c,d)ds,
L= DhL(u,v;a,b,c,d) :E(v)/ F(f(-,0))(u;a,b)dt

L= L(u,v;a,b,c,d) = E(u)E(v / / Sf(s,t)deds,
with
E(u) = E(—2miub, —2miua),
E(v) = E(—2mivd, —2mivc),
given that E is the exponential mean of complex numbers, that is
e —e"

E(zyw):=< z—w
eW

if z#w,
if z=w
forz, w e C, and

b—a)*(d—c)?
Ji:=Ji(a,b,c,d,||DaD fl) = %HDZDUCHOQ7

if DyD)f(x,y) € Leo(A);

2

2[(b—a)(d 0)12] DDy £,

(g+1)(q+2)
. 1 1
if DD f(x,y) € Ly(A), ;—0—;:1, p>1;

J:=Jh(a,b,c,d,|D:Difl|,) =

J3:=J3(a,b,c,d,||D2Di f|1) = (b—a)(d — )| D2D1 f |1,
if DD f(x,y) € Li(A),

where

|D2D1fle = sup |DaDyf(s,t)| < oo,

(s,t)eA

1
b rd 5
||D2le||l7: </ / D2le(s7t)pdtds> < oo, 1 <p<°°>

are the usual Lebesgue norms.
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Proof. Using the identity obtained by Barnett and Dragomir in [8] (see, Lemma 2.3.2),

we have
b d
f(X»y):b]fa/a f(S7y)dS+ﬁ/c flx,t)dt — @D )(d //f(stdtds

1 b rd
T E=a / / P(x,5)Q(y.)DaD1 f(s,1)drds, (2.7.24)

provided that f is continuous on A and

s—a,a<s<Xx
P(x“g):{ bl AN AN b)

s—b, x<s<b.

t—c, c<t<y,
O(yt) =
t—d, y<t<d.

If we replace f(x,y) in (2.7.22) by its representation from (2.7.24), we get
F(f)(u,v;a,b,c,d)

,/ / ( ) /a f(s,y ds) dydx+/ / ( e / f(x,t)d >dydx
) f(s,0)dtds | dydx+R(f,u,v;a,b,c,d), (2.7.25)
A ==

where
R(f,u,v;a,b,c,d) = (b—a)l(d—c)/,,b/cd (e—zm(uxm))
X ( / ' / dP(xvS)Q(yvt)Dlef(s,t)dtds> dydbx. (2.7.26)
Let o
| [ ( | bf(s,yws) dvds.
then

b e—277:iux d . b
I :/ - dx (/ e~y (/ f(s,y)ds) dy)

—2miub __ ,—2Tmiua b d . b
~ i L ([ ey as= ) [ PG

In a similar fashion we obtain

b= / / < et /c ; f(x,t)dt) dydx = E / F(f(1)) (wsa,b)di
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and

/ / < ‘ 27:)ux+iyc) / fls,1) dtds> dydx
T —a)(d—o a)(d—c / / f(s,t)dtds / / 2R =2 Gyl

v) /ab /cdf(s,t)dtds.

From (2.7.25) and using the properties of modulus, we have

|F(f) (M,V;aJ),C,d)—I] _12 +I3‘

d 6—27171 ux—+vy)
(/ / b—a)(d—c) (X>S)Q(YJ)D2D1f(S,t)dtds) dydx

—27i(ux+vy)
(b—a)(d—c) |p(x,5)[|Q(y,1)||D2D1 £ (s,1)|dtdsdydz
—/ / / / OO o (s fardsasax. @20

Now, we observe that

L [ 1691100019201 5.0 v
<ol | ([ 1ntestas)ax [ [“loueotar)a]
R
oo [([[ 5 [0 ) ([ 05T [0

N3 _\3
=||Dlef||m{(b a)” 36) } (2.7.28)

(b—s)?

y 2
d—t
+( )

2

2

= [|D2D1 £l

c

3
Substituting (2.7.28) in (2.7.27), we obtain the first inequality in (2.7.28).
Applying Holder’s integral inequality for double integrals, we get

b ord b pd
/a/c/a/c |p(x,9)[1Q(y,))||D2D1 f (s, 1) |did sdydx
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(L[] d{|p<x,s>||Q<y,s>|}qdrdsdydx)‘II
x </ab/cd/ab/cdD2D1f(s,t)|”dtdsdydx)[1)

= [D2D1fllp{(b—a)(d —c)}

(L (Frseirs)o) (] sors)o

= [D2D1f|lp{(b—a)(d = c)}

() (e o) ([ (g e )

2(21(ba)1+2(dc)1+4}

2
{(a+1)(g+2)}
Using (2.7.29) in (2.7.27), we get the second inequality in (2.7.23)
Finally, we obtain that

b rd b pd
L[] [ pes) 1000l D2y 5.0 ldrdsdyds

==

==

= |D2D1 1], [ (2.7.29)

b prd b pd
< s fples)l s (0ol [ [0 [ [ 102Dy f(s.t)ardsayax

(x.5)€ [a7b]2 ()’7’/‘)6[("‘1]2

_ (bfa)(dfc)/ab/cd/ab/cd|D2D1f(s,t)|dtdsdydx

=||D2D1 £ (b—a)*(d —c)*. (2.7.30)

Using (2.7.30) in (2.7.27), gives the final inequality in (2.7.23), where we have used the
fact that

max{X,Y} = - +

xX+y y—x
2

The proof is complete.
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2.8 Miscellaneous inequalities

2.8.1 Dragomir [53]

Let (H,(+,-)) be an inner product space over K (K=R, C)ande € H, |le] = 1. If y, T € K
and x, y € H are such that

x+yx—|—y
Re(Te— —_——
( S y)

or, equivalently,

x—l—y y+r H

then, we have the inequality
1
Re[(x,y) — (x,¢)(e,y)] < 5[0 =72
The constant % is the best possible in the sense that it cannot be replaced by a smaller
constant.
2.8.2 Ujevié [153]
Let (X, (-,-)) be a real inner product space and {¢;}] C X, (e;,e;) = §;;, where
l1if i=j,
Sj=9N e,
0if i#j.
If ¢;, 7, i, Iy, i = 1,2,...,n, are real numbers and x, y € X such that the conditions
n n
x—Y %ei, ) Tiei—x | 20
i=1 i=1

and
n n
y—Y ¢iei, Y Piei—y | 20
=1 izl

hold, then we have the inequality

ww—immmw

<i\/2<<1>,-—¢, Y (T

i=1 i=1

The constant % is the best possible.
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2.8.3 Dragomir [55]

Let (H,(+,-)) be an inner product space over K (K =R, C). Let {e;}ic; be a family of
orthonormal vectors in H, F' a finite part of 7, ¢;, ®;, 7;, [ € K, i€ Fandx, ye H. If

n n
Re (Z Die; —x,x — Z (Piei) >0,
=1 i=1

n n
Re (Z Tiei—y,y— ), Yiei> 20,
i=1 i=1

or, equivalently,

1
Pito || _1 '
HX—Zzei <2<z¢i—¢i2> )
ieF icF
3
i+ 1
y—z%ei <2<Zri%‘|2> )
ieF icF

hold, then we have the inequalities
1 1

1 2 2
<3 <Z|¢’i—¢i|2> (Zrz‘—%2>
icF icF

1

Re (Z CIDieifx,xf Z ¢iei>‘| X

icl ieF

1 1
1 2 2
<z (Z ‘Pi¢i|2> <Z|Fi%’|2> :
ieF icF

The constant % is the best possible.

(x,y) = ) (x,ei) (ery)

icF

B—

Re (gr,.e,.y,yg%ei)]

iceF icF

2.8.4 Dragomir [55]

Let (H,(-,-)) be an inner product space over K (K =R, C). Let {e;}ic; be a family of
orthonormal vectors in H, F a finite part of [ and ¢;, ®; € K,i€ F,x, ye Hand A € (0,1),
such that either

Re <Z<I>i6i (Ax+(1=A)y),Ax+(1=A)y— Z(Piei) >0,

iceF icF

or, equivalently,

D+ ¢
Jir 9,

Ax+(1-A)y—Y 5 ¢
icF icF

1 2 :
<5 <Z|¢i¢i| > ;
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holds. Then we have the inequality

1 1 2
Re | (x,y) — x,e;) (e, <~ D; — ¢
(69) = T e y>] EIn LI
1 q>+¢l . ) ? i 1 1?2

The constant 1—16 is the best possible.

2.8.5 Dragomir, Pecari¢ and Tepes [56]

Let (H,(+,-)) be an inner product space over K (K =R, C). Let {e;};c; be a family of
orthonormal vectors in H, F a finite part of / and ¢;, ®; € K, i € F, x, y € H such that either

the condition

Re (Z <I>,~e,- — X, X — Z (Z)iei) > 0,

iceF icF

(éq’ w) ,

20 (xe)

or, equivalently,

\S) \

ieF

gt

holds. Then we have

(x,y) — Z(X ei)(ei,y)| <

icF

(Zlq’ ¢l|2> Iyl =X (v ei)l-

ieF ieF

2.8.6 Hanna, Dragomir and Roumeliotis [67]

Let (Q,X, 1) be a measure space consisting of a set Q, ¥ a ¢-algebra of subsets of Q and
U a countable additive and positive measure with values in RU {eo} and p : Q — [0,0) be
a u-measurable function on Q with [, p(s)du(s) = 1. Denote by L’% (Q,K) (K=R, C)
the Hilbert space of all measurable functions f : Q — K that are 2-p-integrable on €, i.e.
JaP ()| f(s)Pdu(s) <. If £, g € L,z, (Q,K) and there exist constants ¥, I' € K such that

either the condition

Re|(T—/(s)) (F&)-7)] > 0.

for p-a.e., s € Q or equivalently

‘f(s) SpAR)

1
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for p-a.e., s € Q holds, then

[P )~ [ p(6)6)dn(s) [ pIan(s)

1
2}2

Let (H, (-,-)) be areal or complex Hilbert space, Q C R” be a Lebesgue measurable set and

<%IF77| [ /Q p(s)Ig(s)Izdu(s)’ /Q p(s)g(s)du(s)

2.8.7 Buge, Cerone, Dragomir and Roumeliotis [12]

p : Q — [0,00) a Lebesgue measurable function with [, p(s)ds = 1. Denote by L, ,(Q,H)
the set of all Bochner measurable functions f on Q such that ||f||%’p = [op(s)|If(s)?ds <
co. Assume that f, g € L, ,(Q,H) and there exist vectors x, X, y, ¥ € H such that

| PORe(X — £(0),£0)=x)dr > 0,

/Q p()Re(Y — g(1),g(r) — y)di > 0,

|p®)
/Qp(t)

Then we have the inequality

JopOro.aenar = ( [ psea. [ p@rsnar)| <3 sl -]

or equivalently,

X+x 2

2

1
dr < 71X =2,

'f(t) -

2
Y+y 1 2
1) — —=|| dt <-=||Y —y|*.
'g() 5 H 4H yll

1

| [ PRt = 1(0),70) -t [ )Rty (o)) )| < FIX x>

The constant % in both inequalities is sharp.

2.8.8 Hanna, Dragomir and Cerone [62]
Let f, g [a,b] X [¢,d] — R be two mappings such that

(e y) = f(u,v)| < Milx—ul™ + M|y —v|*®,

18(x,y) — g1, v)| < NiJx—ulPt + Ny|y —v[P2,
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where M1, M, Ny, N, are positive constants and ., 0, 1, 2 are constants lying in (0, 1].

Then we have the inequality:

b rd
Wl(d,c) /a / f(x,9)8(x,y)dydx

B ((ba)I(dC) /ab/cdf(x’y)dyd"> (m/ab/cdg(x,y)dydx>

(b—a)uth 2(b—a)™(d—c)P
TahrD@hiry e D+ 0B ) 12)

<4 |:M1N

2(b—a)Pr(d—c)® (d — c)%+h

N e D@ B B2 N e R D@ Rt )

2.8.9 Pachpatte [94]

Let the assumptions of Theorem 2.5.3 hold. Then
1 .
A 7D < A LN H s Ay iH s A Vi d d )
400 85D < 5 | W) (U7 v Hg v w(9) ) d

where A and H are as in Theorem 2.5.3.

2.8.10 Pachpatte [94]

Assume that the hypotheses of Theorem 2.6.3 hold. Let w(x) be a real-valued nonnegative
function defined on Q and ¥, w(x) > 0. Then

|P(w, f,8:Q)] < ZW(X) [|g |ZE foxiyi)w(y) + [ f(x )‘Z (8;xi,yi)w (y):| )

y

|P(w, f,8:Q) < (Zwl(x))zzw(x) <ZE(faxi7)’i)W(y)> (ZE(gaxi,yi)W(Y)> ;

| (W f’g Q | X 2y W(X Z (ZE(f;Xiy)’i)E(g,xiy)’i)W(y)) ;
X X y
where we have set the notations

POp.: ) = Ew()p(a)a(s) ijv(x)(;w(x)p(x)) (;woc)q(x)),

n
E(p,xi,yi) = Y [|Aiplles|xi — yil,
i=1

for some functions p, ¢ : Q — R.
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2.8.11 Pachpatte [130]

Under the notations and definitions given in section 2.6, let f, g : O — R be summable
functions on Q and p : Q — R a summable function on Q such that p =Y, p(x) > 0.
Then

[F(P,p.f,8:0)l < \/F(F,p,ﬁf;Q)\/F(an,g;Q),

and in addition if ¢ < f(x) < @, y < g(x) < T for each x € Q, where ¢, ®, y, I are given
real constants, then
1

[F(P.p.f:8: Q)| < 7(®=9)(T" =),
where
FP.p.f2.0) = 5 Lo e - (3 X)) (3Lr0e) . ©

2.8.12 Pachpatte [130]

Under the notations and definitions given in Section 2.6, let f, g : O — R be summable

functions on Q and p : O — R a summable function on Q such that P =}, p(x) > 0. Then

(f(x) - ,ﬂ&(y)f(y)) <g<x> - }sz@)g(y))

and in addition if ¢ < f(x) < @ for each x € Q, where ¢, P are given real constants, then
P-9¢
2

- 1

|F(P,p,f,80)| < F(P,p,8,8:0),

where F (P, p, f,g: Q) is defined by (0).

2.9 Notes

The Griiss inequality has been generalized and extended over the last years in a number
of ways. In [32], Dragomir investigated the Griiss type inequality in Theorem 2.2.1 in
real or Complex inner product spaces. Lemmas 2.2.1 and 2.2.2 are due to Dragomir [53].
Theorem 2.2.2 provides a new proof of Theorem 2.2.1 by replacing the condition (2.2.5)
by an equivalent but simpler assumption and is due to Dragomir [53]. Theorem 2.2.3 deals
with the refinement of the inequality in Theorem 2.2.1 and is taken from Dragomir [53].
Theorem 2.2.4 is due to Dragomir, Pecari¢ and Tepes [56], while Theorem 2.2.5 is due to

Dragomir [43].
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Lemmas 2.3.1 and 2.3.2 are respectively taken from Dragomir, Corone, Barnett and Roule-
liotis [37] and Barnett and Dragomir [8] and the results presented in Theorems 2.3.1—
2.3.4 are taken from Pachpatte [89,122,91,129]. Theorems 2.4.1 and 2.4.2 deal with the
Trapezoid type inequalities and are taken respectively from Pachpatte [86], Dragomir, Bar-
nett and Pearce [39], while Theorems 2.4.3 and 2.4.4 are due to Barnett and Dragomir
[6]. The results presented in Sections 2.5 and 2.6 are due to Pachpatte and taken from
[130,94,103,129,95]. The material included in Section 2.7 is devoted to the applications
and adapted from Dragomir and Gomm [54], Dragomir, Barnett and Pearce [39] and
Hanna, Dragomir and Roumeliotis [66]. Section 2.8 contains a few miscellanous inequali-

ties investigated by various investigators.






Chapter 3

Ostrowski-type inequalities

3.1 Introduction

In [81], A.M. Ostrowski proved the inequality (7), which is now known in the literature as
Ostrowski’s inequality. Since its apperance in 1938, a good deal of research activity has
been concentrated on the investigation of the inequalities of the type (7) and their applica-
tions. The books [50,80] contain a considerable amount of results related to Ostrowski’s
inequality. In the last two decades, the inequalities which claim their origin to the Os-
trowski’s inequality (7) have renewed interests and several studies dedicated to obtain var-
ious generalizations, extensions, variants and applications have appeared in the literature.
In this chapter, we present some of the more recent developments related to the Ostrowski’s
inequality (7), not covered in [50,80]. Applications are discussed to illustrate the usefulness

of certain inequalities.

3.2 Inequalities of the Ostrowski-type

In this section, we present some inequalities of the Ostrowski’s type recently established
by various investigators.
We start with the following generalization of the Ostrowski’s inequality for Lipschitzian
mappings established by Dragomir in [52].
Theorem 3.2.1. Let f: [a,b] — R be an L-lipschitzian mapping on [a, D], i.e.,

[f(x) = f) < Llx—yl,
for all x, y € [a,b] and the constant L > 0. Then we have the inequality

b 2|1 (x_aib)z
/f(t)dt—f(x)(b—a) <Lb—a) |- +—211, (3.2.1)

4 (b—a)?
for all x € [a,b]. The constant 1 is the best possible.

133
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Proof. Using the integration by parts formula for Riemann-Stieltjes integral, we have
X X
| t=adf@) = fx)c—a) - [ eyar
and
b b
[ =gy =@ o-0- [ rwar

If we add the above two equalities, we get

1) (b—a) - / byt = | / t—a)df (1) + / (= b)), (322)

m _ () (n) (n)

Now, assume that A, :a =x;,’ <x;’ <--- < Xn-1) < xp = b is a sequence of di-

5( ") € [, A )] If p: [a,b] — R is Riemann integrable on [a,b] and v : [a,b] —Ris

i B () [ () - ()]

L-Lispschitzian on [a, b], then
<t ) ) [

v(A,)—0
) H—] xi

\ [ ptoavi| =

<t 2 ()] ()

v(A,)—0

b
L / |p(x)|dx. (323)
Applying the inequality (3.2.3) on [a,x]| and [x, D] successively, we get
X

X b b
[ e=aare+ [[e=vasw|<| [ t—aarw|+| [ a-base)

X b
<LU |t—a\dt+/ |t—b|dt}

= % [(x— a)2 +(b —x)z]
l + (x—_a'ibf] . 3.2.4)

and then by (3.2.4), via the identity (3.2.2), we deduce the desired inequality (3.2.1).

=L(b—a)’

Now, assume that the inequality (3.2.1) holds with a constant C > 0, i.e.,

_ ath)?
Lib—a)|C+ (x"‘)] (3.2.5)

(b—a)?

[ st 0 -a| <
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for all x € [a,b]. Consider the mapping f : [a,b] — R, f(x) = xin (3.2.5). Then

a+b a+b)2‘| (b a)

RIvD
for all x € [a,b], and then for x = a, we get

b—a 1
< —
5 S {C—i— }(b a),

which implies that C > %, and the proof is complete.

(x—
C+7(b— )

Remark 3.2.1. If the mapping f is differentiable on (a,b) and with derivative f’ being
bounded on (a,b), i.e

put [ f7|ee-
In [26], Dragomir and Wang proved the following Ostrowski-type inequality.

o = SUPye(ap) [f ()] < oo, then instead of L in (3.1.1) we can

Theorem 3.2.2. Let f: [a,b] — R be a differentiable mapping on (a,b) (a < b). Suppose
that f” is integrable on [a,b] and Y < f'(x) < T for all x € [a,b] and 7, T € R. Then

‘f(X) /f(t)d f(b) - i:(a) (x—“b)’gi(b—a)(r—yx (3.2.6)

2
forall x € [a,b].

Proof. Define the function

(1) = t—a if t €la,x], 327
PREU=N 02 if 1€ (x,b]. -

Integrating by parts (see the proof of Theorem 1.2.3), we have

1 b 1 b
[ plens@ar= 1) - [ s (328)

for all x € [a,b]. It is clear that for all x € [a,b] and € [a, b] from (3.2.7), we have
x=b< plxt)<x—a.

Applying Griiss inequality (3), to the mappings p(x,-) and f’(c), we obtain

‘ ple ) f()dr — (bia'pr(xJ)dt) (bia/abf'(t)dtﬂ

1 1
<Z(xfaforb)(l"fy):Z(bfa)(l"fy). (329

By simple calculation, we get

b X b

L s L)

The required inequality (3.2.6) follows from (3.2.9), (3.2.8) and the above two equalities.

and

The proof is complete.
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Remark 3.2.2. If we choose in (3.2.6), x = % and x = b respectively, then we get

FEO RIS
and
‘f(a);f(b) - (bia) /a"’f(t)dt < %(b_a)([‘_'y), (3.2.11)

An inequality similar to (3.2.6) obtained by Ujevi¢ [154], is embodied in the following

theorem.

Theorem 3.2.3. Let f : [a,b] — R be an absolutely continous function with derivative
f' € Ly[a,b]. Then

’(ba)f(x) (x “;b> [£(b) — f(a)] /abf(,)d,‘ <

for all x € [a,b], where

G(f’)=(b—a)[ (/13- (/f dt)}

The constant 7 is the best possible.

[

(b— ) ;
NG o(f), (3.2.12)

Proof. Let p(x,t) be the mapping defined by (3.2.7). Integrating by parts, we obtain

/a L o) f ()t = (b—a)f(x) - | / by, (3.2.13)
We also have
/abp(x,t)dt: (b—a) <x“;b>, (3.2.14)
and
/ " P(0di = £(6) -~ fla). (32.15)

From (3.2.13)—(3.5.15), it follows

[ et ron]o

—-ase- (x-S o) - s@l - [ soa. 621

On the other hand, we have

[ [pten=5 [ pesas] -1 [ rsias]a
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1 b 1 b
< ,)— —— ,8)d /f—/ "(s)ds|| . 3.2.17
o= 52 [ pas| |72 [ ras] G217
We also have
1 b 2 (b—a)?
Hp(x7.)b_a/a p(x,s)ds AT (3.2.18)
and
Lo ’ (f(b) ~ f(a)?
'~ '(s)ds|| = |f'|)} - =1 3.2.19
=5t [ o] =1rg- L= 6219
From (3.2.16)—(3.2.19), we easily get (3.2.12), since
1
5 oz (FB) = f(a)*]?
Vo = Iy - O L]
We must show that (3.2.12) is sharp. For that purpose,
We define the function
lt2, t€[0,x],
)= 2 (3.2.20)

1
§t27t+x, t € (x,1],

where x € [0, 1]. The function given in (3.2.20) is absolutely continuous since it is a con-
tinuous piecewise polynomial function.
We now suppose that (3.2.12) holds with a constant C > 0, i.e.,

6070~ (x=52) 1) - ) - [ oy

1
b) — 2172
<Clb—a) [Ilf’% - (f()bf(“))] : (3.2.21)
—a
Choosing a =0, b =1 and f defined by (3.2.20), we get
1 1«2 1 X2
= _—_— — = 1 = —_ = = —
| o =2=2-% =0, f()=x-3, =7,
and the left hand side of (3.2.21) becomes 1—12 We also find that the right hand side of

(3.2.21) becomes % and hence, we find that C > ﬁ proving that the constant ﬁ is
the best possible in (3.2.12). The proof is complete.
The following Ostrowski type inequalities established by Ujevic¢ in [151] and [150], enlarge

their applicability to obtain better error bounds.
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Theorem 3.2.4. Let f: ] — R(where I C R is an interval), be a mapping differentiable
in ; (the interior of 1), and let a, b € ; , a < b. If there exist constants 7, I' € R such that
y< f(r) <T, forall 7 € [a,b] and f' is integrable on [a, b], then we have

‘f(ﬂ—(x—a;b) f(b;:j:(“)—bia/ubf(r)dr <Tlsoy, Gex)
and
a — a b —a
’f(x)(x ;b> f(b;_i:( )*bla/a Flo)dr gbz T=S), (3223

where S = M.

—a

Proof. Let p(x,t) be the mapping defined by (3.2.7). Integrating by parts, we have

ﬁ /a bp(x,t)f’(t)dt =fx) - ﬁ | /a ' f(t)dt. (3.2.24)
We also have
blfa /abp(x,t)dt —x— “erb, (3.2.25)
and
/[;bf (t)dt = f(b) ~ f(a). (3.2.26)

From (3.2.24)—(3.2.26), it follows that
+b b) — 1 b
f(x)— (x— a ) f() - f(a) - a/a f()de

2 b—a
1 b , 1 b , b
- — / PO (Ot~ s / F)dr / plx,1)dr. (3.2.27)
‘We denote
1 b , 1 b , b
Ri() = -— / PN (it~ s / F)dr / plx,1)dr. (3.2.28)
If C € R is an arbitrary constant, then we have
1 b, 1 b
Ra) = 5 [ 0= ) - 5 [ ptsas|ar 6229)
since
b 1 b
/ {p()@t) - m/ plx, s)ds] dr=0. (3.2.30)

First, we choose C = v in (3.2.29). Then we have

R = 5 [0 -0 pten) - 5 [ plasgas)
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and
R < g max o) (v= 52| 170~ (3231
—da t€fa,b)
Since
a+b b—a
113%] px,t) — (x— 5 >‘ = (3.2.32)
and
b
[ 170 =viat = 1)~ @)~ Yo —) = (S—7)(b~a),
from (3.2.31), we get
IR (x)] < -7). (3.2.33)
From (3.2.27), (3.2.28), and (3.2.33), we eaisly get (3.2.22).
Second, we choose C =T"in (3.2.29). Then we have
1 b, 1 b
R = 5 [0 -0 [ptx) - 5 [ plasgas)
and
b
Ru(3)] < - ‘ 2 max [p(er) - <x— ";b> ’/ \f (1) Tt (3.2.34)
Since
/ f'(6) = T|dt = T(b —a) — f(b) + f(a) = (T — S)(b—a). (3.2.35)
From (3.2.34), (3.2.32), and (3.2.35), we get
|Rn(x)] < -5). (3.2.36)

From (3.2.27), (3.2.28), and (3.2.36), we eaisly get (3.2.23). The proof is complete.

Theorem 3.2.5. Let/ C R be an open interval and a, bel,a<b. If f:I - Risa

differentiable function such that y < f’(¢t) < T, for all ¢ € [a, b] and some constants , I' € R,

then

-0 | S0@ o)+ 1-270 30 (- 52) |- [ soa

S(S—'y)max{)tbza,x—a—lbz b—x— A}(b a),

(o B(f(a>+f<b>>+<1 AT 2) (x— =) - [ swa

<(r3)max{/1b;“ }(ba),

whereS:% anda+lb%“ gxébflb%‘ﬂforl €10,1].

(3.2.37)

(3.2.38)
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Proof. Define the mapping

k(x,t) = (3.2.39)

Integrating by parts, we have

/abk(x,t)f’(t)dt:/ax [t— <a+/1b2_“>}f’(t)dt+/xb {"( b;aﬂf/(t)dt

~ -0 | Ju@+ ) +a-nrw] - [rwa. ez

/abk(x,t)dt:/ax {t—<a+lb;a)}dt+/xb [r—( - ;a)}dt
sl oty

—(1=A)(b—a) <x—“;b>. (3.2.41)

Let C € R be a constant. From (3.2.40) and (3.2.41) it follows that
b b b
/ k(1) [f () — Cldr = / ke, 1) f (1)t —C / k(x, 1)dt

— (b-a) [FU@+16)+1-2)10) ~c1-2) (- 52 | - [ s

We also have

2
(3.2.42)
If we choose C = yin (3.2.42), then we get
A +b
-0 | SU@+ o)+ -2 -11-2) (- 52) - [0
b
- / k() [f () — yldr. (3.2.43)
On the other hand, we have
/ k()| V| < max [k(x.r) / \f(£) = Td, (3.2.44)
since
b—a b—a b—a
trerijx |k(x,7)| = max{lz,x—a—lz, A= }7 (3.2.45)

and

170~ Tlar = 5(0) ~ (@)~ v —a) = (5 7)o —a). (3.246)
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From (3.2.43)—(3.2.46) it follows that (3.2.37) holds.
If we choose C =T in (3.2.42), then we get

-0 | S0@+ o)+ -1 -ra- (x- 52| - ["sa

_ / ’ k) () — Y, (3.2.47)

and

l/ab |f'(t) =Tldt =T(b—a) = (f(b) — f(a)) = (C=S)(b—a). (3.248)

From (3.2.47), (3.2.45) and (3.2.48), we easily get (3.2.38). The proof is complete.

Corollary 3.2.1. Under the assumption of Theorem 3.2.5, we have

10060100 (x-52) - [

b—a

2

+ ’x a;bH (b—a), (3.2.49)

<(SV)[

’f(X)(ba)F(ba) (x‘j") [ r0a

<(T-5) {b;“+’x“;bu (b—a). (3.2.50)
Proof. We set A =0 in (3.2.37) and (3.2.38). Then we have
max{x—a,b—x} = % b—a+|2x—a—b| = b;a + ’x a;—b ‘ . (3.2.51)
In the above proof, we used
max{A,B} = %[A +B+]A—B||, a, beR.
Now, in view of (3.2.51), it is easy to see that (3.2.49) and (3.2.50) are valid.
Corollary 3.2.2. Under the assumptions of Theorem 3.2.5, we have
‘b;a[f(a)+f(b)]—Lbf(t)dt < (S—y)@, (3.2.52)
s [ < -9 g2
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Proof. We set A = 1in (3.2.37) and (3.2.38). Then we have x = %2 and

b—a b—a b—a
max{lz,x—a—;t 3 b—x—A }

The proof of (3.2.52) and (3.2.53) is now obvious.

Corollary 3.2.3. Under the assumptions of Theorem 3.2.5, we have

60 [LE IO Lp - L (v 20 |- [ ra

2
<(S-7) {b;“ju’x ““LbH (b—a), (3.2.54)
(60 [ DO IO 2t - 5 (x=52) | = [ o
<(@T-5) [b;“ + ’x “;bu (b—a). (3.2.55)

Proof. Weset A = 2 in (3.2.37) and (3.2.38). Then we have

{ba 3a+b a+3b }
max X — —x

4 4 7 4
1 a+b 1 a+b
sl (e pe ) 2 (o3
1 b
:[b—a+2x—a+ ‘+|2x—(a+b)|}
4 2
b—a+ a+b
e X — .
4 2

The proof of (3.2.54) and (3.2.55) is now obvious.

Corollary 3.2.4. Under the assumptions of Theorem 3.2.5, we have

s+ o) 2 (- 52) - [ soa

—a ’ a+b

<(S—7) [b 3 H (b—a), (3.2.56)

@‘

@ ar o) 5 (x-552) = [ o

b—a
3

g(rs)[ +’x“;bH (b—a). (3.2.57)
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Proof. Weset A = 3 in (3.2.37) and (3.2.38). Then we have

b— b
max{lza,x—a—l 2a }
b—a Sa+b a+5b
= max — —
a G X R x

1 n 2a+b 1 b " a+2b
=max<{ — — — — — _
a 3 x—a+|x 3 '3 x+|x 3

{b—a b—a ‘ a—b—b‘}
= max + [x—

6 ' 3 2
71 b—a+ _a—b—b+b—a+ _a+b
2072 T2 6 )
b—a+ a+b
= X — .
3 2

The proof of (3.2.56) and (3.2.57) is now obvious.

Remark 3.2.3. If we set x = <42 in (3.2.49) and (3.2.50); (3.2.54) and (3.2.55); (3.2.56)

and (3.2.57), then we get correspondlng inequalities which do not depend on x.

3.3 Ostrowski-type inequalities involving the product of two functions

In this section, we shall deal with some Ostrowski-type inequalities recently established by
Pachpatte in [93,109,114,139], involving product of two functions.

We start with the following Theorem which contains the Ostrowski-type integral inequali-
ties established in [114].

Theorem 3.3.1. Let f, g € C'([a,b],R), [a,b] € R, a < b. Then
1 1 b b
1096) - 31e0F +1l| < ¢ [l [ 17 @lar+ ool [ olar| @

and

et - lewr+ sl +rol < ¢ ([ o) ([eor). 6
for all x € [a,b], where

fla)+f(b) G gla)+g(b)
n 2 ’ B 2 '
The constant % in (3.3.1) and (3.3.2) is sharp.
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Proof. From the hypotheses, we have the following identities (see [88], [108, p. 267]):

F- % [/axf’(t)dt _ /xbf’(t)dt} , (3.3.3)

1 "X b
ﬂ@—G:zi/Q@m—/gﬁﬂﬁ. (3.3.4)

a X
Multiplying both sides of (3.3.3) and (3.3.4) by g(x) and f(x) respectively, adding the

resulting identities and rewriting, we have

F(0)8x) ~ S[8WF + FR)G]

1 X b X b
= [g(x) [ / F()di - / f(t)dt] F) [ / ¢ (1)di — / g’(t)dt” . (335)
From (3.3.5) and using the properties of modulus and integrals, we have
1 1 b b
70960~ 316()F + 7016 < § el [ 17 @lar-+ ol [0l
This is the required inequality in (3.3.1).
Multiplying the left hand sides and right hand sides of (3.3.3) and (3.3.4), we get

f(x)g(x) = [g(x)F + f(x)G] + FG

:% [/:f/(l‘)dt/xbf/(t)dt} [/axg/(t)dt/xbg/(t)dt} . (3.3.6)

From (3.3.6) and using the properties of modulus and integrals, we have

1 b b
10ete) - lewF + 16+ F6 < g | [ wlar] | [[1¢0ia).
This is the desired inequality in (3.3.2).

and

To prove the sharpness of the constant % in (3.3.1) and (3.3.2), assume that the inequalities
(3.3.1) and (3.3.2) hold with constants ¢ > 0 and k > 0. That is,

100~ 5 [eIF +1700161 <l [ 17 O+ 150 [l ] 63
and

106t~ elF 16+ rol <k ([ o) ([wonar), 629

for x € [a,b]. In (3.3.7) and (3.3.8), choose f(x) = g(x) = x and hence f’(x) = ¢'(x) =1,

F=G= “zib. Then by simple computation, we get

x—é(a—i—b)’ < 2c¢(b—a), (3.3.9)

x(x—(a—i—b))—‘—(a;rb)Z

By taking x = b, from (3.3.9) we observe that ¢ > % and from (3.3.10) it is easy to observe

and

<k(b—a)* (3.3.10)

that k > 7, which proves the sharpness of the constants in (3.3.1) and (3.3.2). The proof is

complete.
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Remark3.3.1. Dividing both sides of (3.3.5) and (3.3.6) by b — a, then integrating both

sides with respect to x over [a,b] and closely looking at the proof of Theorem 3.3.1, we get
1 b 1 b b

o [ 1= s [ [ et [ o]

< gy | ([ teonas) ([ 1 wia) + ([ 1) ([ wlax) |

(3.3.11)

and

‘bla th(x)g(x) - ﬁ {F/c;hg(x)dx+G/jf(x)dx—FG] ‘

< % </ab|f’(x)|dx> (/ab|g/(x)dx> . (33.12)

We note that the inequalities (3.3.11) and (3.3.12) are similar to those of the well-known
inequalities due to Griiss-and Cebysev, see [61,13].

The next Theorem deals with the Ostrowski-type inequalities proved in [109].

Theorem 3.3.2. Let f, g: [a,b] — R be continuous functions on [a,b] and differentiable

on (a,b), with derivatives [, g’ : (a,b) — R being bounded on (a,b). Then

b b
10960~ g5 o) [ 100 [ siar
< L e et g} [+ &2 T o) (3313
S5 SO S e + 1L )] ] oo 1 b—a) a), 3.
and
b b b
’f(X)g(x) bia {g(X) /a f)dy+ f(x) /a g(y)dy} +blfa /a f(y)g(y)dy’
x—a)’ —x)3
e (314
for all x € [a, D).
Proof. For any x, y € [a,b] we have the following identities:
0 —10) = [ 7@y, (33.15)
y

and

gx)—gly) = /xg'(t)dt- (3.3.16)

y
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Multiplying both sides of (3.3.15) and (3.3.16) by g(x) and f(x) respectively and adding,

we get
2£(0)2(x) — [g(X)f() + F(0)2()] = g(x) / * e+ f() / Yd.  (3317)

Integrating both sides of (3.3.17) with respect to y over [a,b] and rewriting, we have

10960) = 575 ) [ 100y +562) [ et

T 2(b- a)/{ / dt+f()/yx (t)dt}dy- (3.3.18)

From (3.3.18) and using the properties of modulus, we have

10960) ~ 575 [ [ 100160 [ e

1 b
< 5= | (I Iels=31+ 170 ol

x—a)? )2
~ sz (@I 7 | = =2
— 1 / ’ (x_ﬂzb)z ,
= 5 {s@IF Nl +IF Ol N} | 5+ -

This is required inequality in (3.3.13).
Multiplying the left hand and right hand sides of (3.3.15) and (3.3.16), we get

7060~ g0 + £+ 500600 = [0 [ew}. 6310

Integrating both sides of (3.3.19) with respect to y over [a,b] and rewriting, we have

o [ [ a0 [ etras| + 5 [ 10a

L rwa{ [ ewala 3320

From (3.3.20) and using the properties of modulus, we obtain

1a {g(x) /abf(y)dy+f(x) /abg(y)dy} +bia/abf(y)g(y)dy’

f(x)g(x)

f(x)g(x)

1 b 1 (x—a)®+ (b—x)?
<—’w’m/ —yPdy = ——||£'lllg I .
sl Illg'll | =y dy = —Il/ =]l 3

This is the desired inequality in (3.3.14). The proof is complete.
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Remark 3.3.2. Dividing both sides of (3.3.18) and (3.3.20) by b —a, then integrating both
sides with respect to x over [a,b] and using the properties of modulus and by elementry

calculations, we get

5 [ st (5 [ o) (7 [ son)

<soar | | (Nl @il slar|ax Gaan
and
'b a/ Fx)g(x)dx — (bia/abf(x)dx> (bia/abg(x)dx>
36— @1/ =€l (3:322)

Here, it is to be noted that the inequality (3.3.21) is similar to the well-known Griiss in-
equality in (3) and the inequality (3.3.22) is the well-known Cebysev inequality in (1).
We also note that, by taking g(x) = 1 and hence g’(x) = 0 in (3.3.13), we recapture the
celebrated Ostrowski’s inequality (7).

In the following Theorem we present the results given in [139] where the derivatives of the

functions belong to L,, spaces.

Theorem 3.3.3. Let f, g: [a,b] — R be absolutely continous functions with derivatives
f', & €Lyla,b], p> 1. Then

10960 3[40 [ 10+ 100) [ et

s

< 2(b ) gL o+ 1 1IE 5] (B(x))7, (3.3.23)
and
70980~ 5 (s [ F@r o) [ o]
b b
+<b1a/a f(t)dt) (bla/u g(t)dt)‘
< o I Il 1B, (3324)
for all x € [a, D], where
B(x) = TL [(x—a)?™ 4+ (b—x)1"], (3.3.25)

1 1 _
and ;—‘-;—1
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Proof. From the hypothesis, we have the following identities (see, Theorem 1.2.3):

1 b 1 b
)= b—a/a fydt = 3—2 / plat)f(t)dt, (3.3.26)
and
1 b b
g<")‘m/a g(r)dr = fia/a plx,0)g (t)dr, (3.3.27)

for x € [a,b], where p(x,t) is defined by (1.2.11). Multiplying both sides of (3.3.26) and
(3.3.27) by g(x) and f(x) respectively, adding the resulting identities and rewriting, we

have

108 s [ [ o+ [ st0a]

- ﬁ [gm /;P(”)f '(0)dt + f (x) / bp(x,t)g’(t)dt} . (33.28)

From (3.3.28), using the properties of modulus and Holder’s integral inequality, we obtain

f(x)g(x) — W{ / f()dr + f(x) / (;)d;}

1
2(b—a)

<o [g<x>| ([ o))" ([ orar)
st ([ townrar)’ ([ o) ’l’]
1

~ s el + ol |pxr>|qdz) . (33.29)

By a simple calculation, we have

b X b
/ \p(x,t)\thz/ |t—a|‘1dt+/ It — b|9di
—/ (t—a) qu—/ (b—1)1dt

[(x—a)™ + (b—x)7""] = B(x). (3.3.30)

<

1] [ Ipen L @lar +171 [ el 0]

q+1
Using (3.3.30) in (3.3.29), we get (3.3.23).

Multiplying the left hand sides and right hand sides of (3.3.26) and (3.3.27), we have

100~ 5 600 [0+ 760 [ ey
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+ <b1a/abf(t)dt> <bl_a/abg(t)dt>

_ ﬁ </abp(x,t)f/(t)dt) </a'bp(x,t)g/(t)dt) . (3331)

From (3.3.31), using the properties of modulus, Holder’s integral inequality and (3.3.30),

we have

1 b

‘f(x)g(x) - [g(x) /abf(t)dﬁf(X)/;

+ (bl—a /jf(t)dt) (bl—a/abg(t)dt>‘

< e ([t oiar) ([t o)

<o ([ p<x,t>th>‘]’ (f If’(t)”dt>; (/ |p<x,t>|th)‘l’ ([ gfwdt);

— e Il s (B

g(t)dt}

This is the required inequality in (3.3.24). The proof is complete.

Remark 3.3.3. By taking g(x) = 1 and hence g’(x) = 0 in (3.3.23) and by simple calcu-
lation, we get
1

105 [ 1
1

x—a\4! (b—x)’”l] 1
i + (b—a)i | f'llp. (3.3.32)
(q+1)§ (b—a) b—[l P

for all x € [a,b]. We note that the inequality (3.3.32) is established by Dragomir and Wang
in [27].

At the end of this section, we give the following Theorem which contains the inequalities

<

proved in [93].

For continous function z : [a,h] — R and A € [0, 1], we use the notation

Liz(x)] = (b—a) %(z(a) +z(b))+ (1= 2A)z(x)| -
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Theorem 3.3.4. Let f, g: [a,b] — R be continous functions on [a,b], differentiable on
(a,b) with derivatives f’, g’ : [a,b] — R being bounded on (a,b). Then

SOLU W]+ L] 809 [ a5 [ gtyan

< [lg)[1F oo+ £ )18 [lo] M (), (3.3.33)

and

Lisleleto] - 2letw)] [ -] [ star ([ roan) ([ erar)

< leo 18 lloo (M (%)), (3.3.34)

fora+7LbT< <b-— /le, € [0,1], where
1

2
M) = ~(b—a)? A2+ (A - 1)}+<x‘”2rb>. (3.3.35)

~ \

Proof. From the hypotheses, we have the following identities (see, Theorem 1.4.1 and
Theorem 3.2.5):

b b
- / Flo)dt = / K(x,0)f (1), (3.3.36)

and

b b
Llg) - [ sl = [ k(x.0pg' (0t (3337)
where k(x,7) is defined by (3.2.39). Multiplying (3.3.36) and (3.3.37) by g(x) and f(x)

respectively and adding the resulting identities, we have

SCOLLF 0]+ FOLIe] () [ ey — 1) [0

b b
_ g(x)(/a k(e )£ (1)di + f(x)l/a k(x, )8! (1)dr. (33.38)

From (3.2.38) and using the properties of modulus, we have

b b
SWLLA W]+ FWLIE) ~ () [ F0)dr =) [ (0)dr

< et [ el O+ el [ kel wla]

b
< [lg(X)IIIf'HerIf(X)HIg'HN}/a |k(x,1)|dt

= (18 llee + £ ®)1l1€ 1]
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% {/ax t<a+?Lb;a> dl‘+/xb t( - b—a)

Now, by evaluating the integrals on the right side of (3.2.39) as in the proof of Theo-

dt] : (3.3.39)

rem 1.4.1, we get the required inequality in (3.2.33).
Multiplying the left hand sides and right hand sides of (3.2.36) and (3.2.37), we get

Ll ntle] - 2lgw] [ i [ ear ([ oar) ([ etoar)
_ ( /  ker) f’(t)) ( / bk(x,t)g'(t)). (3.3.40)

From (3.2.40) and following the proof of inequality (3.2.33) with suitable changes, we get
the desired inequality in (3.2.34). The proof is complete.

Remark 3.3.4. By taking g(x) = 1 and hence g’(x) = 0 in (3.3.29), we get the following

inequality established by Dragomir, Cerone and Roumeliotics in [47]
b
- [ foar| < M)
for all A € [0,1] and a + ﬂtb%“ <x<b— lb%“ and in addition if we choose (i) A = 0,

we get the Ostrowski’s inequality (7) and (i) A = 1,x = # we get the Trapezoid-type

inequality.

3.4 Inequalities of the Ostrowski-and Griiss-type

In this section, we offer some inequalities of the Ostrowski-and Griiss-type, that have re-
cently given by Pachpatte [100,131] and Cerone, Dragomir and Roumeliotis [15].

In the following Theorems we present the inequalities proved by Pachpatte in [131].

For suitable functions f, g : [a,b] — R, we use the following notation to simplify the details

of presentation:

b
S(f.8) = f(¥)8(x) — s [ 1+ 50 [ g(r)dt}

2 )
( ‘””) F(0)+ G,

ire) = [ e (5 [ roar) (1 [ o)
s | ’ ( “2”) P(x)+ Gr(x))dx

_fB)=fla) . _ &b)—gla)
a0 9T b

in which

F
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Theorem 3.4.1. Let f, g: [a,b] — R be absolutely continuous functions with derivatives
f',¢ € Ly[a,b]. Then we have

Sl <5 s [ ()I(blallf'%—F2> el (51618 - )]d
(3.4.1)

for all x € [a,b] and

1

1 b 1 3 1 !
0l < s | [Ig(X)<H||f’II§—F2> #1001 (5118 -6 ]dx.
(3.4.2)

Theorem 3.4.2. Let the assumptions of Theorem 3.4.1 hold. If y < f/(x) < T, ¢ < g'(x) <

@ for x € [a,b]; where y, T', ¢, ® are real constants. Then we have

5(7.8)] € 3= 80T =)+ £l (@— )], (343
for all x € [a,b] and
1 b
H(.9)| < 575 || 1@ =)+ /@)@~ 0)]dx. (344

Remark 3.4.1. If we take g(x) = 1 and hence ¢’(x) =0 in (3.4.1) and (3.4.3), then by

simple computation, we get the inequality established by Barnett, Dragomir and Sofo in [7,

a+h

Theorem 2.1] and if we set x = in (3.4.1) and (3.4.3), then we get the corresponding

midpoint inequalities.

Proofs of Theorems 3.4.1 and 3.4.2. Define the function

t—a if t €Ja,x],
plxt) = .
t—b if t € (x,b].

By using the well-known Korkine’s identity (see [79]) for mappings f, g : [a,b] — R, which

can be easily proved by direct computation:

1) = sars | [ 0= 76)6t0) (6Dt

where T'(f,g) is defined by (2), we obtain
1 b , 1 b 1oqb,
m/ﬂ px,t)f (t)dt — <b—a/a P(x7f)dl> (b—a/a f(f)df>

s | s = pla) (70— ) (345)
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By simple calculation, we obtain

e [ penrwa= 16— [

1 b a+b
— t)dt =x—
[ ptenar=x- 2,

and
S

Using these facts in (3.4.5), we get the following identity (see [7]):
1 b a+b
- _Fx—
) b—a./a f(oydr (x 2 )

s | s = Pl (70 - ) (3.46)

for all x € [a,b]. Similarly, we get

g(x)bia/abg@dtc(x“;b)

s | e = pla) ¢ 0~ ()t 347

Multiplying (3.4.6) and (3.4.7) by g(x) and f(x) respectively, adding the resulting identities

and rewriting, we get

b b
s<f,g>:§[g<x>2(bla)2 [ [ ) = plas))(6) ~ 1 ())deds
W [ [ ) - plr) O~ as| . Gas)
From (3.4.8) and using the propertles of modulus, we get
IS(f,g)l\[lg( s [ 1o = ple) )~ 0
Wy [ [ o0 - el @) - ¢ @laras]| . @)

By using the Cauchy-Schwarz inequality for double integrals, we observe that

s | P = sl @) - g s laras

( o //p(xt xs))zdtds>l
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l

( 2(b—a)? // Wfds) : (3.4.10)

It is easy to observe that

Z(bl_a)2~/ab./ab(p(x’t) — plx,s))*dtds = biia/ablﬂ(x,t) - <bia,/abp(x,t)dt>2
- bia [/:(f—a)2dt+/xb(b_t)zdt} B (x_a_;b)z

—a)? )3 2
:bia{(x a) ;r(b x) }_(x_a;rb) :le(b_a)z’ 3411)
and
1 y f(b
S // ~f(5)Pdeds = - allf%—( <;§<“>) L -r
(34.12)
Using (3.4.11) and (3.4.12) in (3.4.10), we get
1 b b / /
s | 1P = plas)l6) — (o) s
b 2 2 ]
SO (||f I2 F> : (34.13)
Similarly, we get
1 b b / /
s | [ el = el () =g (s
b— 3
<2\f <|| 13- > : (3.4.14)

Using (3.4.13) and (3.4.14) in (3.4.9), we get the desired inequality in (3.4.1).
Integrating both sides of (3.4.8) with respect to x over [a,b] and dividing throughout by
(b —a) we get

H(f.0) = z(bl_a) [ [52 [ [ wte—ptos 570~ ) s

f(x / / p(x1) — p(x,9) (& (1) — &' (s))deds | d (3.4.15)

From (3.4.15) and using the properties of modulus, we have

101 < 35 | |3iees [ [ 1) = plal )~ £ 0aras
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+% / ’ / *1p(et) — plx,5)|[¢' () — g/(s)|dtds] dx. (3.4.16)

Using (3.4.13) and (3.4.14) in (3.4.16), we get the required inequality in (3.4.2). The proof
of Theorem 3.4.1 is complete.

By using the Griiss inequality (3), it is easy to observe that

o< [rora- (71 [ roa) <de-p
\b*a a b—ala \4 Y),
i.e.,
0< ——|IfI3-F < 2r-p2. (3.4.17)
b—a 4
Similarly, we have
1 1
0< —|g3-G" < 7 (@—9)* 3.4.18
s llg'll2 7(®—9) (3.4.18)

Using (3.4.17), (3.4.18) in (3.4.1) and (3.4.2), we get the required inequalities in (3.4.3)
and (3.4.4) and the proof of Theorem 3.4.2 is complete.
In [15], Cerone, Dragomir and Roumeliotis have obtained the following Ostrowski-Griiss-

type inequality for twice differentiable mappings.

Theorem 3.4.3. Let f: [a,b] — R be continous on [a,b] and twice differentiable on (a,b),
and assume that the second derivative f” : (a,b) — R satisfies the condition ¢ < f”(x) < ®

for all x € (a,b). Then we have the inequality

f(X)(xa;b>f’(x)+ (b—a)? 1<xa+b>2 J'(b)—f'(a)

b—a

YRR 2

a+b
2

2
< Lo—¢) B(b—a)—i—‘x— } , (3.4.19)

1
8

1 b
—— / F(t)de
for all x € [a, D).

Proof. From the hypotheses, we have the following identity (see Theorem 1.2.5):

1 b 1 1 b atby
e / K f" ()t = -— / F(o)de + <x2> P —f&),  (3.4.20)
where the kernel & : [a,b]* — R is defined by
2
(t=af if 1 € [a,x],
k(xvt) = (I _2b)2
if 1€ (x,b].

2
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It is easy to observe that the kernel & satisfies the estimation

O elstt),

2

0 < k(x,t) < (x—a)? ath , (3.4.21)
2 ) e 2 ) )
for all ¢ € [a,b]. Applying Griiss integral inequality for the mappings f”(-) and k(x, ), we
get
1 b /] 1 b 1 b /!
[ kwnr o= [Ckenast [
(b—x)? a+b
1 2 , XE€|a, 2 ’
<3@=0)xq (e ath | (3.4.22)
5 Y€ |—5b|
We observe that
b T (t—a)? b (t—b)? 1
/a k(x,t)dt :/a TdhL/x Tdt =5 [(x—a)’+(b—x)*].
Also, a simple computation shows that
(x—a)’ 4+ (b—x)>=(b—a) [(x—a)2+ (b—x)* — (x—a)(b—x)]
=(b—a) [(bfa)2 =3(x—a)(b—x)]
=(b—a)[(b—a)®+3[x*— (a+b)x+ab]]
o Y _a+b 2_ b—a\?
=(b a)[(b a) +3 (x 2) <2>
—(b-a) (b—a)? 3, ath 2
B R AR
Consequently,
b (b—a)? 1 a+b\*
/a k(x,1)dt = (b—a) [ e <x— : ) .
Using (3.4.22), we can state
Lo i (b—a)* 1 a+b\*| f'(b) = f'(a)
b_a/ak(x,t)f (t)dt—[ - +2(x— . ) ]
)2
1 (b 2x) if xe [a7a;b>,
<7@=0)x 1 (e ; (3.4.23)
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From (3.4.20) and (3.4.23), we get

[ s s+ (=52 ) )

(b—a) 1( a+b\’| f(b)—f(a)
{ 24 +2<x 2)

b—a
—y)2 b
1 (b 2x) if xe [cga;_ ),
< (b —
\4(q> 9)x (x—a)? I a+bb
2 2
Now, let us observe that
(b—x)* . a+b
(b—x)? (x—a)? — if x€ |a, 3 ,
maxq ———,——— » = 2
2 2 B e ve |9l
2 2
On the other hand,
(b—x)* (x—a)’ _ LT X+ (x— 0)2 1 2 2
max{ ) =3 > 2’( —x)* = (x—a)’|
1 (b a)? a+b
I ( £ romal-ty
171
=3 pl-a+ ]

and the inequality (3.4.19) is proved.

The following corollaries hold.

Corollary 3.4.1.

inequality:

Let f be as in Theorem 3.4.3. Then we have the perturbed midpoint

a+b 1 1 b 1
—(b—a)(f'(b) — f'(a)) — / 1)dt| < —(®—)(b—a)*.
1(%57)+ 55— a0 o) @) -5, [ roa] < e-o6-a
(3.4.24)
By setting x = # in (3.4.19), we get (3.4.24).
Remark 3.4.2. The classical midpoint inequality states that
a+b 1 b 1 21 oot
— < —=(b- oo 4.2
7(552) - 52 [ roar] < 556-aRr) (3.4.25)

where || f”|cc = sup;e o p) | ()] < co. We note that if & — ¢ < 7
provided by (3.4.24) is better than the estimation given in (3.4.25). A sufficient condition
41"l to be true is 0 < ¢ < @

-, then the estimation

for the assumption ® — ¢ <
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Corollary 3.4.2. Let f be as in Theorem 3.4.3. Then we have the following perturbed
trapezoid inequality:

‘f(a)+f(b)

1
2 _E(

b))~ @)~ [ s

<< (@—9)(b—a). (3.4.26)

x| =

Proof. Putin (3.4.19) x =a and x = b, to get

@+ T @4 o= ) @) - 5 [ o
<@ 0)(b—a), (3.427)
and
10+ T 04 0= 0) @) - 5 [ o
<@ 0)b—a), (34.28)

respectively. Summing (3.4.27) and (3.4.28), using the triangle inequality and dividing by
2, we get the desired inequality in (3.4.26).

Remark 3.4.3. The classical trapezoid inequality states that

a b
HAA IO L [ pioa

Now, if we assume that (¥ — ¢) < 3| f”|

the infimum and supremum of the second derivative f” are close enough, then the estima-

1
< b= allf" |l (3.4.29)

-, and this condition holds if we assume that

tion provided by (3.4.26) is better than the estimation in the classical trapezoid inequality
(3.4.29).
Next, we present the inequalities established by Pachpatte in [100], involving twice differ-

entiable mappings.

Theorem 3.4.4. Let f, g: [a,b] — R be twice differentiable mappings on (a,b) and
f", & : (a,b) — R are bounded. Then

2 (55 [rwa) (51 [ o) - [ (=52 ) r0)
(A [awar) - e (x-S0 g (2 [ e
=1 /
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<80 171 (5 [ lewlar) 41 (2 [ Vi) | Gas0
and

<bia dt) g(x)+ ( g(t)dt) fx)+ (x— a—;b) (f8)'(x) —2f(x)g(x)

E(x) [I1f" lllg )| + 18" lool £ CO)I] , (3.4.31)
for x € [a,b], where
1 , 1 a+b\’
E(x)fﬂ(b—a) —|—2(x— > > . (3.4.32)

Theorem 3.4.5. Let f, g be as in Theorem 3.4.4. Then

10 (525 [ ) e (1 [ roac) -2 (1 [ roar)
(o) [ 252) 5 o)
+g02:§W)(xa;b><blaléﬂﬂm>ﬂ
<0 |17 (525 [ i) + 10 (52 [ o) | cas

and

b—a b—a
[ [+ G (-5 o)
<L) [ el g )+ N8 ool F )T (3.4.34)

for x € [a,b], where

1 x—mz 12
Mﬂzz{Vw;3+4

Remark 3.4.4. It is easy to observe that, by taking g(x) = 1 and hence ¢’(x) =0, g’(x) =

1 2
+ 12} (b—a)?. (3.4.35)

0 in Theorems 3.4.4 and 3.4.5, we recapture respectively the main inequalities established
by Cerone, Dragomir and Roumeliotis in [14, Theorem 2.1] and Dragomir and Barnett in
[28, Theorem 2.1].
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Proofs of Theorems 3.4.4 and 3.4.5. From the hypotheses, we have the following iden-
tities (See, Theorem 1.2.5):

bia /abf(t)dt = [f(x) - (x— “;b> f’(x)] +b7ia/abk(x,t)f"(t)dt, (3.4.36)

bia /abg(t)dt = [g(x) - (x a;b> g’(x)] + bla/abk(x,t)g”(t)dt, (3.4.37)

for x € [a, b] where k(x,t) is given by (1.2.28). Multiplying both sides of (3.4.36) and
(3.4.37) by 7 f g(t)dt and 5— j f(t)dt respectively and adding the resulting identities,

Z(bl_a/abf(t)dt> (bla/abg(t)dt>

_ {f(x)_ a+b>

(-222)]
- (-232) ]
/

+ (b—la bk(x,t)f"(t)dt)

and

we get

(72 [ w0
(= f(t)df)
(72 [ w0
(5 [rngoa) (1 / bf(t)dt) 7 (3439)

for x € [a,b]. From (3.4.38) and using the properties of modulus, we have

25 o) (2 )
- (-2 ro)] (52 [ s
o232 e )
<11 (5 [ telan) 10 (52 [ i)
(5 [ esotar). (3.439)

By using the elementary calculations (see, the proof of Theorem 3.4.3), we obtain

(b— a) 1 a+b\?
— /|k $)|dt = —|—2<x— ! )
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E(x), (3.4.40)

for x € [a,b]. Using (3.4.40) in (3.4.39), we get the required inequality in (3.4.30).
Rewriting (3.4. 36) and (3.4.37) as

Fx) = / F(6)dt + (x— j’) 71— ﬁ / P f(Od (3436)

and

1 b b 1 b
g(x) = 7— / g(t)dt + (x—“;) g -p— / k(x,0)g"(t)dt,  (3.4.37)

for x € [a,b).
Multiplying both sides of (3.4.36") and (3.4.37) by g(x) and f(x) respectively and adding

the resulting identities, we get

270600 = (5 [ 70 ) et + (52, [ et0ar) 0
(x-S0 0 0 (5 [ Ko Oar) st

1 b
- ( : / k(x,t)g"(t)dt) 7). (3.4.41)
—al,
Rewriting (3.4.41) and using the properties of modulus and (3.4.40), we get the desired

inequality in (3.4.31). The proof of Theorem 3.4.4 is complete.

From the hypotheses, we have the following identities (See, Lemma 1.5.2):

flx)= /f(t)dt+f(b) i;(a) <x_a—;b>

b b
T—ap /a /a plx,0)p(t,s)f" (s)dsdt, (3.4.42)

and

I AV CECY S

1 b b
+m / / p(x1)p(t,s)g" (s)dsdt, (3.4.43)

for x € [a,b], where p(x,t) is given by (1.2.11).
Multiplying both sides of (3.4.42) and (3.4.43) by 7 [?g(t)dt and L= [” f(t)dt respec-

tively and adding the resulting identities, we get

100 (5 [ e0ar) 0 (1 [ )
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(b— [ o df)( /b ()dr)

O (Y (L s

48 (b)—g(a) (x a+b> / f dt)
<b a)? // p(x,1) (tSf"(s)dsdt) <a/bg(t)dt)

((b a)2/ / (50)p(t5)g"(s) d“”)( / ft)dt> (3.4.44)

for x € [a,b]. From (3.4.44) and using the properties of modulus, we have

10 (5 [ stoar) o) (5 [ )
2t [(r0a) (1 [ ear)
) ()
e (22) ()
<[ (52 [ 1siar) #1671 (2 [ 1rwlar)]

1 b b
X ((l,a)z/a / Ip(x,1)] p(LS)Idsdt) . (3.4.45)
By using (1.2.11) and simple algebraic manipulations (see [28 ]), we obtain
1 b b
YTyl 1 t,s)|dsdt =L 3.4.46
e | [ ptenlipts)idsar = 1o, (3.4.46)

for x € [a,b], where L(x) is given by (3.4.35). Using (3.4.46) in (3.4.45), we get the in-
equality (3.4.33).
To prove the inequality (3.4.34), we multiply both sides of (3.4.42) and (3.4.43) by g(x)

and f(x) respectively and adding the resulting identities, we get

210060 = [ [ s+ LT (- 0
+ [b_la./abg(t)dt—kg(bli:g( %) (x—a_gb)]f(x)

a

+ (U)_la)z /f /abp(xyt)p(M)f”(S)dsdf) 8(x)

+< ﬁ | /ab'/a” p(%t)p(t,s)g”(s)dsdt) fx). (3.4.47)

Rewriting (3.4.47) and using the properties of modulus and (3.4.46), we get the required
inequality in (3.4.34). The proof of Theorem 3.4.5 is complete.
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3.5 Further inequalities of the Ostrowski-type

In this section, we will give some Ostrowski-type inequalities recently established by vari-
ous investigators in [16,73,101,116] involving n-time differentiable mappings.

In [16], Cerone, Dragomir and Roumeliotis proved the following inequality.

Theorem 3.5.1. Let f: [a,b] — R be a mapping such that f° (=1) is absolutely continuous
on [a,b] and f) € L.[a,b]. Then for all x € [a,b], we have the inequality

(b— ) + (=)f(x —a)fH!
’/ fr)de - g{ i }fuo(x)
(n)
< !n... 1”)07 [ n+l (b*x)n+1] < ’(’}{4_ 1”)0;: (bia)rﬁl (3.5.1)

where Hf(”) HN = SUP;c[q,p) ’f(”) (t)’ < oo,

Proof. From the hypotheses, we have the following identity (see Lemma 1.5.3):

b _nfl (b—x)kH +(—l)k(x—a)k+1 ®
/afmdr—kgo[ = | 6
+(—1)"/bE,,(x,t)fW(t)dn (3.5.2)

for all x € [a,b], where E,(x,?) is given by (1.5.23). From (3.5.2) and (1.5.23), we have

b— xk+l *lkX7ak+l
[ o=y [C=E CHE I gy

=| [ B Oar] < ). [ 1o

X —a n b 4\
= ||f(”)HDO |:/a %dt+/x (bn‘t) d] |(|n+1||)o<; [x a)n+1+(b7x)n+l]’

and the inequality (3.5.1) is proved. To prove the second inequality in (3.5.1), we observe

that
(xia)nntl +(b7x)n+l < (b*(,l)”Jrl,

for x € [a,b].
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Remark 3.5.1 By takingx = % in (3.5.1), we have the inequality

b WD G—a)! gy fa+b) | L
/Llf(t)dt_,;){ (k+1)!] 21 f(k)( 2 ) S 21!

(b—a)"t'. (3.5.3)

If we choose n =1 in the inequality (3.5.1), then by simple calculation, we get the well-
known Ostrowski’s inequality in (7).
Another result analogous to Theorem 3.5.1 obtained by Mati¢, Pecari¢ and Ujevi¢ [73], is

embodied in the following theorem.

Theorem 3.5.2. Let f:I — R, where I C R is an interval. Suppose that f is n-time
differentiable in the ; (the interior of I), and let a, b € ; ,a<b. Let f () ig integrable on
[a,b] and suppose that y < ") < T for all x € [a,b], where y and T are real constants. For
x € [a,b], define

n—1 (b _x)k-H + (—l)k(x— a)k-H
= (k+1)!

Rax) = F(3) + 5 O
(bix)nﬁ»l + (71)n(xia)n+l
(n+1)!(b—a)?
Then for all x € [a,b],

Py [ b ((emap™ b\
'R”<x>|<2(nz)[ (b—a)n+1) < b—a)n+1) )} - B39

[f“’*l)(b) _ fwn(a)} - 1 y /abf(t)dt.

Proof. From the hypotheses, the identity (3.5.2) holds (see, Lemma 1.5.3). We can

rewrite (3.5.2) as

b B (b —x) (=) (x — a)F !
/a f(t)dt—(b—a)f(x)+; (k+1)!

JO )

or
-1 n+1 b
( bja / En (1)) (t)dr
3 1 " l(b x)k+l+(71)k(x a)k+1 ) 1 b
A=) a1 (x)—bia/a fnd. (355
Also,

b X (t—a)* b (+ _ K\ x_an+1_x_ n+1
/a En(X,t)dtz./a (tn ) dt—i—/x U n!b) dr = ¢ )(n—i—l()! b)
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(b2 4 (1))

= (=0 (n+1)! ’

and

[ £ = 50 ) 1 (a).

So, we have

(b :;/E xtdt/f (t)dr

_ )l —1)(x —a)rt!

Using (3.5.5) and (3.5.6), we see that

it [ [ B0 - s B [ 0],

is equal to R,,(x). We now apply Theorem 1.2.1 with E,(x,-) and f")(-) in place of f and

g, respectively, to obtain

%(F—7/)\/T(En(x,-),En(x,-)) , (3.5.7)

where T'(+,-) is given by (2). We have already calculated

b x_an+1_ Y — n+1
/HE,,(x,t)dt:( )(n—i-l()! b) .

IRa(x)] <

Similar calculation gives

b
/ E2(x,1)dt =

(x_a)Qn-H _ (x_b)2n+l
(n)2(2n+1) ’

so that

T(Ey(x,), En(x,-)) = ﬁ/abE,%(x,t)dt— ﬁ (/ubE,,(x,t)dt)z

. 1 (x—a)2n+1 _ (x—b)2n+1 (x_a)n+1 _ (x—b)”“ 2
~ (n!)? [ (b—a)(2n+1) B ( b—a)(n+1) ) } . (3.5.8)

Combining (3.5.7) and (3.5.8), we get (3.5.4). The proof is complete.
In arecent paper [101], Pachpatte has established the following new generalization of Milo-

vanovi¢, Pecari¢ inequality [77], involving a pair of n-time differentiable mappings.
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Theorem 3.5.3. Let f, g: [a,b] — R be continous functions on [a,b] and n-times differ-
entiable on (a,b), and with derivatives ), g : (a,b) — R being bounded on (a,b), i.e

9] =502 [ 70| < ] = 0 |50 < . T

‘f(x)g(x) - ﬁ[g(x)lo + f(x)Jo] = 2(% [ Z L+ f(x Z Jk]
1 (X7d)”+l+<b*x)n+l

< s [ |+ il | SR sy

for all x € [a,b], where I, Iy and Ji, Jo are respectively given by (1.5.9) and (1.5.10) in

Section 1.5.

Proof. Letx € [a,b],y € (a,b). From the hypotheses, by using Taylor’s formula with the

Lagrange form of the remainder (see[77]), we have

ka(y) + f (&) (x—y)", (3.5.10)
and
n—1 k(y) 1 ) .
g(x) =g+ (x—y) + 8" (@) (=), (3.5.11)
k=1 .

where E =y+o(x—y)(0<a<1l)ando=y+P(x—y) (0 < B <1). Let Fi(x) and Gi(x)
be respectively given by (1.5.6) and (1.5.7) in Section 1.5. From the definitions of I, Jj

and integration by parts (see [77]), we have the relations

n—1 n—1
I+ Zlk:nlo—(b—a)ZFk(x), (3.5.12)

n—1

J0+Zlk—nlo— (b—a ZGk (3.5.13)

Multiplying (3.5.10) and (3.5.11) by g(x) and f(x) respectively, adding the resulting iden-

tities and rewriting, we have

Fg0) = %g(x)f(y) + %f(X)g(y)

n—1 r(k) —
350 T L ey ;

2L el () )+ %%f(X)g(")(c)(x—y)". (3.5.14)
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Integrating (3.5.14) with respect to y over (a,b) and rewriting,we obtain

f(X)g(X)—z(bl_a)[g(X)IoJrf(X)Jon(;[ 21k+f sz]

+2(17 a) n'{ /f (= y)ndy+fx)/ (o)~ y)”dy} (35.15)

From (3.5.15) and using the properties of modulus, we have

fx)g(x) — ﬁ[g(x)[o + f(x)Jo] = 2(,)% [ Z L+ f(x Z Jk]

\2(bl—a)rj![|g(x)(/ab‘f<")(5 lx — y|"dy+|f(x)|/ (G - y|ndy:|

b
< s=arr [ 7N .] [ b=ty

:%(f’l—il)![ Ol A2+ 1™ }[(x_a)nttib_x)nﬂ}’

which is the required inequality in (3.5.9). The proof is complete.

The following Corollary holds.

Corollary 3.5.1. Let f, g: [a,b] — R be continuous functions on [, b] and differentiable
on (a,b) and with derivatives f’, ¢’ : [a,b] — R being bounded on (a,b), i.e
suPre(ap) [ ()] < oo, (|8 llo = SUPse (4 ) |8/ (£)] < oo. Then

oo =

F0)8(3) = 557 o+ 0
! / o [y ==, 35.16
3 D8I o+ 7@ ] |3+ 22 | (b=, (35.16)

for all x € [a,b], where Iy and Jy are as in Theorem 3.5.3.

Remark 3.5.2. We note that in the special cases, if we take (i) g(x) = 1 and hence
¢"(x) = 0 in (3.5.9) and (ii) g(x) = 1 and hence ¢'(x) = 0 in (3.5.16), then by simple
calculations we get the inequalities given by Milovanovi¢ and Pecari¢ [77] and Ostrowski
[81] respectively.

The following Theorem contains the Ostrowski type inequalities, recently established by
Pachpatte in [116], involving a harmonic sequence of polynomials and a pair of n-time

differentiable functions.
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Theorem 3.5.4. Let (P,) be a harmonic sequence of polynomials, thatis P, = P,_1,n > 1,
Py=1.Let f, g: [a,b] — R be such that F=1D ¢(=1) are absolutely continuous for n > 1
and f, ¢ e Lyla,b], 1 < p < eo. Then

B+ 7Bl - 5 [e00) [0+ 109 [ ston]

a

<D(n,p,x) {\g(x)|Hf(”)Hp+ |f(x)|||g<")|]p} : (3.5.17)

and

LR8I0~ 5 |Ble(o] [ o517 0)] st

! b 1 b n n
+(ba/a f(f)dt) (ba/a g(t)dt)'é (Do p 0 P(IF N, (35.18)
for all x € [a,b], where B[] is given by (1.5.4),

D(n,p,x) = [Pa-re(-,x) |, » (3.5.19)

o
n(b—a)

t—a if t €la,x|,

e(t,x) = a1

t—b if t € (x,b],
andasusual%—i—ﬁ:lwithp’:lforp:oo,p’:ooforp:1and I/, is the norm in

Lpla,b].

Proof. From the hypotheses, we have the following identities (see. Lemma 1.5.4):

b _1\y»—1 b
B[f(x)]fbia/a f(t)dt:i(bl)_a) / Po 1 (el )£ (1), (3.5.20)
and
b _1\y»—1 rb
Bls] - - [ st = L [ etrng ar G2

for x € [a,b]. Multiplying (3.5.20) and (3.5.21) by g(x) and f(x) respectively and adding

the resulting identities, we have

B+ 100800 5 [eto) [0+ 10 [ o]

_ ﬁl(;fa; [gm [ Pseten) s war s s | an1<r>e<r,x>g<"><r>dr} L3522

From (3.5.22) and using the properties of modulus and Holder’s integral inequality, we

have

B+ 7Bl - 5 [e00) [0+ 109 [ ston]




P—— "
< [0l [ P ele. g o) |

o [|g<x>| {/ "|Pn_1<t>e<t,x>|1’/dz}’b A

HEw) {/ Pus (et ) dz}‘l'{/ab g“%t)]”dt}ii

= D(n,p,) [|g<x>|||.f<">up+ r@Ile”],]
This is the required inequality in (3.5.17).
Multiplying the left hand sides and right hand sides of (3.5.20) and (3.5.21), we get

BU (Bl — —— |BleCo)] [ ftyar +BlF) [ a(tyar
b a Ja Ja

+<bia/abf(t)dt> (l:a/abg(t)dt>

= ,fz_(;)_zna; { /a anfl (1)e(t,x)f") (t)dt} { / ani(t)e(t,x)g<”)(t)dt}. (3.5.23)

From (3.5.23) and following the proof of inequality (3.5.17) given above with suitable

P 1(0ela, 070 a4 170 [

modifications, we get the required inequality in (3.5.18). The proof is complete.

Remark 3.5.3. If we take g(r) = 1 and hence g"~")(¢) = 0 for n > 2 in (3.5.17), then we
get a variant of the Ostrowski-type inequality given by Dedi¢, Pecari¢ and Ujevi¢ in [22].

For many additional interesting results see [21].

3.6 Discrete Ostrowski-type inequalities

This section is devoted to the discrete Ostrowski-type inequalities that have recently inves-
tigated by Pachpatte in [88,105,114,133].

The first Theorem considers the Ostrowski-type inequalities proved in [88].

Theorem 3.6.1. Let {x;} fori=0,1,...,n (n € N) be a sequence of real numbers. Then

the following inequalities hold

X0 + Xp 1l
Zx, < > <§ni§)|Axi|7 (3.6.1)

and

n—1 2 2 n—1
X5+ X
inz_n<0n) <n ¥ |Goir1 +x1)Ax] (3.6.2)

i=0

where Ax; = xj11 —x;
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Proof. 1t is easy to observe that the following identities hold (see [88]):

i—1

xi=xo+ Y Axj, (3.6.3)
j=0
.
=x.— Y Axj, (3.6.4)
i—1
X =g+ ) (1 ) (Ax;), (3.6.5)
j=0
n—1
xi2 :x%l, Z(Xj+1+Xj)(A)Cj). (3.6.6)

j=i
From (3.6.3), (3.6.4) and (3.6.5), (3.6.6), we have

x0+xn 111 lnl

Xi= — ZAx ZAx,, (3.6.7)
and
B4z 1 nl
xl.2: 0 5 + - Z Xjp1+x;j (Ax) Z(xj+1+xj Ax) (3.6.8)

Summing both sides of (3.6.7) and (3.6.8) from i = 0 to n — 1 and by making elementary
calculations, we get the required inequalities in (3.6.1) and (3.6.2). The proof is complete.
The next Theorem contains the discrete Ostrowski-type inequalities given in [114], involv-

ing two sequences.

Theorem 3.6.2. Let {u;}, {vi} fori=0,1,...,n (n € N) be sequences of real numbers.
Then the following inequalities hold

1 1 n—1
Ui — 2[V,U+l/l V] ‘ <2 [|v,| Z | Auj| + [ui] Z |Av,y] (3.6.9)
and
1 n—1 n—1
luivi — iU +uiV]+UVI <~ | Y JAus] | [ Y [Avy] |, (3.6.10)
4 j=0 j=0
fori=0,1,...,n, where
uy +uy, Vi+Vp
U=—— V=—— 3.6.11
2 ) 2 ) ( )

and A is the forward difference operator.
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Proof. From the hypotheses, we have the following identities (see [108, p. 352]):

1 [i—1 n—
ui—U = 5 ;)Auj — ZAMJ} , (3.6.12)
L/= J=t
and
1 [i— n—1
ii=V=g | ) Avi— ) Avyl (3.6.13)
Lj=0 J=i

Multiplying both sides of (3.6.12) and (3.6.13) by v; and &; (i = 0,1,...,n) respectively,

adding the resulting identities and rewriting, we get

-1 i—1 n—1
ff[vU+ul = |: [ZAM] ZA”f ZAijAVjH. (3.6.14)
=i =0 j=i

Multiplying the left hand sides and right hand sides of (3.6.12) and (3.6.13), we have

1 i—1 n—1 i—1 n—1
uivi—[viU+uiV]+UV:Z [ZAuj—ZAuj] [ZAVj_ZAVj . (3.6.15)
=0 =i =0 =i

From (3.6.14), (3.6.15), using the properties of modulus and sums, we get the desired

+ u;

inequalities in (3.6.9) and (3.6.10). The proof is complete.
In the following theorem, we present the inequalities established in [133], similar to those

of given in the above theorem, by using somewhat different representation.

Theorem 3.6.3. Let {uy}, {vi} for k =1,...,n be two finite sequences of real numbers
such that max;<x<,—1{|Aug|} = A, max;<<,—1{|Avk|} = B, where A, B are nonnegative

constants. Then the following inequalities hold

UV — — [kau, +uk2v,}

1 n n 1 n n
uka_; VkZMi+Mkai +— Zui ZVi
i=1 i=1 i=1 i=1

for k= 1,...,n, where H, (k) is given by (1.6.35).

= [[vi|A + |ux |B] H, (K), (3.6.16)

and

<AB{H,(k)}*,  (3.6.17)

Proof. Following the proof of Theorem 1.6.5, we have (1.6.38) and (1.6.40). From
(1.6.38) and (1.6.40) and using the properties of modulus, we get the desired inequalities
in (3.6.16) and (3.6.17).
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Remark 3.6.1. By taking v; = 1 and hence Avy =0 for k = 1,...,n in (3.6.16) and by

simple computation, we get

ln
uk‘;Zui

i=1

< .0.
S Hy (k)| max {|Au}, (3.6.18)

for k=1,...,n. By simple computation (see [49] ), we have

n?—1 n+1 2
H,(k) = Z|Dn(kz [ 2 +(k— 2)

In fact, the inequality (3.6.18) is established by Dragomir [49, Theorem 3.1] in a normed

(3.6.19)

linear space.
In concluding this section we give the discrete Ostrowski-type inequality recently proved
n [105].

Theorem 3.6.4. LetN,, ={a,a+1,....a+n=>}foracR,neN.Let f(1), g(t), h(r)
be real-valued functions defined on N, ; and are zero when 1 ¢ N,; and |Af(r)| < Mi,
|Ag(t)| < Ma, |Ah(t)| < M3, on N, ,, where My, M>, M5 are nonnegative constants. Then

b—1 b—1 bh—1
f(0)g(t)h(r) — ﬁ lg(t)h(t) ; f(s)+h()f(1) ; 8(s)+ f(1)g(t) ; h(s)}

1
< 3 lgOIIA@) 1My +[RO)]1f (1) M2 +1f (1)l (1)[M5] B(1), (3.6.20)
for all 1 € N, ;,, where
1 a+b
B(t)=|= — . .6.21
o-[ief-22] -
Proof. Forany ¢, s € N, it is easy to observe that the following identities hold:
i—1
fO)=f(s) =Y Af(m), (3.6.22)
-1
g(r) —g(s) = Z Ag(m), (3.6.23)
h(t) — h(s Z Ah(m (3.6.24)

Multiplying both sides of (3.6.22), (3.6.23) and (3.6.24) by g(1)h(t), h(t) f(r) and f(1)g(t)

respectively and adding the resulting identities, we get

3f(1)g(0)h(t) — [(0)h(r) f(s) + (1) f(2)8(s) + f (1)8(1)h(s)]

t—1
h(t) Y Af(m)+ Z Ag(m)+ f(1) Z Ah(m (3.6.25)
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Summing both sides of (3.6.25) over s from a to b — 1 and rewriting, we have

b1 b1 b—1
F(t)g(t)h(t) — ﬁ [g(t)h(f) ; f(s) +h(t)f(r) ; g(s)+ f(t)g(t) ; h(s)
1 b—1
23@@2[ o) X a0m)+40)70) . gl
+/(1)g(r) Z Ah(m ] (3.6.26)

From (3.6.26) and using the properties of modulus, we have

b—1 b—1 b—1
F0)8(0h(0) - 35— [go)h(r) Y. £()+h(e)f(0) X 8()+ F(g(0) ¥ h<s>} ’

| .
< 35—y BOIHOIM -+ [RONFOM -+ 7)) 5] Z (-s)].  (G627)
By using the summation formula for Arithmetic Progression, it is easy to observe that
b—1 —u
Z(I—s) =|t(b—a)— [2a+b—a—l]‘
S=a
1 b
= [2+ t—”; H (b—a)=B(t)(b—a). (3.6.28)

Using (3.6.28) in (3.6.27), we get (3.6.20). The proof is complete.

Remark 3.6.2. By taking /(7) = 1 and hence Ah(t) = 0 in Theorem 3.6.4 and by simple

computations, it is easy to see that the inequality (3.6.20) reduces to

b—
f(t)g(t) - (b] ) [ ()Z )+ f(1) Zg(S)H

=a

< 5 le() o + 1) 112 B, (3.629)

forallt € N, ;. Further by taking g(7) = 1 and hence Ag(r) = 0 in (3.6.29), we get by simple

computation

b—1
’f(t) - Y )| < MiBO), (3.6.30)

for all t € Ny .
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3.7 Applications

The literature on the applications of inequalities related to the celebrated Ostrowski’s in-
equality is vast and rapidly growing vaster. In this section, we present applications of
certain inequalities given in earlier sections, which have been investigated during the past

few years.

3.7.1 Applications for some special means

We present below, applications of Theorem 3.2.2 given by Dragomir and Wang in [26], to
the estimation of error bounds for some special means. In [26], some important relation-
ships between the following means are given.

(a) The arithmetic mean:

b
A:M%m:“;, a, b>0.

(b) The geometric mean:
G =G(a,b)=Vab, a,b>0.

(c) The harmonic mean:

H:H((l,b):ﬁ, a,b>0.
a'b
(d) The logarithmic mean:
b—
S AL T a#b,
L=L(a,b) = logb—loga a, b>0.
a if a=b,
(e) The identric mean:
1
VA
I=1I(a,b) = g<m> ifazb, pso.
a if a=0b,
(f) The p-logarithmic mean:
pp+l _gpt1 b . b
L,=Ly(a,b) = [(p—l—l)(b—a)} it a7 b, peR—{-1,0}; a, b>0.
a if a=b,

The following simple relationships between the means are well known in the literature:

H<G<SLLILA,
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and L, is monotonically increasing in p € R with Lo =Iand L_| = L.
1. Applying the inequality (3.2.6) to the mapping f(x) =x” (p > 1), x € [a,b] C (0,0), we
get
1 1 -2
‘xp Y —pLZfl(x—a)‘ < (b—aP(p-nLp7. 3.7.1)
If we choose x = A and x =1 in (3.7.1), then we get, respectively,
1 )
A7~ | < 20— (p— 1)),
and
12— pr? 1= a) < L —ap2(p— 1172
—Lp—p pfl( —A)| < Z( —a)*(p—1) p—2°

2. Choosing f(x) =1, x € [a,b] C (0,%) in (3.2.6) we obtain

1 1 x—A| _ A(b—a)
- < , 3.7.2
x L G2 2G* ( )
for all x € [a,b]. Replacing x in (3.7.2) by A and L, we get
A’L(b—a)?
0<A-L< 2209 373
2G4 073
and
A(b—a)?
0<A-L< 22" 374
2G2 ©.74)

respectively. Note that % > %, since AL > G2. Then the last term in (3.7.4) is a sharper

bound for A — L than that in (3.7.3).
3. We now apply (3.2.6), to the mapping f(x) = —logx, x € [a,b] C (0,), to get

x—A b—a
I(2 (b—a) =
log % < log <Z> , (3.7.5)

for all x € [a,b]. Putting x = A and x = I in (3.7.5), we obtain respectively, the following

inequalities

and

0<A—I< ~(b—a)’

N

We remark that one can also choose x = L, x = G, and x = H in inequalities (3.7.1), (3.7.2)
and (3.7.5). The resulting inequalities in L, G and H will be similar to those obtained

above. We omit the details.
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3.7.2 Applications in numerical integration

In [150], Ujevi¢ used the various special versions of Ostrowski-type inequality in Theo-
rem 3.2.5 to study the numerical integration. We present below the results given in [150],

which deals with the approximations of the integral | f f(r)de

Theorem 3.7.1. Let all assumptions of Theorem 3.2.5 hold. If I, = {a=xp <x; < --- <

x, = b} is a given subdivision of the interval [a,b] and h; = x;y1 —x;, i =0,1,...,n— 1,
then
b
/ f(t)dt:A(Inaémf)_‘_RY(In:émf)v (376)
a
where
n—1
X; +x
Al 8. )= Y [f(é) («; - )} hi, (3.7.7)
i=0
forx; <& < xi41,i=0,1,...,n— 1. The remainder term satisfies
n—1
Xi + X;
Ryt &0 < L5 |5+ 5= 2 318
i=0
where S; = L (f(xi11) — f(x:)),i=0,1,...,n— L. Also,
b
[ Pt = A0 E 1)+ Re(1, 8. 1), (379
where
- h; Xi 4 Xit1 ]
Rr (I, r=S)|= i — hi. 7.1
[Rr (1, &, f)] < ; S)[2+é 5 (3.7.10)

Proof. We apply inequality (3.2.49) in Corollary 3.2.1 to the interval [x;,x;+1], then
Xi +x Ykl
e (&- "5 - [ poa

J X

Xi +Xit1
2

<(Si—7v) BJF &i—

fori=0,1,...,n— 1. We also have

f(&i)hi— 7(& 'M+M“) / f(t)dr = / lﬂéJﬂfo)—ﬂdn (3.7.12)

where

]m, (3.7.11)

&@hﬂ—-{i_m’ e b, (3.7.13)

—Xip1, 1€ (&xit],
fori=0,1,...,n— 1. If we now sum (3.7.12) over i from 0 to n — 1 and apply the triangle
inequality and (3.7.11), then we get (3.7.6), (3.7.7) and (3.7.8). In a similar way, we can
prove that (3.7.9) and (3.7.10) hold.
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Remark 3.7.1. If we set §; = % in Theorem 3.7.1, then we get the composite mid-

point rule.

Theorem 3.7.2. Let all assumptions of Theorem 3.2.5 hold. If I, = {a=xo <x; < --- <

x, = b} is a given subdivision of the interval [a,b] and h; = x;4) —x;, i =0,1,...,n—1,
then
b
[ @)= Ax 1. 1)+ Rey 1), (3.7.14)
where
n—1
1
At (I, f) =} 5 () + f (i) iy (37.15)
i=0
1 n—1 )
[Rey(ln, ) < 5 1 (Si= 1), (3.7.16)
i=0
and S; is as given in Theorem 3.7.1. Also,
b
[ 10dt = Ax(tn, )+ Rar s £), (37.17)
where
1 n—1
[Rar (. /)] < 5 ) (D= Si)hi. (37.18)
i=0

Proof. We apply inequality (3.2.52) in Corollary 3.2.2 to the interval [x;,x;+1], then
1

‘Wh' - :M floydr| < 5(Si— ki, (3.7.19)
fori=0,1,...,n— 1. We also have
| = [ k@1 @) - viar (3:7.20)
where
R(t)=1— % (3.7.21)

fori=0,1,...,n—1. If we now sum (3.7.20) over i from O to n — 1 and apply the triangle
inequality and (3.7.19), then we get (3.7.14), (3.7.15) and (3.7.16). In a similar way, we
can prove that (3.7.17) and (3.7.18) hold.
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Theorem 3.7.3. Let the assumptions of Theorem 3.7.1 hold. Then

b
[ 10t = Ac(ln,&.9)+ Ryl E.£). (3722)
where
Xi)+ f(x;
Ac(h &, 1) = Z w hi
1:0
Z F(ENh — CZ ( x’”’“)h,, (3.7.23)
and
n—1 h X+ X;
[Rey(ln &, )] < L (Si=7) [4’ |5 T } i, (3.7.24)
i=0
forC = %, where §; is as given in Theorem 3.7.1. Also,
b
[ F@)de = Act &)+ Rer (18, (37.25)
a
where
n-l h,’ Xi +X;
L M L CEED
i=0
r
for C = 3

Proof. We apply inequality (3.2.54) in Corollary 3.2.3 to the interval [x;,x;+1], then

S ) + f (xig1) 1 X; +x,+1 il
it S (G)hi <§1 ) hi — /x l_ flt)ar

Xi+Xit1

&2t

h;

<Si-7 |7

( 7){4+
fori=0,1,...,n— 1. We also have

HR e St (625 = [ s

] hi, (3.7.27)

4
Xit1
/ k(&i,0)[f' (1) = Y)dt, (3.7.28)
where
*%7 t € [x;, &l
k(&i,t) = o (3.7.29)
t_?7 t€(§i7xi+1]7

fori=0,1,...,n— 1. If we now sum (3.7.28) over i from 0 to n — 1 and apply the triangle
inequality and (3.7.27), then we get (3.7.22),(3.7.23) and (3.7.24). In a similar way we can
prove that (3.7.25) and (3.7.26) hold.
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Remark 3.7.2. If we set § = = H’“ in Theorem 3.7.3, then we get corresponding com-

posite rules which do not depend on &.

Theorem 3.7.4. Let the assumptions of Theorem 3.7.1 hold. Then

b
| 0= As(1,.8 )+ Ryl B 1), (3730
where
v i+ Xi
Invé f 6 ; Xz +4f éz +f(XH»l) h SZ <§1 xzx-H> hi, (3731)
and
Rsy(In, &, f)| < Z(S 7) { e =1 +2x’“ ] hi, (3.7.32)
for S = %” where §; is as given in Theorem 3.7.1. Also,
b
[ 0 = As(t,. 8. £)+ Rer (1., (3733
where
= Xi +xl+l
Rsr (1, &, f)] Z { + &= } hi, (3.7.34)
and S = &

Proof. We apply inequality (3.2.56) in Corollary 3.2.4 to the interval [x;,x;11], then
2y Xi +x 1
§ U0 +47@) + s~ (&= Y u [ oy

ol

fori=0,1,...,n— 1. We also have
S +47(E) 4 sl 3 (&= e [

= [ ko) -, (3.7.36)

where |
Sxi+Xiq1
Ken={ +2x_+ ekl (3.7.37)
1= ITIH’ t € (& xit],

fori=0,1,...,n— 1. If we now sum (3.7.36) over i from 0 to n — 1 and apply the triangle
inequality and (3.7.35), then we get (3.7.30), (3.7.31) and (3.7.32). In a similar way we can
prove that (3.7.33) and (3.7.34) hold.
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Remark 3.7.3. If weset & = % in Theorem 3.7.4, then we get the composite Simp-

son’s rule.

3.7.3 More applications in numerical integration

Consider the partition I, : @ = xo < x| < -+ < x,, = b of the interval [a,b] and the inter-
mediate points & = (&,...,&n—1) where &; € [xj,xj11], j=0,1,...,m—1. Define the

formula

m— lnl X+ jk+] 1)k =X k+1
mk flmvé Z Z i é) +( 1) (é ) }f(k)(él)y

fee (k+1)!

which can be regarded as a perturbation of Riemann’s sum

fImyé Zf(&] Js

where hj =xj 1 —xj, j=0,1,....m—1.
The following Theorem holds (see [16]).

Theorem 3.7.5. Let f: [a,b] — R be a mapping such that f’ (n=1) jg absolutely continuous

on [a,b] and I, a partitioning of [a,b] as above. Then we have the quadrature formula

b
| 101 = Fus(Fo s &)+ Roa (£ 6, (3.7.38)
a
where F,, 1 is as defined above and the remainder R,, ; satisfies the estimation
‘ mk(f 1, é)’ ||fn ||oo mil [(éA_xA)nJrl +(x'+l _éA)nJrl]
) (n+])| p=t J J J J
B ] R Sy
. 3.7.39
(n+1)! Z ( )

for all & as above.

Proof. Apply Theorem 3.5.1 on the interval [x;,xj1], to get

s o [ = &)+ (=DM —x) ]
/xj f@‘”*k;o k+1)!

Nay

A ()

1]l
(n+1)!
forall j=0,1,...,m—1.

Summing over j from 0 to m — 1 and using the generalized triangle inequality, we deduce

o\t . gn+l Hf(n)Hoo n+l1
[(&/ X)) 4 (xj1 = &) ]< h,

<
= (n+1)17

the desired estimation (3.7.39).
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As an interesting particular case, we can consider the following perturbed midpoint formula

Sy (—1)k] HH! xj+Xx;
mkfa ZZ[ k—|—1 :|2k+1f (j 2'/+1)7

which in effect involves only even k.

We state the following result concerning the estimation of the remainder term.

Corollary 3.7.1. Let f and [, be as in Theorem 3.7.5. Then we have

b
/ flx)dx = Mm,k(me) +Rm7k(f71m)7 (3.7.40)
a
where M, ;. is as defined above and the remainder term R,  satisfies the estimation
Hf Hoo +1
| Rk (f )| < 1 h’} . (3.7.41)

3.8 Miscellaneous inequalities

3.8.1 Dragomir, Barnett and Wang [33]

Let X be a random variable with the probability density function f : [a,b] — R, and with
cumulative distribution function F(x) = Pr(X < x).If f € Ly[a,b], p > 1, then we have the
inequality

HT‘I Lig

" b—x\ ¢
b—a

Pix <) - 50 < Ly | (32)

| fllp(b—a)

-

for all x € [a,b], where %—f— é =1.

3.8.2 Cheng [19]

Let f:1 C R — R be a mapping differentiable in ; (interior of 7), and let a, b € ;, a<b.
If f is integrable and y < f/(r) < T for all t € [a,b] and some constants ¥, I" € R, then we

have

’f@)_(x_“;b) f(b)— fla) la/abf(”d’ B

forallz € [a,b].
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3.8.3 Dragomir, Cerone and Roumeliotis [47]

Let f : [a,b] — R be continuous on [a, b], differentiable on (a,b) with derivative f”: (a,b) —
R being bounded on (a,b). Then

[ ra- s -2+

1 a+b 2
< l4(b—a)2(az+(1_x)2)+< - )

forall A €[0,1] anda—i—?t”%“ gxgb—/l’%“.

3.8.4 Ujevi¢ [155]

Let I C R be an open interval and a, b € I, a < b. If f : I — R is a differentiable function
such that y < f(¢) < T, for all 7 € [a,b] and some constants ¥, " € R, then we have

-0 | SU@+ 1)+ 1-270 - 1= (- 52 |- [ soa

r a+b

—vl1 2
<2[4(b—a)2(l2+(l—l)2)+<x— 5 >

Wherea—i-le <x \b—lb;za and A €[0,1].

I

3.8.5 Pachpatte [123]

Let f, g, h: [a,b] — R be continuous on [a,b], a < b and differentiable on (a,b) and
w : [a,b] — [0,0) be integrable function such that [”w(y)dy > 0. If K'(1) # 0 for each
€ (a,b). Then

f(x)g(x) [ fx) /a bW(y)g(y)ng(x) /a bW(y)f (y)dy}

2/

£ s+ |

b
=l I )= —5—— [ vy

/a bW(y)dy ‘

1
<=
d|

for all x € [a,b], where

!

/!

8

h/

g'(t)
H (1)

f'@)
H(t)

< oo,

= sup
o te(ab)

'<°°’ ’

= sup
o te(ab)



Ostrowski-type inequalities 183

3.8.6 Pachpatte [105]

Let f, g, h: [a,b] — R be continuous functions on [a,b], a < b and differentiable on (a,b)
with derivatives f',g’, i’ : (a,b) — R being bounded on (a,b). Then

70 - 355 et [ 1)y

+0)70) [0y + et [ holas)

a

[ [RE)L oo + IR F (T8 oo + 1 ()18 COIA 1] A ),

], where

@ b)\»—a

forall x € [a,

x— ey’
Ax) = [4114_((}7—2)2)] (b—a).

3.8.7 Cerone,Dragomir and Roumeliotis [14]

Let f : [a,b] — R be a twice differentiable mapping on (a,b) and f” : (a,b) — R is bounded

on (a,b). Then we have the inequality

‘ x) —5 a/f t)dt — < +b)f(x)’<[214(ba)2+;< a+b>

b—a)?
<Py,

17”1l

for all x € [a,b].

3.8.8 Dragomir and Barnett [28]

Let f : [a,b] — R be a continuous function on [a,b] and twice differentiable on (a,b), with

second derivative f” : (a,b) — R being bounded on (a,b). Then we have the inequality
—fla) [ a+tb
‘ M=o a/ f) b a 2

1 [(x“#’f 1)’

w2t p—apyp. < 20

/!
= 1" e

< —
2\ | o=a? T3

for all x € [a,b)].
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3.8.9 Ujevic [151]
Let f: 1 C R — R be a twice continuously differentiable mapping in ; (the interior of 1)

with f” € Ly(a,b) and leta, b € ;, a < b. Then we have

0 (- 52) OO L ] < g,

for x € [a,b].

3.8.10 Pachpatte [100]

Let f, g: [a,b] — R be mappings with first derivatives being absolutely continuous on [a, b]

and assume that the second derivatives ", g” € Lu[a,b|. Then

) (2 L)
{52022} ) G o)
{23252 0} )
) 171 (52 [ stwar) + 11 (5 [ roar) .
(52 [ rar) s+ (2 [ etar) 1) - rreto

_% [f(a)Jrf(b)g(x)Jr8(“)+g(b)f(x)} _ (x “+b> (o) (x)

| —

2 2

M) [[L£" e l8 )] + 18" [l £ (O]

M(x) = —a) /\pxt

in which p(x,t) is given by (3.2.7).

for x € [a,b], where

a+b

t—i dt,
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3.8.11 Pachpatte [118]

Let f, g: [a,b] — R be twice differentiable functions on (a,b) and ", g" : (a,b) — R are
bounded on (a,b). Then

L]+ £ - 5 |eto) [ s 1) [ etoar

1
b—a

< [ lew + £ I8 ll] E (),

and

LI ILleo] - 5 (L] [ s 2iy)] [ soar

+ﬁ </abf(t)dt> (/{fg(t)dt)

1

< mI\f”llml\g"\lm(E(X))27

for x € [a,b], where

b
E@) = [ ke, (381)
Ja
in which k(x,7) is defined as in the proof of Theorem 3.4.3 and for a suitable function

h: [a,b] — R, the notation

L)) =)~ (x- 52 )i ),

is set to simplify the presentation.

3.8.12 Pachpatte [124]

Let f, g, h:[a,b] — R be twice differentiable functions on (a,b) and f”, g", " : (a,b) — R
are bounded on (a,b). Then
FOR0R00) — 5 Alf g H ) — 5 (x50 ) (F(0g(ho)
g 35_aAlhe 3 5 g

1
3(b—a)

< B[f,8,hl(x)E(x),

for all x € [a,b], where
b
Al () = g(h(x) [ Fo)a
) 70) [ s+ g0 [ oy,
BIf..h1(x) = ¢ [K(0) 1"

HR@)f 118" e + LF 8 IR o,
and E(x) is given by (3.8.1).
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3.8.13 Fink [59]

Let f"~1(z) be absolutely continuous on [a,b] with f") € L, [a,b]. Then the inequality

1 n—1 1 b
— X x) | ——— d
- (f( )+ LA )) — [ o)y

<K(mp0)| ™, (3.82)

holds for all x € [a,b], with Fi.(x) is given by (1.5.6),

1
(x_a)np’-H + (b_x)np’-&-l} v

1
_ _ / / o
K(n,p,x) = " —a) B((n—1)p' +1,p/+1)7,
where 1 < p < oo, B is the beta function, and
-1 n—1
K 1x) = P20 o fe—a), (b— )"}

n"n!(b—a)
Moreover, for p > 1 the inequality (3.8.2) is the best possible in the strong sense that for
any x € (a,b) there is an f for which equality holds at x.

3.8.14 Pachpatte [102]

Let £, g [a,b] — R be mappings such that "1, ¢("~1) are absolutely continuous on [a, b]
and f, ¢ e L, [a,b],n > 1 is a natural number. Then

‘2 </abf(t)dt) (/abg(t)dt> - [F(x) /abg(t)dt+G(x) /abf(t)dt]

<1 [ e+ e [ 0]

1
(n+1)!

% [(x_a)n-&-l + (b_x)n-H] :

for all x € [a,b], where

_ n—1 |:(b_x)k+l + (—l)k(x—a)kJrl

(k+1)! }f(k)(x)’

n—1 (b—x)kﬂ—i-(—l)k(x—a)]“rl
- [ k+1)! ]g(k)(x)'
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3.8.15 Pachpatte [135]

Let f, g € C"*!([a,b],R), n € N and x € [a, b] be fixed, such that f*) (x) =0, g (x) =0,

k=1,...,n. Then
Z/Qbf(y)g(y)dy— {f(x) /abg(y)derg(x) ./abf(Y)dy} ‘

1
(n+1)!

T o g+ T —ra,

X

and

ay=[10) [ ear-+e) [ 1015+ 6-a)s e

<{tm) e L] (=),

3.8.16 Pachpatte [121]

Let f, g, h: [a,b] — R be continuous functions on [a,b] and n-times differentiable on (a, b)
with derivatives ), g h(") : (a,h) — R being bounded on (a,b). Then

n—1
'f(x)goc)h(x) e [g(x)h(x) {10 ) zk}

k=1

n—1 n—1
+h(x) f(x) {Jo +Y Jk} + f(x)g(x) {Lo +Y LkH ‘
k=1 k=1

< 3= [le IR

HRC L) [8 o + LA (o) [[1]. | Ma ),

for all x € [a,b], where Iy, I, Jo,Ji, Lo, Ly and M,,(x) are as given in Theorem 1.5.5.

3.8.17 Pachpatte [120]

Let f, g : [a,b] — R be functions such that f*~1), ¢(*=1) are absolutely continuous on [a, b]

and f<”), g(”) € Lo[a,b],n > 1 is a natural number. Then

AL+ 100l [eto) [0+ 10 [ o]

< o= (I8 @A+ Ll B,
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and

big[AB@ﬂléﬂﬂm+AU@ﬂ[fggm}

+ﬁ < / ’ f(t)dt) ( / ’ g(t)dt)

< ﬁHf“”IIOOHg<”>||m(Hn(x)>27

Alf(0)lAfg(x)] —

for all x € [a,b], where

b
Hy(x) = / \Ey(x,1)|dr,
a
in which E, (x,7) is defined by (1.5.23) and for a suitable function / : [a,b] — R, the notation
Alh(x)] is given by (1.5.3).

3.8.18 Pachpatte [120]

Let (P,) be a harmonic sequence of polynomials and f, g : [a,b] — R, be functions such
that £~ g(*=1) are respectively L-Lipschitz and M-Lipschitz functions (for some n > 1

is a natural number), i.e.,

D) = )| < ey,

[ ) =g | < My,
for all x, y € [a,b], where L, M are nonnegative constants. Then
1 b b
B+ 7Bl - 5 [e00) [0+ 109 [ stona]

1
b—a

< [L]g(x) +M|f (x)|] Dn(x),

and

BBl - 5 [Ble(o] [+ 5170 st

b—a a

+ﬁ </ubf(t)dt) (/abg(t)dt)

1
< mLM(Dn(X))za

for all x € [a,b], where

1 b
Do) = [ IPea Opten) .
a
in which p(x,r) is defined by (1.2.11) and for a suitable function /4 : [a,b] — R, the notation
Blh(x)] is given by (1.5.4).
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3.8.19 Dragomir [49]

Let (X, ]| - ||) be a normed linear space and x; (i = 1,...,n) be vectors in X. Then we have

1 n+1 2 o2
gf | — A)C )
n[(l 2 ) Ty L_{?iﬁq' g

foralli € {l,...,n}. The constant le in the right hand side is the best possible.

the inequality

3.8.20 Aglic Aljinovic¢ and Pecaric [1]

Let (X,]|-||) be a normed linear space, {xi,...,x,} a finite sequence of vectors in X,
{w1,...,wy,} a finite sequence of positive real numbers. Let (p,q) be a pair of conjugate
exponents, that is 1 < p, g < o, %—I—% =1,me{2,3,....n—1} k€ {l,...,n}. Then the
following inequality holds

1 & m—1 1 n—r
Xp— — Zw,-x,- — Z Z A'x;
W” i=1 =

n—1 n—-2 n—r
x (z Y ¥ Dulki >Dn1<i1,i2>---nm<ir1,,-,>> H

i1=1i=1 =1
n—1 n—-2 n—m+1

Y Y o Y Dulkit)Dusi(itsi2) - Dot (i1, )

i=lir=1  ipy_q=1

< 1A x|,

q
where

1
(X A7) 7 if 1< p <o,

A" x|, = m .
maxj<i<n—m HA xi” if p=oo,

and W, D,,(k,i), D,(k,i) are as given in Lemma 1.6.1.

3.9 Notes

A number of authors have written about extensions, generalizations and variants of the
Ostrowski’s inequality. Theorem 3.2.1 deals with the generalization of the Ostrowski’s
inequality for Lipschitzian mappings and is taken from Dragomir [52]. Theorem 3.2.2
contains the Ostrowski-type inequality and is due to Dragomir and Wang [26] and The-
orem 3.2.3 is taken from Ujevi¢ [154]. The inequalities in Theorems 3.2.4 and 3.2.5 are
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adapted from Ujevi¢ [151] and [150]. Section 3.3 contains some Ostrowski-type inequal-
ities involving two functions and their derivatives established by Pachpatte in [93,109,
114,139].

Section 3.4 is devoted to the inequalities of Ostrowski- and Griiss-type involving functions
and their derivatives. The results in Theorems 3.4.1 and 3.4.2 and Theorems 3.4.4 and 3.4.5
are due to Pachpatte and taken from [131] and [100]. Theorem 3.4.3 is adapted from
Cerone, Dragomir and Roumeliotis [15]. Section 3.5 contains further inequalities of the
Ostrowski-type involving functions and their higher order derivatives. Theorem 3.5.1 is
taken from Cerone, Dragomir and Roumeliotis [16] and Theorem 3.5.2 is adapted from
Mati¢, Pecari¢ and Ujevi¢ [73]. The results in Theorems 3.5.3 and 3.5.4 are taken from
Pachpatte [101,116]. The discrete Ostrowski-type inequalities in Theorems 3.6.1-3.6.4 are
due to Pachpatte and taken from [88,105,114,133]. Section 3.7 contains applications of
some of the inequalities given in earlier sections and taken from Dragomir and Wang [26],
Ujevi¢ [150] and Cerone, Dragomir and Roumeliotis [16]. Section 3.8 deals with some

useful miscellaneous inequalities established by various investigators.



Chapter 4

Multidimensional Ostrowski-type inequalities

4.1 Introduction

The Ostrowski inequality (7) has been generalized over the last years in a number of
ways. The first multidimensional version of the Ostrowski’s inequality was given by G.V.
Milovanovic¢ in [76] (see also [80, p. 468]). Recently a number of authors have written
about multidimensional generalizations, extensions and variants of the Ostrowski’s inequal-
ity, see [8,29,37,44,64,65,83,86,87,91,94,115]. In this way, some new multidimensional
Ostrowski-type inequalities have been found in the literature. Inspired and motivated by
the recent work going on in this direction, in this chapter, we present some new multi-
dimensional Ostrowski-type inequalities, recently investigated in order to achieve various
goals. We also present some immediate applications of certain inequalities. In our subse-
quent discussion, we make use of some of the notation and definitions given in Chapter 2

without further mention.

4.2 Ostrowski-type inequalities in two variables

In this section we shall give some fundamental Ostrowski-type inequalities involving func-
tions of two independent variables recently investigated in [8,37,64,115,125].
We start with the Ostrowski-type inequality established by Barnett and Dragomir [8] for

mappings of two variables.

Theorem 4.2.1. Let A = [a,b] X [c,d] and f : A — R be continuous on A, D>D; f(x,y)

exists on (a,b) x (¢,d) and is bounded, then we have the inequality

/ab '[lf(s,t)dtds - [(b —a) '[lf(x,t)dt +(d—c) '/abf(s,y)ds —(d—c)b- a)f(x,y)} ‘

191
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-5

[D2D1fll,  (42.1)

for all (x,y) € A.

Proof. From the hypotheses, we have the following identity (see Lemma 2.3.2):

(d—c)(b—a)f(x,y)— (b—a) /Cdf(x,z)dt— (d—c)/abf(s,y)ds—k./ab(/cdf(s,t)dtds

b rd
— [ [ plxs)a0)DaD1 f(s.t)dnds, 42.2)

for all (x,y) € A. From (4.2.2) we get

/ab ff(s,t)dzds - [(b —a) '[lf(x,t)dt +(d—c) '/abf(s,y)ds —d—)b- a)f(x,y)} ‘

< [ [ e liownpapy s, aras

b pd
<IPDf [ [ Iptes)1Q0n)ldrds. @23)

Now, observe that

"ps)lds= [ (s—ayds+ [ (b—s)ds
/ / /

C(x—a)?+(b-x)? 1 5 a+b\?
= > =gb=a) (x5~ (4.2.4)
and, similarly,
d 1 . 2
/ IQ(y,t)Idt4(dc)2+<yL;d> ) 4.2.5)
c

Using (4.2.4), (4.2.5) in (4.2.3), we get the required inequality in (4.2.1).

Remark 4.2.1. The constants % from the first and the second bracket on the right hand
side in (4.2.1) are optimal in the sense that not both of them can be less than }1.

Indeed, if we had assumed that there exists ¢y, ¢ € (0, ) so that

'/ab/cdf(s,t)dtds— [(b—a)/cdf(x,t)dt—k(d—c)/abf(s,y)ds—(d—c)(b—a)f(x,y)}‘

< {cl(b—a)hr (x—a;rby
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X [@(d—c)“— (y— C;d>2

for all f as in Theorem 4.2.1 and (x,y) € A, then we would have had for f(s,#) = st and

[D2D1 [, (4.2.6)

x=a,y=c that

/b /df(s’t)dtds - W’ /df(x,t)dl = a@

2 )
b 2_ 2
[ r6mas=eTSC g =1,
and by (4.2.6), the inequality
2 V(g2 2 2_ 2 2_ 2
‘(ba)4(dc) - (b—a)aw — (d—c)cw—k(d—c)(b—a)ac

<(b—a)2<c1+ )(d—c) <C2+411>’
Wg(b—a)2<c1+ )(d—C) <02+i>7

1 1 1
e (m 4) (CZ+4>. 27)

Now, as we have assumed that c;, ¢; € (0 ! ) we get

i.e.,

i.e.,

1 1 1
atisy atisy

and then (c1 + %) (02 + %) < % which contradicts the inequality (4.2.7), and the statement
in Remark 4.2.1 is proved.

A particular case which is of interest is embodied in the following corollary.

Corollary 4.2.1. Assume that the hypotheses of Theorem 4.2.1 hold. Then we have the

st)dtds—[(b a)/ f(er )dt
_C)/ ( C+d)dS—(d—C)(b—a)f(a_;b,c—;d)}‘

1
< 10— @*(d =) |D2D1 f]|c (42.8)

inequality
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Remark 4.2.2. If we assume that f(s,7) = h(s)h(z), h : [a,b] — R, h is continuous and
suppose that ||/]| < oo, then from (4.2.1) we get (for x = y)

/f;hh(s)dS/‘;hh(s)ds—h(x)(b—a) /(;bh(s)dS—h(x)(b—a) /(;hh(s)ds+(b—a)2h2(x)
)
[-/abh(s)ds_h(x)(b—a)r < [i(b—a)er (x_ a—gb>2

which is clearly equivalent to Ostrowski’s inequality. Consequently (4.2.1) can be also

2
2
1]l

ie.,

2
2
1],

regarded as a generalization for double integrals of the classical result due to Ostrowski
given in (7).
The following inequality of the Ostrowski-type which holds for mappings of two indepen-

dent variables is given by Dragomir, Cerone, Barnett and Roumeliotis in [37].

Theorem 4.2.2. Let f: A — R be such that the partial derivatives D f(x,y) D2f(x,y),

D,D; f(x,y) exist and are continuous on A. Then we have the inequality

1 b prd
f(xay)—m/a /c f(t,5)dsdt) < My (x)+Ma(y) +Ms(x,y),  (4.2.9)
where
: [(b o7+ (- ““’) IDUfller i Diflxy) € Lo(A)
(b x) 1 4 (x— a)mﬂ]}
M](.x) = 1 ||D1f||P17 lf le(xay) eLPI(A)7

[(b—a)(d—c)]"

1 1
—t+—= la pP1> I;
Pt q1

- ““’H IDuflh. i Dif(ey) € Lu(a),

=+ |x
[1D2f |loo if Daf(x,y) € Lu(A);
1

1|1 c+d\*
(d—c)? —
dc[4( 2 +<y 2 )

[ : [(d—y)=+t+ (y_c)qm}] )

Mofy) = § L2 - 1Dy, if Daf(x,y) € Ly (),
@—e)b-a)® o

—+—=1, pp>1;
d P2 q2

st 3+ - S [l it paste e o),
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and
M3(x,y)=
2 2
(b_)‘(_){ o-ar+ (v 252) Euc)u(yc;d) D21 ]
if DDy f(x,y) € Lwo(A);
[[(b x)‘12+1+(x a) 3+1]:| [[(d y)qg+l+( _C)q3+l]1%
3+1 3+1
[D2D1 £l ps s

(b—a)(d—c)
if DyD;f(x,y) € Ly, (A), i+i =1, p3>1;

b d
e | | [

if Dlef(x,y) el (A),

o
(b—a)(d—c) |2

X

500+

for all (x,y) € A, where || - ||, (1 < p < o) are the usual p-norms on A.

Proof. From the hypotheses we have the following identity (see, Lemma 2.3.1):

flx,y) — b=a@d=o a(d //f(tsdsdt b—ad—0 [// (x,1)Dy f(¢,5)dsdt

b rd b rd
+/ / q(y,s)sz(Ls)dsdt—ﬁ—/ / p(x,t)q(y,s)Dlef(t,s)dsdt], (4.2.10)
for all (x,y) € A. From (4.2.10),we have

’f(x,y)—(b_a)l(d_c)/ab/cdf(t,s)dsdt

1 b pd
<(b_a)(d_c)u / |p(x,0)||D1 f(t,s)|dsdt

w [ [ lavsvastestasa+ [ [ ool DD lasar] . @210

‘We have that

b d
[ [ ot it s)ldsde <

b rd
IDisle [ [ pea)idsar, it Dify) € Lafo):

1
b rd o
11l ([ Iptriasar) it D) € Ly @),
1 1
—+—=1, p1>1
Pt qi
D fl sup [p()], it D1 /() € Li(a):

t€la,b]

4.2.12)
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and as

/ab/Cd|l7(x,t)|dsdt = /cd (/ab|p(x,t)|dz) ds

—@=| [+ [ pteoial

=(d—c) /ax(fa)dﬂr/xb(bt)dt]
:(xa)er(bx)Z}

2

—(d—o¢) :l(ba)2+ <xa;—b>2

)

1

[/ab/cd |P(x,t)|qldet] g _ U”’ (/ablp(x,tﬂqldt) ds} L

1
. . B
=(d—c)u /Ip(xyt)lq‘dwr/ |p(x,t)‘“dt} !
L/ a X
1

=(d-o)n -/ax(f—a)q‘dwr/xb(b—;)qldt}‘“

1 —(b—_x)ql+l +(x_a)q1+l:| %

L q1+1
and
b— b
sup |p(x,t)| = max{x—a,b—x} = a x—a+ ,
1€la,b) 2 2
then, by (4.2.12), we obtain
b rd
| [ 1ptenlipa pie.s)lasar <
1 ) a+b\? .
(@e) | 50—+ (x= L) VIpisles i Difx) € Lu(a)
1 [(b—x)1T 4 (x—ag)n 1] @ )
(d—cyt [ q1+(1 ) ] IDifllpys if Dif(x,y) €Ly (A), 5-+5-=1, pr>1;
b—a a+b .
| [ it Dif(x.y) € Li(4).

(4.2.13)

In a similar fashion, we state that the following inequality holds

b pd
[ [ latvs)ipasia,s)iasa <
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(b—a) [i(d—c)% (y— C+d>2

L) D2l i D) € La(a):

L=y + -yt -
(b—a)ﬁ[ g2 +1 1D2fllp2y 3F D2f(3) € Lpa(8): 4 5 14
1 1
—+—=1, p>1
, o P2 q2
—C c .
{ : +‘ - H D211, ift D2f(x,y) € Li(A).

In addition, we have

b pd
| [ 1) lg) D21 (1) s

b d
1D2D1f o [ Ipee)ide [ q:s)lds
if DaD1f(x,y) € Leo(A);

b . i
43 43
2011 ([ pteean) ™ ([ lans)peas) "

if DoDif(x,y) €Ly (A); —+—=1, p3>1;
’ P33 43

/N

[D2D1 |y sup |p(x;1)| sup [g(y;s)],

r€la,b] s€le,d)

if D2D1f(x,y) e L (A)

_1 ’ a+b\?| |1 ) c+d\?
Z(b—a) +< ) ) L(d—c) +{y— >

if DaD;f(x,y) € Lo(A);
[(b—x)t 4 (r— @)1 )7 [(d—y)H 4 (y— )15

= P Gl [D2D1 £ || s

if DaDif(x,y) € Ly, (A); ;+;:1, p3>1;
3

(1 a+b|][1 c+d

500+ r- 52| [F@-o+ - 52| 1ol

if DaD1f(x,y) € Li(A).

|D2D1 f|os,

(4.2.15)
The required inequality in (4.2.9) follows from (4.2.11), (4.2.13)-(4.2.15).

The following integral identity proved in [64] is useful in the proof of the next theorem.

Lemma 4.2.1. Let f: A — R be a continuous mapping such that the partial derivatives

91+kf(.‘.) . .
FREN ,k=0,1,....n—1;1=0,1,...,m— 1 exist and are continuous on A = [a, ] X [c,d]
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and K,, : [a,b]*> = R, S,, : [c,d]? — R are given by

(t;i'a)”’ t € a,x],

Ka(x,t) =4 (1 Zpyn (4.2.16)
T, IS (X,b],
B seleal

Sm(y:s) =g (s Zaym (4.2.17)
m‘ b § e (y7d]

Then for all (x,y) € A, we have the identity

—1m—1
//f(deSdf ZZXk Y/()’)ﬁy)

k=0 (=0
” n—1 d ak+mf( ) R b 3"+lf(t,y)
+(—1) ];)Xk(x)/c Sm(%S)W (=1 Z Yi(y / n (X, f)wdf
n+m
m+n f(tvs)
/ / Sm y, 81/‘"7(95"” def, (4218)
where
- (b—x)kﬂ —i—(—l)k(x—a)kﬂ
Xi(x) = G : (4.2.19)
I e G VO
Yi(y) = L . (4.2.20)
Proof. Applying the identity (see, Lemma 1.5.3)
b n—1 (b—x)kﬂ—i-(—l)k(x—a)kﬁ
dt = (k)
/a g(t)di ,C_ZO{ *r1)! g7 )
b
+0 [ R @, @221)
where
) @, t € [a,x],
P,(x,t) = N n
%, t € (x,b],

for the partial mapping f(-,s), s € [c,d], we can write
n—1 |:(b 7x)k+1 + (71)k(x7 a)kH 3kf(x,s)

b
/a flts)de =}, (k+1)! Ik

k=0

e [ Epn e 4222
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for every x € [a,b] and s € [c,d].
Integrating (4.2.22) over s on [c,d], we deduce

[ tsyasai = ZO[“? L a2 ),

H(=1) / " K1) ( / ‘ anggi’s)ds) dr, (4.2.23)

Applying the identity (4.2.21) again for the partial mapplng ( ) on [c,d], we obtain

1t fs) R [d=y)T (=) = o) I f(x,y)
/C 2 { }ay < >

dxk = (I+1)! dxk

ak

_mfl (d—y)lH—i—(—])l(y—c)Hl al+kf(x7y)
N ]g(‘) [ (I+1) } dxkoy!

for all x € [a,b].

k+m
(—1)" / S y,s)a axkj;(:ms) ds. (4.2.24)

In addition, the identity (4.2.22) applied for the partial derivative g l(,, ) also gives

4" f(t,s) S A=)+ (=D =) " f(e,y)
/c o1 ds_):[ (+1)! } FITEN

=0
/ Sm(y,5) a”t:g(s;s) ds. (4.2.25)

Substituting (4.2.24) and (4.2.25) in (4.2.23) and rewriting will produce the desired identity

in (4.2.18).

The inequality of the Ostrowski-type given by Hanna, Dragomir and Cerone [64] is em-

bodied in the following theorem.

. n+m g .
Theorem 4.2.3. Let f: A — R be continuous on A and assume that 2 at,,gs(,zf) exist on

(a,b) x (c,d). Then we have the inequality

n—1m—1 ()

//fts)dsdt—ZZXk Yl(y) 5Dy

l)mZxk x)/ S(3.5) ak];()ff) ZYI()’ / Ko (x,1) atn&(;y)dt
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1
(n+1D)(m+1)!
x [(y )m+l+(d )m+l}
an-!—mf(t S)
dr"ds ml
1 (x—a)"qH +(b—x)"q+l
ng+1
1
(=)t (d =yt ) o | 97y
X
mqg+1 dtds™ »
a"erf(l,S) 1 1 B )
| f at"osm GLP(A)7 ;+;*17 P>1,
[(x=a)"+ (b —x)"+|(x—a)" = (b—x)"]

4n!m!
x[(y=c)"+(d=y)"+[(y—c)" = (d—y)"]]

anerf(l‘,S)
arosm

[(X* a)n+l + (b 7x)n+l]

an+mf
arads™ ||,

€ Lo(A);

)

n!m!

/N

(4.2.26)

an+tnf
t"ds™ ||,

)

if eLi(A);

for all (x,y) € A, where
‘ anerf

aradsm||
8"+mf
ot"ds™

" (t,s)
ot"ds™m

= sup
(r.5)eA

ST

Proof. From the hypotheses, the identity (4.2.18) holds. From (4.2.18), we get

1m—1
//ftsdsdt—ZZXk )Y,(y) ak(()y)

k=0 [=

an+mf(t S
C Jrmosm

b
d dt> < oo,

+m .8 m—1 n+l
1Tt [ 5n09 L s -y it [ Kt T

na !
b rd
</a /C |Kn(x7t)||Sm()’as)|

[ [ s isuts)
an+m]€

b prd
g 7 Ky(,0)||Sm (3, ,
dr"ds™ m/a /L | K (x,0)[|Sm (y, 5) |dsdt

o f /b/du(( )9S (y, 5)|“dsdt % Ll ps w2os
atnasm p . }’lx’ my’s N b p qi 7p b bt

P
an+mf

=1l sup |Kn(,0)[[Sm(, )|
9"Is™ ||| (1.5)ca

AAGE))

S| dsdr. 4.227)

We observe that
(9"+mf(l S)

dsd
81"8 m sat

N
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Now, using (4.2.16), (4.2.17), we have

b pd b d
/ / 1K (x,1)Sm(y, ) dids = / 1Ky (x,1) |t / 1Sm(y,5)|ds
a C a C

[ O] [ L [y

_ \n+l b— n+1 _ \m+1 d— m+1
_[e—a o [—e 4 (d -y 42.29)
(n+D)(m+1)!
Using (4.2.29) in the first inequality in (4.2.28), we get the first inequality in (4.2.26).

Further, using (4.2.16), (4.2.17) we have

(/ / | K (x,2) S (, 5 Idtds> (/ |Ku( xtth);</cdSm(y,s)qu>
:nlin! Ul( a)nqu-/ nqd;} [/L (s—c)qus+/y'd(d_s)qusr

1 1
1 (x_a)nq+l + (b_x)nq+l q (y_ c)mq+1 + (d_y)mq+1 q
nlm! ng+ 1 mq+ 1

(4.2.30)

Using (4.2.30) in the second inequality in (4.2.28), we get the second inequality in (4.2.26).
Finally, using (4.2.16), (4.2.17), we have

sup [Kn(x,1)Sm(y, )| = sup |Ky(x,2)| sup [Su(y,s)
(t.5)€A t€la,b] s€le,d)

o { Coay b=y } { b=o @ ;ﬂy)’"}

I [@—a)"+(b—x)"  |(x—a) —(b—x)"
| * |

n'm! 2 2
« [(y_c)m+(d_y)m } 4.2.31)

2

=) —(d=—y)"
2

2

where, we have used the fact that

X+Y |X

max{X,Y} = %—i— ’

Using (4.2.31) in the third inequality in (4.2.28), we get the third inequality in (4.2.26).
The proof is complete.

In a recent paper [115], Pachpatte investigated the following Ostrowski-type inequality for

double integrals.
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Theorem 4.2.4. Let f, g: A — R be continuous mappings such that D,D; f(x,y),

D,D, g(x,y) exist and are continuous on A. Then

fxy)gx,y) — fsyds+7 fx,t)d
=7A A

_m/a /L f(s,t)dtds]
f%f(x,y) [bia /abg(s,y)ds—l— ﬁ /jg(xﬁ)dt —m /b /dg(s,t)dtds}

S2b—a)d—0) // [|8XY)|’//D2D1f(Grdrda‘

/ DyD,g(o, r)drdGH dydx, (4.2.32)
N t

+1f ()l

for all (x,y) € A.

Proof. From the hypotheses, it is easy to observe that, the following identities hold:

FO6y) = f(s,3) = fx, 1)+ f(s,1) //Dlef(c t)dtdo, (4.2.33)

and

X [y
8(xy) ~ gls.0) ~g(v) +8(s0) = [ [ DaDig(o.)dvdor 4234
N 1
for (x,y), (s,¢) € A. Multiplying both sides of (4.2.33) and (4.2.34) by g(x,y) and f(x,y)

respectively and adding the resulting identities, we have

2f(x,y)g(x,y) — g(x,¥)[f(s5,9) + f(x;1) = f(5,0)] = f(x,¥)[8(s,y) + g (x,1) —g(s,1)]

=g(x,y) ./YX ./tyDzD]f(G,l‘)deO' + f(x,) '/Yx /tyDleg(O',t)drdG. (4.2.35)

Integrating both sides of (4.2. 35) with respect to (s,7) over A and rewriting, we have

Flry)aey) - <xy)[ o [ rast 7 [t

=3 _C//fst)dtds]

_%f()@y) [bia /abg(s y)ds + dic./c g(x,t)dt — / / s t)dtds}
= 2(bal)(dc)/ab/cd {g(x,y)/Sx/tyDngf(G,T)deO'
+f () /S /t'yDleg(o,r)drdc} dydsx. (4.2.36)

From (4.2.36) and using the properties of modulus, it is easy to observe that the required

inequality in (4.2.32) holds. The proof is complete.
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Remark 4.2.3. By taking g(x,y) = | and hence D,D;g(x,y) = 0 in Theorem 4.2.4, we

flx,y)— { /f(syds—l— /fxt — _C)//f(stdtds}

‘ dydx, 4.2.37)

get

h (b—a)(d—c) a
for all (x,y) € A. Further, if we assume that D,D; f(x,y) is bounded on (a,b) x (c,d), i.e.,

[D2Diflle = sup  [DaDyf(x,y)] <ee,
(x.y)€(ab)x(c.d)
then after rewriting (4.2.37) and by elementary calculations, we get the inequality (4.2.1)

given in Theorem 4.2.1.
In another paper [125], Pachpatte has given the following generalization of Theorem 4.2.4,

involving three functions.

Theorem 4.2.5. Let f, g, h: A — R be continuous functions such that D,D; f(x,y),
DD, g(x,y), DaDih(x,y) exist and are continuous on A. Then

1
|A(f,8,h: F,G,H;1)(x,y)| < *B(
for all (x,y) € A, where
A(f,8hF.G,H;l)(x,y) = f(x,y)g(x,y)h(x,y)

*% [ (x,y)h(x,y { x,y) / / 5,1) dtds}
h(x,y)f (x,y {G(x y) / / g(s,1) dtds}
+f(x,)g(x,y { x,y) — / / 5,1 dtds}]

B(f,g,h;l)(x,y):g(w)h(x,y)/ / 1[f]dtds

xy)fxy)// gldrds+ f(x,y)g xy// h)dtds,

in which ! = (b—a)(d —c¢)
d
Flen)=(e~a) [ fls s+ 6-a) [ flsna

) (x,¥), (4.2.38)

G(x,y)=(c—d) /bg(s,y)ds+ (b—a) '/dg(x,t)dt

-ab Cd
H(x,y) = (c—d) / h(s,y)der(b—a)./C h(x,1)di

and for a suitable function p : A — R, the notation

Xy
1[p] =/ / DyDip(o,7)dtdo,
s t

is set to simplify the presentation.
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Proof. From the hypotheses, it is easy to observe that the following identities hold:

FOey) = f(s,3) = flxt) + f(s,1) = I[f], (4.2.39)
g(x,y) —g(s,y) —g(x,1) +8(s,t) = I[g], (4.2.40)
h(x,y) — h(s,y) — h(x,t) + h(s,t) = I[h], (4.2.41)

for (x,y), (s,¢) € A. Multiplying both sides of (4.2.39), (4.2.40) and (4.2.41) by
g(x,y)h(x,y), h(x,y)f(x,y) and f(x,y)g(x,y) respectively and adding the resulting iden-

tities, we get

3f(x,y)g(x,y)h(x,y) — g, y)h(x,y) [f (5,3) + f(x,2) — f(s,1)]
—h(x,y)f(x,y)[g(s,y) +8(x,1) — g(s,1)] — f(x,y)g(x,9) [A(s,y) + h(x,t) — h(s,1)]

= g, y)R(x, VI[f] + h(x,) f(x,)I[g] + f(x, )& (x,y)I[h]. (4.2.42)

Integrating both sides of (4.2.42) with respect to (s,#) over A and rewriting, we have
1
A(f,8,lF,G HiD)(x,y) = 5:B(f, 8, ) (x,). (4.2.43)

From (4.2.43) and using the properties of modulus, we get the desired inequality in (4.2.38).

The proof is complete.

Remark 4.2.4. If we take A(x,y) = 1 and hence DD h(x,y) = 0 in Theorem 4.2.5, then

by elementary calculations, we get

‘f(x7Y)g(X7y)—2ll {g(X,y) {F(x,y)—/[lb/;df(s,t)dtds}
+F () {G(x, V) - / ’ / ‘ g(s,t)dtdsH ‘

< zlz [Ig(x,y)l / ' / dII[f]|dtds+|f(x,y)| / ' / d|I[g]|dtds} , (4.2.44)

which in turn is the inequality given in Theorem 4.2.4.

Remark 4.2.5. Integrating both sides of (4.2.43) with respect to (x,y) over A and rewrit-

ing, we get

T(f,g,h;F,G,H;l) 312/ / B(f,g,h;I)(x,y)dydx, (4.2.45)

where

T(f,8hF,G,H;l)= // (x,¥)g(x, y)h(x,y)dydx — 312// g(x,y)h(x,y)F (x,y)
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+h(x,9) f(x,9)G(x,y) + f(x,y)g(x,y)H (x,y)] dydx

% [(;/ab/cdg(x,y)h(x,y)dydx> (}/ﬂb/cdf(x,y)dydx>
( / / hxy)fxydde> ( / / g(xydydx)
+ (}/ab/cdf(x7y)g(x,y)dde> (}/ab/cdh(x,y)dydxﬂ :

From (4.2.45) and using the properties of modulus and integrals, we get

TG a B GHDI < g [ [ BUSL gl 1 1) 5y 4246

We note that the inequality obtained in (4.2.46) is similar to the Griiss-type inequalities
given in [89].

4.3 Ostrowski-type inequalities in three variables

This section is devoted to some basic Ostrowski-type inequalities involving functions of
three independent variables, recently investigated in [83,126,148].
The following Ostrowski-type inequality is proved by Pachpatte in [83].

Theorem 4.3.1. Let Q = [a,k] x [b,m] X [c,n]; a, b, ¢, k, m, n€Rand f: Q —Rbea

3
continuous function on Q, D3D, D f(r,s,t) = 2 3{ éfgrt) exists and is continuous on Q. Then

k rm rn 1
|7 rtsnddsar = g k=a)m=b)n—e)lf(a.b.0)+ £ (ko)
a Jb Jc

1 k
—I—Z(m—b)(n—c)/a [f(rb,c)+ f(r,m,n)+ f(r,m,c)+ f(r,b,n)|dr

l(k—a)(n—c) /bm[f(a,s,c)+f(k,s,n)+f(a,s,n)+f(k,s,c)]ds

+4
+%(k—a)(mfb) / " Flasbit) + flkmot) + F(k,byt) + F(a,m, 1)) di
—3t=a) [ [ a5+ f (ks drds
) [ [T 1rb0+ ) dvar

_%(,,_C)/ak/b'm[f(r,s,c)+f(r,s,n)]dsdr

1 k rm pn
< glk—a)m=b)(n—c) / /b / \DsDD f(r,s,1)|drdsdr. @3.1)
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Proof. As in the proof of Theorem 2.3.4, we have the following identity:
1
f(l’,s,l) —L(f(r,s,t)) = §B (D3D2D1f(ras7t))7 (432)

for (r,s,1) € Q, where L(f(r,s,t)) and B(D3D,D; f(r,s,t)) are as given in Section 2.3.
Integrating both sides of (4.3.2) over  and by elementary calculations, we get

k rm rn 1
/a/b /Cf(r,s,t)dtdsdr*g(kfa)(mfb)(nfc)[f(a,b,c)+f(k,m7n)]

1 k
—O-Z(m—b)(n—c)/a [f(r,b,c)+ f(r,m,n)+ f(r,m,c)+ f(r,b,n)]dr

3= 0—0) [ 11500+ flkosim) + fasin) +1Kos. ] ds
k= a)m=b) [ abit)+ komt)+ b b.) + flam s
—7k a/ / Flays.t)+ f(k,5,1)) drds
3 (m—b) / ' [ 1b.0)+ im0 drdr
—%(n—c)/ak./hm [F(r.5,¢) + f(r,,m)] dsdr

1 (k pm pn
=2 / / / B(DsDaD\ f(r,s,1)) didsdr. 4.33)
a Jb Je
Using the properties of modulus and integrals, we observe that
k prm prn
|B (D3D2D1f(rasvt))| < / / / |D3D2D1f(M,V,W)|deVdM. (434)
a Jb Jc

Now, from (4.3.3) and (4.3.4), we easily get the required inequality in (4.3.1) and the proof

is complete.

Remark 4.3.1. From (4.3.2) and using (4.3.4), it is easy to observe that the following

inequality also holds

|f(r,s,8) = L(f(r,s,1)) 8/ / / |D3D2D f(u,v,w)|dwdvdu. (4.3.5)
for (r,s,t) € Q.

We give below an integral identity proved in [148], which is essential for our proof of the

next theorem.
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Lemma 4.3.1. Let H = [a1,b1] X [a2,b2] X [a3,b3] (a; < b;, i =1,2,3) and f: H — R

be a continuous mapping such that the partial derivatives %, =0,1,...,n—1;
j=0,1,....m—1;k=0,1,..., p—1; exist and are continuous on H. Also, let
_ n
) %; r € ay,x],
Py (x,r) = by (4.3.6)
’ rfbl)
T, re (X,bl],
Ss—a m
#; IS [(l2,y],
Qm()’v S) = (S _mb'z)m (4.3.7)
—: se (b,
m!
t— P
%; re [aSaZ]v
Splz1) = , (4.3.8)
’ t—Db3)P
q; re (vaﬂa
p:
then for all (x,y,z) € H, we have the identity:
b b Sk OIS (x,3,2)
V(x,y,2) / / / f(rs, t)dtdsdrf;);)kz:X Z)W
n—1m—1 at+1+pf(x yl)
1)? X;(x / Sy(z,1) ———— 2
+= ZO JZ S rp
n—1p—1 ai+m+kf(x s Z)
1) Xi(x)Z, (Y, .7”(1
+= lzékz’ )2(2) / On (3, dxidsmazk g
m—1p—1 by 8n+j+kf(ryz)
" Yi(y / Py(x,r) ——=—2220 g
) ]Z()kz " (X r) arnayjazk r
m by b3 8i+’"+pf(x,s,t)
1) +p ZXZ(X)/ Qm(y7S)Sp(Z,I)Wdtds
v b 8”+’+Pf(ry, 1)
+p Z Yi( y)/ / 2 (x,7) S (2,1) I ayi 7 dtdr
n-m - ! 2 an+m+kf(r7s7z)
1" ZZk(Z)/ / Pn(xvr)Qm(yas)Wder
by bq alz+1n+pf(r s t)
= (1) / / / N ‘ dedsdr, (439
( ) a X r Q y7 ) P(Z ) arnasmatp S }", ( )
where 1 |
)it Vi )it
Xi(x) = b1 =) ?i 11)) tea)™ (4.3.10)
i
by — 1+l+ 1 y—a J+1
Yi(y) = b2=) (](H)),( " (4.3.11)
ba— N L (1K (7 — ga e
Ziu(z) = (b= + (=) zza)™ (4.3.12)

k+1)!
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Proof. As in the proof of Lemma 4.2.1, we have an identity

by n—1 by
/ g(r)dr= ZXi(x)g<I)(x)+(71)"/ P,,(x7r)g(") (r)dr. (4.3.13)
ay i=0 Jaj
Now, for the partial mapping f(-,s,t) we have
by n=l 8 'f by a"f
/a1 f(r,s,t)a’r:l;)X,-( L1y /al Bur) S 2dr, (4.3.14)
for every r € [a1,b1], s € [az,b2] and 1 € [asz, b3]. Now, integrate (4.3.14) over s € [az, b2,
to get
by rba ] rba af b b2 9" f
Vs, t)dsdr =) X; x/ ~ds+ (—1 / P,(x,r </ ds>dr,
L) s 2( Gt 1 [T ([ C57

(4.3.15)
for all x € [a;,b;].

we have

>
by ai m—1 8f " af
a, 0x g/ (s,1)ds = ZY dyl <8x‘)+( D /a O )asm (8x’>ds

- ot by oitm
fz,m,ﬂ ) [T oubngatds @310

From (4.3.13) for the partial mapping 9s

Also, from (4.3.13), we have
: . b2 al’lf
~ds = E Yj(y)W +(=1) /. Om(,s )as’” <arn>ds. (4.3.17)

From (4.3.16), (4.3.17) and (4.3.15), we get

by — t+ f by ai+mf
/u1 / f(rs,t dsdr_ZX(x ZY ERER =57 /az Qm(y,s)axl.asmds}

s [Er 2o s (3)a]

m—1 z+]f ai+m

— n—1 by f
; )L i) gyt 1)mi§)Xi(x)L2 Onl325) 5 ggm s

m—1 '+nf

ZY / () 55 m T

by by an-‘rmf
_1\ntm
+(—1) /al /az Pu(x,r)Om(y,s) S0 dsdr. (4.3.18)
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Now, integrate (4.3.18) over ¢ € [a3,b3] to get

—1m—1

/bl /bz/hf(rs t)dtdsdr = Z ZX x)Y;( )/
ay ay Jaz Y _l =0 j=0 J Y 3x’
by gitm
T [ 0utns) ([ ) as
b3 aj+nf
Z Y(y / Py (x,r) ( a 8y/8r”dt> dr

by by b3 ai’l+mf
+(—1 "+m/ / P.(x,r)O0n(y,s (/ dt> dsdr.
e [0 Aot ([ 55
Also, from (4.3.13) we have

b3 3i+jf 71771 ok ai+jf
o Qxiayfdt = ;Zk(Z)Tzk < >

h dxidyl
(9 az+1f
p
= / Sp0 50 (axzayf>‘”’
b3 aierf _P* l+mf
a3 0xIOs™ di = sz(z dzk <9x’8sm>

b or (d"mf
+(—1)P/‘B & )aﬂ’ (8xlas’")dt’

b3 aj+nf B p—1 ok ajJrnf
 ayarm = LA 5z ( >

dyldrt
b3 P aj+nf
Y s J
o M5y g (57 ) dn
b3 an+mf 717* ok an+mf
Jay s sz(z Jzk <9r”8sm>

b3 op arH»mf
—1)?
=D /a; Sz )8t1’ (ar"asm>dt'

Using (4.3.20)—(4.3.23) in (4.3.19), we get the required identity in (4.3.9).

8yf

(4.3.19)

(4.3.20)

4.3.21)

(4.3.22)

(4.3.23)

The following result deals with the Ostrowski-type inequality investigated by Sofo in [148].
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Theorem 4.3.2. Assume that the hypotheses of Lemma 4.3.1 hold. Then we have the

inequality

[V (x,5,2)| <

an+m+pf(r7 s, t)

an+m+pf "
argsram | N i
grimvyg ()

N, f ————~=
Q(X,y,Z), 1 Jras"otP

drds"orr ||, 1

9P f(rs,t)

an+m+pf .
N3(x,y,2), if “ordsior

dr'ds"otr ||,

for all (x,y,z) € H, where

9" f(r,5,1)

nmp f
Hm e | T amasar | T
H grimip </b1 /b2 /b3 I f(r,5,1)

dr*ds"dtP C0rdshotr

and

(y—a)"' +(by—y

Ni(x,y,2) = |:(xal)n+l + (b x)"“]

(n+1)!

1
—+==1, a>1;
o

dtdsdr>

)m+1:| |:(z—a3)p+] 4 (b3 _Z)p+]

€ L.(H);

S Loc(H)Q

ELl(H);

1
o

d

(m+1)! (p+1)!

Ma(x,,2) = nB+1

1 (xfal)"ﬁHJr(blfx

az)mﬁ-H + (bz _y)mB-H

)nﬁ+l :| %

< oo,

|

" [(y—

mp+1

pB+1

1
! {(Z—as)pm] + (b3 —z)PPH!

(4.3.24)

1
B
)

Ma(2) = g (=) (o1 =+ (r—an)" = (b =)

x[(y=a2)" + (b2 =y)" +|(y—a2)" — (b2 —y)"]

x[(z=a3)’ +(bs —2)" + [(z—a3)" — (b3 — 2)"|].
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Proof. From the hypotheses, the identity (4.3.9) holds. From (4.3.9), we have
by by b3 an+n1+p r,s, t
|V (x,y,2) / / / Poy(x,7)Om(y,5)S,(z, t)|’ f( )

FEEICEID dtdsdr
s

=U(x,y,z) (say). (4.3.25)
Now, using Holder’s inequality and property of the modulus and integral, we have

Ul(x,y,z) <

an+m+pf by by b3
gm0 / / / |P,,(x, r)Qm(y,s)Sp(z,t)| dtdsdr;

oo/ d] az as

| ([ 1nnuts,colParasd
I A3an I Po(x,1)Qm(y,5)Sp(z,1)|"dtds r> )
drdsmorr ||, for oz s ! (4.3.26)

=1, a>1;

™=

+ —
a p
Sllp ‘Pn(x7r)Qm(yvs)Sp(Z7[)|’

dr"dsmaotP | (rs.t)eH

Using (4.3.6), (4.3.7) and (4.3.8), we have

by by by
/ / / }Pn (x,7)Om(y,5)Sp(z,1) ’ dtdsdr
aj a as

b2 by
= [ inniar [ 10atis)ias [ 15yGeola
“(r—a)" by (by —r)"
= [ [
y (s—az)”‘ by (b2 —S)m 2z ([—03)]7 b3 (b3 —t)p
“ Uazm! ds—i—l 2= ds} U%p! dz+/Z o dt}

=N (x,y,2). 4.3.27)

an+m+pf

Further, by using (4.3.6), (4.3.7) and (4.3.8), we have

by by b3 %
(/ / / ’Pn(x»”)Qm(y,S)S,,(z,t)’ﬁdtdsdr)
at ap Jaz
by % b2 1 by 1
= ([ imwntar) ([Fieavoras)” ([" i)’

nynivﬂ{/ (r—al)nﬁdr+/ (b — )”ﬁdr]]
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1 1
y by B 4 b3 B
x [/ (s—az)mﬁds+/ (b2 —s)mﬁds} U (t —a3)1’ﬁdt+/ (b3 —t)pﬁdt}
a y as z
=Ny (x,y,2)- (4.3.28)
Finally, using (4.3.6), (4.3.7) and (4.3.8), we have

sup |Po(x,7)Om(y,5)Sp(2,0)[ = sup |Py(x,r)| sup [Qm(ys)| sup [Sy(z,7)]

(rs,t)eH relay,by) s€laz,by] 1€[az,b3)

_ n . n _ m o m B p _ p
= max{ (x—a) , (b1 —x) }max{ (y—a) 7 (b2—y) }max{ (z—a3) 7 (b3—2) }

n! n! m! m! P! !

=N3(x,5,2), (4.3.29)
here we have used the fact that
a+b |b—a
AB} = .
max{4,B} = ——+ ‘ 5

The required inequality in (4.3.24) follows from (4.3.25)—(4.3.29) and the proof is com-
plete.

In our further discussion, we make use of the following notation to simplify the details
of presentation. The partial derivatives of a function e = e(x,y,z) : H — R are denoted
by Die = 3¢, Dye = £, Dse = ¢, DiDye = £5. DaDse = $.5. DsDie = 5 and
D3Dy;De = az%%;%x. We denote by F(H) the class of continuous functions e : H — R for
which Dye, Dse, Die, D1Dse, DyDse, D3Die, D3D;Dje exist and are continuous on H.
For (x,y,z), (r,s,t) € H and some suitable functions p, f, g, h: H — R, we set

[= (b1 —a1)(by — a2)(b3 — a3),
— X y Z
1[1’]2/ / /t D3Dy Dy p(u,v,w)dwdvdu,

T = (ba—a)br—as) [ plry2)dr

Jag

+(b1—a1)(b3—a3) /bzp(x,s,z)ds—l— (b1 —ay)(by—az) /ab3 p(x,y,t)dr,

az

by by
Lip] = (b3 —613)/ / p(r,5,2)dsdr
ay Jap

by b3 by b3
+(by—a2) / / p(r,y,t)dtdr+ (b —al)/ / p(x,s,t)drds,
Jay Jaz ay Jaz

A(f,8,h:J,L:1)(x,y,2) = f(x,5,2)8(x,y,2)h(x,y,2)
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*% [g(x,y,Z)h(x,y,z) {J[f] —L[f] +/:1 /:2 :3 f(r,s,t)dtdsdr}
+h(x,y,2) f(x, %Z){ ]—|—/b1 /bz /b3 (rys t)dtdsdr}

+(x,y.2)8(x, y,z){ h]Jr/bl /bz/ h( r,s,t)dtdsdr}]

— - by by b3 _
B(f.g D) y2) = g(enhtea) [ [ [T drdsar
ay ay as

by by b3y _ by by b3 _
+h(x,y,2) f(x,y,2) / / / I[gldtdsdr+ f(x,y,2)g(x,y,2) / / / I[hdtdsdr.
ap ap Jaz ap a Jaz

In [126], Pachpatte has established the following Ostrowski-type inequality for triple inte-

grals.

Theorem 4.3.3. Let f € F(H). Then

by

by
ry,z)dr+
by —ay Ja Fry.2) by—az Ja,

’f(m,Z) - [ f(x,5,2)ds

! 1 by by
pr— f(x »1)d ] [wl—mwz—aﬁ/‘q /az f(rs,2)dsdr

e [ [ ey " saias
n,y,t)dt r+—/ X,s,t)dtds
1 az > (b2 —dap (b3 - 613

+—
(b —a1)(bs —a3) Ja
by by rbs by rba b3
/ / f(r s,t)dtdsdr| < / / / ‘dtdsdr, (4.3.30)

for all (x,y,z) € H.

Proof. First, we prove the following identity

I[f] = f(x,3,2) = [f(ny,2) + f(x,5,2) + [ (x,5,1)]

U (ns,2) + F(ry,0) + f(x,5,0)] = F(15,0), (4.3.31)
for (x,y,2), (r,s,t) € H, where
I[f] = /x /y /ZD3D2D1f(u7v, w)dwdvdu. (4.3.32)
r Js Jt

From (4.3.32), it is easy to observe that

1] = / /Syszl F(u,v,2)dvdu — / /SyDle Fluyvt)dvdu = L[f] —blf]. (4.3.33)
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By simple computation, we have
hif] = / ' / " DaDy fu,v,2)dvdu
- / "D f(u,y, 2)du— / "D flu,s,2)du
— D)~ Fr2) — F(5,2) + (55,2). (4334
Similarly, we have
blf] :/rx/syDlef(u,v,t)dvdu
= f(x,y,1) — f(r,y,t) — f(x,8,8) + f(r,5,1). (4.3.35)

Using (4.3.34) and (4.3.35) in (4.3.33), we get (4.3.31).
Integrating both sides of (4.3.31) with respect to (r,s,#) over H and rewriting, we get

1 by by
f(x’%z)_{b]al /al f(r,y,z)dr—kbzfa2 /az F(x,s,2)ds
! 1 by by
e ey e T ARG

1
o —an) (s —a3) Ju,

R S
(by —az2) (b3 —a3) Ja,

1 by by b3 1 by by by
- / / / f(r.s,t)dedsdr = = / / / {1111} dtdsar, (4.3.36)
l ay Jay Jaz [ a) Jay Jay

for (x,y,z) € H. From (4.3.36) and using the properties of modulus and integrals, we get

/ f(ry,t)dtdr + / f x,s,t)dtds]

the required inequality in (4.3.30). The proof is complete.
The following corollary holds.

Corollary 4.3.1. Let f be as in Theorem 4.3.3, then

¥ 611+b1 a2+b2 az + b3 1 /b‘f raz-i-bz az+ b3 dr
2 ’ 2 bl—al.al ’ 2 ’ 2

1 by (ai+by  a3+b3 1 bs (ai+by ax+by
d t)dt
bz—az/a2 f( 2 = 2 S+b3—a3 ./a3 f 2 ’ 2 ’
b b2 as+ 3)
dsdr
[(bl—al (by —a) /al / (

b by
/ < a2+ by >dtdr
(bl—al) 3—az) Ja, Jas

+
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1 by b3 (ay+b ) }
+—/ / ( ,8,t | dtds
(by—a2)(b3—a3) Jay Jus / 2

1

1 rbv b2 b3
2 / F(r,5.0)dtdsdr| < —||D3D2Dy f|wns 4.3.37)
l ay Jap as 64
where
|D3D2D 1 fllee = sup  [D3D2D) f(u,v,w)| < oo.
(u,v,w)eH
By taking x = ”"gb‘ ,y= “2’2%2 ,Z= 03J2rb3 in (4.3.30) and simple computation, we get the

desired inequality in (4.3.37).
Before concluding this section, we shall give the following generalization of Theorem 4.3.3

recently investigated by Pachpatte in [134].

Theorem 4.3.4. Let f, g, h € F(H). Then

_ _ 1 _
|A(f, 8,15, L) (x,3,2)| < =B (|f]18l, ;1)) (x,3,2), (4.3.38)

o8]

for all (x,y,z) € H.

Proof. From the hypotheses, we have the following identities (see, the proof of Theo-
rem 4.3.3):

I[f] = f(x,3,2) = [f(r.y,2) + f(x,5,2) + £ (x,3,1)]

+f(rs,2) + f(ny,0) + £ (x,5,0)] = f(1s,1), (4.3.39)
1[g] = g(x,y,2) — [g(r,y,2) +8(x,5,2) +8(x,,1)]

+le(rs,2) +8(ry1) +8(x,5,0)] = g(r;8,1), (4.3.40)
1[n]) = h(x,y,2) = [h(r,y,2) + h(x,s5,2) + h(x,3,1)]

+[h(r,5,2) +h(r,y, 1) +hix,s,0)] = h(r,5,1), (4.3.41)

for all (x,y,2),(r,s,t) € H.

Multiplying both sides of (4.3.39), (4.3.40) and (4.3.41) by g(x,y,2)h(x,y,2),
h(x,y,2)f(x,y,z) and f(x,y,z)g(x,y,z) respectively and adding the resulting identities, we
get

3f(x63,2)8(x,y,2)h(x,y,2) — g(x,y,2)h(x,3,2) {[f (ny,2) + f(x,5,2) + f(x,3,1)]

—[f(r,s,z)—i—f(r,y,t)+f(x,s,t)] +f(r,s,t)}
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—h(x,y,2) f(x,5,2) {[g(ry,2) +g(x,5,2) +&(x,,7)]
—[8(r;s,2) +g(ry,t) +8(x,s5,1)] +g(r,s,1)}
—f(x,3,2)8(x,y,2) {[h(r,3,2) + h(x,s,2) + h(x,y,1)]

—[A(r,s,2) + h(r,y,t) + h(x,s,0)] +h(r,s,2)}

= 8(x,y.2)h(x,y, I [f] +h(x,y,2) f (x,y,.2)I[g] + f (x,,2)g (x,y,2)[h]. (4.3.42)
Integrating both sides of (4.3.42) with respect to (r,s,#) over H and rewriting, we have
_ _ 1 _
A(f,8. 10, Li1) (x,3,2) = =B(f,8. D) (x,7.2). (4.3.43)

From (4.3.43) and using the properties of modulus, we get the desired inequality in (4.3.38).

The proof is complete.

Remark 4.3.2 If we take /2(x,y,z) = 1 and hence I[h] = 0 in Theorem 4.3.4, then by

elementary calculation, we get

fx,y,2)8(x,y,2) — [ (x, 5,2 {J[f +/bl /b2 /b3 f(r,s,1) dtdsdr}

+ f(x,,2) {J[g]L[gH/: /;:2 /aj3g(r,s,t)dtdsdr}]‘
21{ oo |/”1/"2/ [f]| drdsdr

by by by
Hrwwal [ 7] ll[g]\dtdsdr] , (43.44)
ap ar as

for all (x,y,z) € H. Further, by taking g(x,y,z) = 1 and hence I[g] = 0 in (4.3.44) and by
simple computation, we get (4.3.30).

Remark 4.3.3. Integrating both sides of (4.3.43) with respect to (x,y,z) over H and

rewriting, we have

_ _ 1 by by by _ _
T(fvgvh"laL’l):j/ / / B(f,g,h;l)(x,y,z)dzdydx, (4345)
31" Jay Jay Ja
where

by by rbs
T(f,8h:J,L;1) / / f(x,y,2)8(x,y,2)h(x,y,z)dzdydx

by by by
7317 / / / gy, 2)h(x,, ) J1f] ~ LIf])
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+h(x,y,2) f(x,,2)(J[g] — Llg]) +£(x,,2)g(x,y,2) (J[h] — L[h])] dzdydx

1 1 b b2 b3 1 b1 b2 rbs
- |l= / / / g(x,y,2)h(x,y,z)dzdydx | | = / / f(x,y,2)dzdydx
3 l. a; Jay Jay l. a; Jay Jay
1 by by b3 1 by by b3
+ ( / / h(x,y,Z)f(x,y,Z)dzdde) < / / g(x,y,Z)dzdde>
l.al ay Jay l.al Jay Jaz
by by bg by by b”i
( / / / Sy 2)e(x,y,z dzdydx) < / / / h(x,y,z dzdydx)}
ap ay ay an

From (4.3.45) and using the properties of modulus and integrals, we get the following

Griiss-type inequality

T(f,g,h:J,L:])| <

;1)) (x,v,2)dzdydx. (4.3.46)

For similar results see [89].

4.4 Ostrowski-type inequalities in several variables

In this section, we offer some multivariate inequalities related to the Ostrowski’s inequality,
investigated in [44,76,87].
In 1975, Milovanovié [76] first proved the following multivariate version of the Ostrowski’s

inequality given in (7).

Theorem 4.4.1. LetD={(x1,...,x,):a; <x; <b; (i=1,...,n)} and let D be the closure
of D. Let f : R" — R be a differentiable function defined on D and let ‘g—xf’ < M; (M; > 0;
i=1,...,n)in D. Then, for every x = (x1,...,%,) € D,

(x._az+b>
)= /fy)dy Y L (bi—a)M;,  (4.4.1)

i—1 4 (bi —ai)z

ﬁ(
i=1

1

where, [, f()dy = [V [ F (1, yn)dyn - -dy

Proof. Letx= (xi,...,x,) and y = (y1,...,yn) (x € D,y € D). From the n-dimensional
version of the mean value Theorem (see [146, p. 174], [76, p. 121]), we have

Z &gic) (xi — 1), (4.4.2)

where, ¢ = (yl +a(xl _yl)a--~7yn+a(xn_yn)) (0 <a< 1)'
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Integrating both sides of (4.4.2) with respect to y over D, we obtain
- [ 9f(c)
D— dy= i —yi)d 443
Jf(x)mes '/Df(y) y ;/B I, (i = i) dy, (4.4.3)

where mesD =[]\, (b; — a;). From (4.4.3), it follows that

‘f(X)mesD /D f0)d ‘ <4/, 28 (- iy

M = y,\dy<ZM / Ixi — yildy. (4.4.4)

i=1

bi 1 aj-i-b,‘ 2
/_ xi_yidyi:4(bi_ai)2+<xi_ 5 > ;

mesD
[ bty = [y
JD b_a' a;

1 Jdaj

Since

we have

1 (x,» g )
= (mesD)(b; — a;) 7 + W . (4.4.5)
Using (4.4.5) in (4.4.4) and the fact that mes D > 0, we get the required inequality in (4.4.1).
The proof is complete.
In [44], Dragomir, Barnett and Cerone established the following Ostrowski-type inequality

for multivariate mappings of the r-Holder type.

Theorem 4.4.2. Let B =[], [ai,bi] C R". Assume that the mapping f : B — R satisfies
the following r-Holder type condition

n

1f) = fOI < Y Lilxi—yil" (Li=0,i=1,....n), (4.4.6)

i=1

for all x = (xi,...,X,), y = (¥1,...,yn) in B, where r; € (0,1], i = 1,...,n. Then we have

ri+1 ri+1
xXi—a;\ " bi—x;\" .
— bi—a;)"
(b,-a,-) +<b,~a,~) }( )
L

< — 4.
\;r,+1(b ), 4.4.7)

the inequality

1 . n Li
1 ﬁ(bi—ai) /Bf(Y)dy ) z:Zl rit1
=1

i

for all x € B, where [ f(y)dy = [+ [o" f(V1,-- u)dyn--dy1
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Proof. Using the properties of modulus and (4.4.6), we observe that

1) f[av= [ roras] < [ 176970l

n by by
< ZLi/ / |xi — yil idyn - - - dyy. (4.4.8)
=1 Ja Jan
As
. b bn n
[av= [ [" vy =TTt~ e,
B aj an i=1
and

n

by b bi
/ / [xi = yil"dyn - dyy = H(bj—aj)/ i —yi"dyi
ap dn . .

Jj=1 i
J#i

il J J ri+1

J#

n 1 Xi — di it bi — X r,-+1_ .
— bi—a;)—— - b: —a;)i
/I;[l( J aj)riJrl (biai> + bi—a; _( i—ai)",
then dividing (4.4.8) by [T}, (bj—aj), we get the first part of (4.4.7).
Using the elementary inequality

=) (B -y < (B-o)P T

forall o <y < B and p > 0, we get

rit+1 ri+l
Xi—ai\' bi—x;i\" .
<1, :17'“7 )
(bl»—a,»> +<b,-—a,-> l !

and the last part of (4.4.7) is also proved.

The following Corollaries hold.

Corollary 4.4.1. Under the assumptions of Theorem 4.4.2, we have the mid-point in-

equality

ay + by an+bn> 1 norh: i
- = dy| <y =0 449
f( 2 2 n(za,»—ai)-/Bf(y)y Loy @49
i=1

which is the best inequality we can get from (4.4.7).
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Proof. Note that the mapping h,(y) : [&,B] — R, h,(y) = (y — a)? ™! + (B — y)P*!

(p > 0) has its infimum at yp = ‘Hﬁ and
_q)Pt!
inf h,(y)= M
yela,p] 2r

Consequently, the best inequality we can get from (4.4.7) is the one for which x; = %”’

giving the desired inequality (4.4.9).

Corollary 4.4.2. Under the assumptions of Theorem 4.4.2, we have the trapezoid-type

inequality

f(ala"'van)+,f(b],---,bn) 1 L (b: —a:)i
- fdy| <Y —F—2—.  (4.4.10)
2 I (i —a) /B L

Proof. Put in (4.4.7), x = (x1,...,x,) = (aj,...,a,) and then x = (xq,...,%,) =
(b1,...,by), add the obtained inequalities and use the triangle inequality, to get (4.4.10).

An important particular case is one for which the mapping f is Lipschitzian, i.e.,

n

|f(x) = fO) < Y Lilxi — yil, (4.4.11)
i=1

forallx,yeBandL; > 0,i=1,...,n
The following Corollary holds.

Corollary 4.4.3. Let f be a Lipschitzian mapping with constants L;. Then we have

ai+b;\*
n 1 X — T
fx)— /f()’)dy ZLi 1 + b —a (bi —a;), 4.4.12)

=1

11 (b~ a)
for all x € B. The constant i, in all the brackets, is the best possible.

Proof. Chooser;=1(i=1,...,n)in (4.4.7), to get

/f(y)dy < %iL, [( a,>2+ (ZZ)Z] (bi—a).

I:I ( i=1

f) -

A simple computation shows that

2
1 Xi —da; 2+ b,-fx,- 2 _l+ x—%}”'
2 bifa,- b,’*d,’ _4 b,’*d,’ ’

fori=1,...,n, giving the desired inequality (4.4.12).
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To prove the sharpness of the constants %, assume that the inequality (4.4.12) holds for

some constants ¢; > 0, i.e.,

1 n x— ai+b; 2
fx)——— / Fay| <Y Li ci+ biz (b; — a;), (4.4.13)
—a;) B sy i —ai

forall x € B.
Choose f(x) =x;(i=1,...,n). Then by (4.4.13), we get

x_a,'er,' 2
< |6+ ﬁ (bi —a;),
1 1

for all x; € [a;,b;]. Put x; = a;, to get

b,;ai <ci+ i) (bi—ay),

from which we deduce ¢; > %, and the sharpness of i is proved.

ai+bi
Xi— )

N

The multivariate Ostrowski-type inequality investigated by Pachpatte in [87], is embodied

in the following theorem.

Theorem 4.4.3. Let the set B and the n-fold integral be as defined in Theorem 4.4.2. Let
f: B — R be a differentiable function and

V,‘(Xh... s Xi—1,Xi+1,- ..,)Cn) :f(x>|x,-:a,- +f(x)|x,-:h,-’

fori=1,...,n. Then

n
/Bf<x> Z/Vl X1, - xi*laxi+17"'7xn)dx
=1

zl (Z /B x) : (4.4.14)

Proof. Forx € B itis easy to observe that the following identities hold (see [108, p. 392]):

df(x)
ox;

nf(x) = flar, X2, %n)+ -+ (X1, s Xn—1,an)

X1 Xn a
B TS ¥ A / 13 t)dt,  (44.15)
aj (91 an ot

n

and

nf(x) = f(br,x2,...,%0) + -+ f(x1,. .., X0—1,by)

bl 8 bn a
_/ gf(tlax%-- -axn)dtl - a f(X17X2, xn—latn)dtn- (44]6)

X1 1 Xn
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From (4.4.15) and (4.4.16), we get

1 n
= 5 Zvi(xlv"'7xi717xi+17"'7xn)
=1

X1 a by
+ f(l‘],Xz, xn dtl / f 11,Xx2,.. xn)dtl
a Ot ot

59 )
+ a f(xh xnflytn)dtn_ a f(x17 xnflvtn)dtn . (4417)

an Xn
Integrating both sides of (4.4.17) over B and by making elementary calculations, we get the

desired inequality in (4.4.14) and the proof is complete.

4.5 More Ostrowski-type inequalities in several variables

The main goal of this section is to present certain Ostrowski-type inequalities involving
two functions of several independent variables.
Let D= {(x1,...,%,) :a; <x; <b; (i=1,...,n)} and D be the closure of D. Forx; € R, x =

(x1,...,x,) is a variable point in D and dx = dx1 -dxy,. The first order partial derivatives
d 8
u u(x) -

‘ TX, 8x,-
For any integrable function u(x) : D — R we denote by [,u(x)dx the n-fold integral

f:ll fabn" u(xy, ..., x,)dxy - -dxy.

of a function u(x) :

..,n) and said to be bounded if

w  XED

The first Theorem deals with the Ostrowski-type inequality involving two functions of

several variables established by Pachpatte in [92].

Theorem 4.5.1. Let f, g: R" — R be continuous functions on D and differentiable on D,
with derivatives af ( ) ag ( ) being bounded. Then for all x € D,

‘f(X)g(X) -3 £ [ 10110 [ s

£ s3]

n
where, M =mesD = [] (b; —a;) and E;(x) = [, |x; — yi|dy.
i=1

d
#1700 |52

}Ei(x), 4.5.1)
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Proof. Letx= (x1,...,%,), Yy = (V1,---,Vn) (x eD,yc D) . From the n-dimensional ver-
sion of the mean value Theorem (see [146, p. 174] or [76, p. 121]), we have

af(
Z J;xcl Xi— Y1), (4.5.2)

=

g(x) —gly) = —¥i), (4.5.3)

where, ¢; = (y1 + (X1 — 1), -+ ¥n + 0 (xn —yn)) (0 < 04 < 1), i=1,2. Multiplying both
sides of (4.5.2) and (4.5.3) by g(x) and f(x) respectively and adding, we get

2f(x)g(x) — g(x)f(y) — f(x)g(y)

Z ax —yi)+ flx Z ax (xXi = i)- (4.5.4)

Integrating both sides of (4.5.4) with respect to y over D, using the fact that mesD > 0 and

rewriting, we have

f(x)g(x) f*g /f dy*ﬁf(x)/[)g(y)dy

[ / y af (1) (xi —yi)dy +f(x)/Di a%(f)(xi—yi)dy} @5.5)
i=1

L

From (4.5.5) and using the properties of modulus, we have

10960~ 3 [0 [ r0I550) [ e

o @g(xn / 21

df(c1)

g 5 (209 o3

Remark 4.5.1. If we take g(x) = 1 and hence 35( %) — () in Theorem 4.5.1, then the in-
equality (4.5.1) reduces to the inequality established by Milovanovi¢ in [76, Theorem 2],

iy + 171 [ 3 [ 242

i=1 i

— i Idy]

} Ei(x).

The proof is complete.

which in turn is a generalization of the well-known Ostrowski’s inequality given in (7).

The inequalities in the following Theorem are also established by Pachpatte in [92].
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Theorem 4.5.2. Let f(x),g(x), ag@ , a‘g()_c) be as in Theorem 4.5.1. Then for all x € D,

09800 37 [ 100 [ e0ras 00 [ 100]+5; [ r018010
<1\1/1/D(lzn; w|xiyi|> (;
and
050 57 [0 [ e0ras 00 [ 10005+ 5 ([ 1005 ) ([ etrar)
< <,~n1 wE,(x)) (Zl

where M and E;(x) are as defined in Theorem 4.5.1.

dg

Ix;

of
ax,-

i — yi> dy, (4.5.6)

dg

Bxi

of
ax,‘

E,»(x)) , (4.5.7)

Proof. From the hypotheses, the identities (4.5.2) and (4.5.3) hold. Multiplying the left
hand and right hand sides of (4.5.2) and (4.5.3), we get

f(x)gx) — f(x)g(y) —g(x)f(y) + f(y)g(y)
_<Zaf;(x“) . )(Zai(xcz Yi—y ) 45.8)

i=1

Integrating both sides of (4.5.8) with respect to y over D and rewriting, we have

FWe) = 3,76 [ ey e [ 0dy+ 5 [ rgay

y 27 o) (328
M / ( ~ ox ’y’)> (Zl oy yr>>dy- (4.5.9)

From (4.5.9) and using the properties of the modulus, we have

7080) 57 | 10 [ sOh+sto) [ r0ray] 45 [ s

< (£ ) (252 i)
M/ (1 1 ,> (Zi yi> dy,

which is the required inequality in (4.5.6).
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Integrating both sides of (4.5.2) and (4.5.3) with respect to y over D and rewriting, we get

1 (9f 61
7M/Df(y) M/ Z ox (xi = yi)dy, (4.5.10)
and
8(¥) — 57 Dg(y)dy—M/Di; o, %Yy 4.5.11)

respectively. Multiplying the left hand and right hand sides of (4.5.10) and (4.5.11), we get

flx)g(x —[ X)/ y)dy+g(x /f dy] e (/f dy) (/Dg(y)dy>
*# (/D i}agg)(xiyi)do ( /D iila%(xiZ)(xiyi)dy)- (45.12)

From (4.5.12) and using the properties of modulus, we have

’f(X)g(X)—A; {f(X)/Dg(y)dyﬂLg(X)/l;f(y)dy] +# (/l;f(y)dy> </Dg(y)dy>‘

1 &9 f(e /" dg(ca)
<7 —Yild i —Yild
e < b = Vil y) ( D;:l xi — yildy

1 n n
<3p (i—l mE,(x)) <§i mE,-(x)) .

This is the desired inequality in (4.5.7) and the proof is complete.

o
ax,'

dg

8x,~

Remark 4.5.2. In [2,74], the authors have established a number of Ostrowski-type in-
equalities for functions of several variables by using different techniques. We note that the
inequalities given in Theorems 4.5.1 and 4.5.2 are different from those established in [2,74],
and the proofs are extremely simple. We also note that, by closely looking at the results
obtained in [105,125,134], one can very easily extend the inequalities in Theorems 4.5.1
and 4.5.2 involving three functions of several independent variables. We omit the details.

Another Ostrowski-type inequality for mappings of the Holder type involving two functions

of several independent variables is given in the following theorem.
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Theorem 4.5.3. Let the set B be as defined in Theorem 4.4.2. Suppose that f : B— R is
of r-Holder type, g : B— R is of s-Holder type, i.e.,

lf@x)=fO) < Y Hi | xi—yil" (Hi>0,i=1,...,n),
i=1
lg(x) =g < Y Lilxi—yil  (Li=0,i=1,....n),

for all x, y € B, where r;, s; € (0,1], i =1,...,n. Then we have the inequality

70980) 57 | 10) [ g0y 200 [ 70|+ [ s

1 n
< — <2Hi|xi —wl”) (ZL xi — il ) dy, (4.5.13)
M /s \ ;=
for all x € B, where M = mes B =[]\, (b; — a;).

Proof. From the assumptions, we have

(£ () = F () (8(x) = (ZH i = il ) (ZL i — ) SRR
Integrating both sides of (4.5.14) with respect to y over B, we get
/ I(f ¥))(g(x) —g(y))|dy < / (ZH|xl Vil > (ZLXI ytYI> dy. (4.5.15)

On the other hand, from the properties of integrals, we have

S0~ £ e~ g0y > | [ (0) £ et~ )

~ |06 - 1) [ ey et [ 100y + [ r0eir]. @i

Using (4.5.16) in (4.5.15) and the fact that M = mes B > 0, we get the required inequality
in (4.5.13). The proof is complete.

Remark 4.5.3. If we take g = f and hence L; = H;, s; =r;, i = 1,...,n in Theorem 4.5.3,

then we get
2
x)/f dY+M/f dy’ /(ZH|XL y1|r'> dy,

for all x € B.
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4.6 Discrete inequalities of the Ostrowski-type in several variables

In this section, we offer some discrete inequalities of Ostrowski-type involving functions
of many independent variables, recently investigated by Pachpatte in [95,125,134].

In what follows, we use the following notation for simplicity of presentation.
LetU={1,....,k+ 1}, V={l,...,r+ 1} (k,r € N) and W = U x V. For some suitable
functions p, f, g, h: W — R, we set

e = kr,

m—1n—1

Sipl= Y. Y AAip(o, 1),

o=s T=t

k r
F(m,n) = rZ’f(s,n)—i—kzif(m,t)7

s=1

k r
G(m,n) =r ;g(s,n) +k;g(m,t),

k r
H(m,n) = r;h(s,n) +k;h(m,t),

P(f,g,h;F,G,H;e)(m,n) = f(m,n)g(m,n)h(m,n)

k r
—3% {g(m,n)h(m,n){ Z Zf(s t }

§=

_

=
Il

-

k
+h(m,n)f(m,n) {G(m,n) - ; X:lg(s,t)}

k r kK r
+h(m,n)f(m,n) Y Y Slg]+ f(m,n)g(m,n) Y Y S[hl,

s=1t=1 s=1t=1

~

LetA={l,...,a+1},B={1,....b+1},C={1,....c+1} (a, b, cEN) and E = A x

B x C. For some suitable functions p, f, g, h: E — R, we set

e = abc,
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k—1m—1n—1

Z Z ZA3A2A1p(u W),

U=F V=8 W=

chp(rmn +ca2p(ksn +ab2pkmt)

r=1 s=1 t=1

b
Lp] = c;; p(r,s,n —l—bZZp(rmt —l—aZZp(kst

r=1t= s=1t=
P(f,g,h;J,L;e)(k,m,n) = f(k,m,n)g(k,m,n)h(k,m,n)

1

b ¢
7% [g(k,m,n)h(k,m,n) {J[f}L[f]+Z sz ns,t }

—_

r=1ls=1t=1

g(rs,1) }
1

+f(k,m,n)g(k,m,n) {J[h] —L[h]+ Z’] ; gh(r,s,t)}} ,

Me\.

=1 s=1

‘
<
=
Il

+h(k,m,n) f (k,m,n) {J[g] —Lg+} ¥

a b

(2. h:5) (kom.n) = g(k,mmh(k,mn) Y Y Y (/]

r=1s=1t=1
b
X

The discrete versions of Theorems 4.2.5 and 4.3.4 proved in [125] and [13

Ma

a b ¢
“+h(k,m,n)f(k,m,n) ZZZE[ + f(k,m,n)g(k,m,n)
r=1s=1t=1

Iz

||Mm
I_l Lot

are embodied

in the following theorems.

Theorem 4.6.1. Let the functions f, g, h: W — R be such that AyA|f(m,n),
AsA1g(m,n), ApArh(m,n), exist on W. Then

L 1
\P(f,g,h:F,G,H;e)(m,n)| < —Qo(

for all (m,n) € W.

(4.6.1)
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Proof. By simple computation we have the following identities:

f(m,n)—f(s,n)—f(m,t)—l—f(sj)=S[f], (4.6.2)
g(m,n) —g(s,n) — g(m,1) +g(s,1) = Slg], (4.6.3)
h(m,n) — h(s,n) —h(m,t) +h(s,t) = S[h], (4.6.4)

for (m,n), (s,t) € W. Multiplying both sides of (4.6.2), (4.6.3) and (4.6.4) by
g(m,n)h(m,n), h(m,n)f(m,n) and f(m,n)g(m,n) respectively and adding the resulting

identities, we have

3f(m7n)g(m,n)h(m,n) _g(m’n)h(man)[f(san) J’_f(ma[) _f(sat)]
_h(mvn)f(mvn)[g(svn) +g(mvt) —g(s,t)] _f(mvn)g(m7n)[h(s>n) +h(mvt) —h(S,l)]

= g(m,n)h(m,n)S[f] + h(m,n) f(m,n)S|g] + f (m,n)g(m,n)S[h]. (4.6.5)

Summing both sides of (4.6.5) first with respect to # from 1 to r and then with respect to s

from 1 to k and rewriting, we have
- 1
P(f,8,:F, G, He)(m,n) = = Qo(f,8,h;S)(m,n). (4.6.6)

From (4.6.6) and using the properties of modulus, we get the required inequality in (4.6.1).

The proof is complete.

Remark 4.6.1. Taking h(m,n) = 1 and hence AyA h(m,n) = 0 in Theorem 4.6.1 and by

simple computation, it is easy to see that the inequality (4.6.1) reduces to

k r
<mn>g<mn>—zlelg<mn>{ m,n) ;;fso}

+f(m,n) {G(m,n) - ; iig(s,t)}] ‘

s=lt=

[|gmn;;|s \+|fmn\22|s 1 (4.6.7)

for all (m,n) € W. Further, by taking g(m,n) = 1 and hence ApA;g(m,n) = 0in (4.6.7) and

by simple computation, we get the following Ostrowski-type discrete inequality

r k r
F(m,n) — ZZ (st} Y Y Isifll, (4.6.8)

(\\»—t

f(m,n) _é

=1 s=11=1

for all (m,n) € W.
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Remark 4.6.2. Summing both sides of (4.6.6) first with respect to n from 1 to r and then

with respect to m from 1 to k and rewriting, we have

o 1 k r
M(f,8,i:F,G, H;e) = 3= 3 ), Qo(f,8h:8)(m,n), (4.6.9)
m=1n=1
where
k r
M(,& I F,GHie) =~ Y Y. flmn)g(m,m)hm,n)
m=1n=1
1 k r .
—sz X Y [glmmh(m,n)Fm,n)
m=1n=1

1 k r 1 k r
+ (e Z Z f(m,n)g(m,n)) <e Z Z h(m,n))} .
m=1n=1 m=1n=1
From (4.6.9) and using the properties of modulus, we get the following Griiss-type discrete
inequality
o 1 k r
\M(f,g,h;F,G,H;e)| < —;Z{: )(m,n). (4.6.10)

Theorem 4.6.2. Let the functions f, g, h: E — R be such that A3AxA;f(k,m,n),
A3 A g(k,m,n), AsApAjh(k,m,n) exist on E. Then

!P(f,g,h]Le)(kmn)’ (

S|) (k,m,n), 4.6.11)

for all (k,m,n) € E.
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Proof. We first prove the following identity:

S[f} :f(kﬂ’l’l,l’l) - [f(r,m,n)—l—f(k,sm)+f(k,m,t)]

+[f(r,s,n) + f(rymyt) + f(k,s,t)] — f(r,s,1), (4.6.12)
for (k,m,n), (r,s,t) € E, where
—1m—1n—
S[f] = Z Z ZA3A2A1f(u vw). (4.6.13)

From (4.6.13), by simple calculation, we have

—1m—1

Z): Z{AgAlfuvw—i-l) AoArf(u,v,w)}

u=r v=s |w=t

—lm— —1m—1
ZZAgAlfuvn ZZAzAlf(uvt
=5[] - Sa2[f] (say). (4.6.14)
By simple computation, we have
k=Im—1
Silf ZZAzAlfuvn)

k—1 |m—1
= Z Z {A1f(u,v+1,n) — Ay f(u,v,n)}

k=1 k=1
= Z Alf(u,m,n) - Z Alf(uvs7n)

u=r

k—1 k—1
= Z{f(u+ Lm,n) — f(u,m,n)} — Z{f(”+ 1,s,n) — f(u,s,n)}

:f(k,m,n) —f(r,m,n) —f(k,s,n)-i—f(r,s,n). (4615)
Similarly, we have
—1m—1

Z ZA2Alqut f(kamvt)_f(r7mvt)_f(kvsvt)+f(rvsat) (4.6.16)

Using (4.6.15) and (4.6.16) in (4.6.14), we get (4.6.12). Similarly, we have the following

identities

g[g] :g(k,mm) - [g(r7m7n)+g(k7s,n)+g(k,m,t)]

+[g(rs,n) +g(rm,1) +g(k,s,1)] — g(r,s,1), (4.6.17)
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S[h] = h(k,m,n) — [h(r,m,n) + h(k,s,n) + h(k,m,t)]
+[h(r,s,n) +h(r,m,t) +h(k,s,t)] — h(r,s,t), (4.6.18)
for (k,m,n), (r,s,t) €E.
Multiplying both sides of (4.6.12), (4.6.17) and (4.6.18) by g(k,m,n)h(k,m,n),
h(k,m,n)f(k,m,n) and f(k,m,n)g(k,m,n) respectively and adding the resulting identities,
we have
3f(k,m,n)g(k,m,n)h(k,m,n)
—g(k,m,n)h(k,m,n){[f (r,m,n) + f (k,s,n) + f (k,m,1)]
—[f(rs,n) + f(rm,0) + fk,s,0)] + f(r,5,0)}
—h(k,m,n) f(k,m,n){[g(r,m,n) + g(k,s,n) + g(k,m,1)]
—[g(r.s,n) +8(r,m, 1) +g(k,s,0)] +8(r,5,1)}
—f(k,m,n)g(k,m,n){[h(r,m,n) + h(k,s,n) + h(k,m,t)]
— [A(r,s,n) + h(r,m,t) + h(k,s,t)] + h(r,s,1)}
= g(k,m,n)h(k,m,n)S[f] + h(k,m,n) f(k,m,n)S[g] + f(k,m,n)g(k,m,n)S[h]. (4.6.19)
Summing both sides of (4.6.19), first with respect to ¢ from 1 to ¢, then with respect to s

from 1 to b and finally with respect to r from 1 to a and rewriting, we have
— — 1 — _
P(f.g,h;J,L;e) (k,m,n) = 372 (f,8h:S) (k,m,n). (4.6.20)
e
From (4.6.20) and using the properties of modulus, we get the required inequality in

(4.6.11). The proof is complete.

Remark 4.6.3. Taking h(k,m,n) = 1 and hence S[h] = 0 in Theorem 4.6.2 and by simple

computation, it is easy to see that the inequality (4.6.11) reduces to

f(kmn)g(kmn)—;[(kmn){J[f —I—iZi rst}

r=1s=1t=1

estomn {71+ £ 5 Faton |
1[|gkmn|iii |+|fkmn|ffi\ } 4.621)

r=1s=1tr=1 r=1s=1t

=1
for all (k,m,n) € E. Further, by taking g(k,m,n) = 1 and hence S[g] = 0 in (4.6.21) and by

simple computation, we get

f(kmn)][.l[f +Za:

r=ls

a b ¢
YV YU @62

r=1s=1t=1

Mw
Mm

-
1

1t

for all (k,m,n) € E.
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Remark 4.6.4. Summing both sides of (4.6.20) first with respect to n from 1 to ¢, then

with respect to m from 1 to b and finally with respect to k from 1 to a and rewriting, we

have
a b ¢
M(fehT Lo =15 Y Y ¥ 0 hsS)(kmn) (4.623)
k=1m=1n=1
where
a b ¢
M(f,g,h:J,Le) = % Y Y ) f(k,mn)g(k,m,n)h(k,m,n)
k=1m=1n=1
a b ¢
—321?:1 Z,l ;[g(k,m7n)h(k7m,n)(7[ F1=L[f]) +h(k,m,n) f (k,m,n)(J[g] - L[g])

figwm@

From (4.6.23) and using the properties of modulus, we get the following Griiss-type dis-

crete inequality

a b c
\M(f,g,h;J,Lie)| < ZZZQWMM&WMM. (4.6.24)
k=1m=1n=1

The discrete Ostrowski-type inequalities in the following theorems, involving functions of

many independent variables are investigated in [95].

Theorem 4.6.3. Let f, g: Q — R be functions such that A; f(x), Aig(x) fori=1,...,n
are bounded on Q, where Q is as defined in section 2.6. Then for all x, y € Q,

F00)zx) - 2}”[ DWEENE) W H

1 n

S 57 X 14if e+ 1 () 1| Aig oo Hi (), (4.6.25)

l:1

where, M = [T_; a; and H;(x) = ¥, |x; — yil-
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Proof. Forx = (x1,...,x,),y= (y1,...,ys) in Q, it is easy to observe that the following
identities hold:

n xi—1
f(x) _f(y) = Z { Z Aif(yla" Vil Xig 1. - 7xn)} ) (4626)

=1 \ ti=y;

g(x) Z { Z Alg ViseoosYi—1sLiy Xit1,-- '7xn)} . (4627)

Li=yi
Multiplying both sides of (4.6.26) and (4.6.27) by g(x) and f(x) respectively and adding,

we get

n xi—1
2f(x)g(x) —g(x)f(y) — f(x)g( X)Z{ Y AfOn- :Yi—latiaxi+la--~>xn)}

ti=yi

n X,'fl
+£(x) Z{ ) A,-g(yl,...,y,-1,t,~,x,-+1,...,xn)}. (4.6.28)

i=1 =i
Summing both sides of (4.6.28) with respect to y over Q, using the fact that M > 0 and

rewriting, we have

09800) 300 L0~ 557/ (0 L)

n xi—1
{ Z {Z{ Z Aif(yl,n-7yi—1,li,xi+1,...,xn)H

i=1 ti=yi

~<

n xi—1
Z [Z{ y Aig(yl,...,yil,ri,xm,...,xn)}H . (4.6.29)

Li=yi
From (4.6.29) and using the properties of modulus, we have

F00800) ~ 517 [g(X)Zf(y) e Zg(w] ‘
y y

LM llg(x”; L;{

n xi—1
H@IY {Z

Z Aig(V1s- s Vi 1o tis Xig 153 Xn)
i=1

I }

= 337 2 8IAf [l + [f ()| Avg] ] (lez y,)

xi—1

Z Aif(yla' --7))i717ti7xi+17-- .,Xn)

L=

|
il

n xi—1
+ \f(X)IZ, [; {|Aig||°°

xifl

Y1

1i=yi

Y1

1i=yi

=

il

1 n
<le 9L [Z 8471

i=1

1 n
77 2 1A oo+ [ ()| Avg e Hi (x)-
i=1
The proof of the inequality (4.6.25) is complete.
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Remark 4.6.5. By taking g(x) = I and hence A;g(x) = 0 in Theorem 4.6.3 and by simple

calculation, it is easy to see that the inequality (4.6.25) reduces to

=57 £10)

for all x, y € Q. The inequality (4.6.30) can be considered as the discrete version of the

1 n
< i Y 1A f|l-Hi(x), (4.6.30)
=1

inequality established by Milovanovi¢ [76, Theorem 2].

Theorem 4.6.4. Let f, g, A;f, Aig be as in Theorem 4.6.3. Then for every x, y € Q,

lx )g(x)—[ L0+ 10 L) + 57 L0
y y
MZ[ZlAfll i — yz] [flAigHmmyil], (4.6.31)
i=1 i=1
and
‘ (x)g(x) — — [ Zf X)Zg(y) — (Zf(y)) <Zg(y))‘
[ZIIAJ‘II H;(x ] [ZHA,g Hi( x)] (4.6.32)

where M and H;(x) are as defined in Theorem 4.6.3.

Proof. From the hypotheses, the identities (4.6.26) and (4.6.27) hold. Multiplying the left
hand sides and right hand sides of (4.6.26) and (4.6.27), we get

Fx)gx) —g(x)f(y) = f(x)g(y) +f(v)g(y)

n xi—1
=YY ASOL - Yim i Xig s Xn)
i=1 1i=yi
n xi—1
Z Z Alg Yiy-- 7yi717ti7-xi+17"'7xn) . (4633)
i=1 \ti=yi

Summing both sides of (4.6.33) with respect to y over Q and rewriting, we have

()g(X)—[ Zf )+ f(x) Y ()
S

+A142y:f(y)g(y)

1 n xi—1
= MZ |:Z{ Z Aif(y17~~':yilyti;xi+l7~~~7xn)}:|
y

i=1 \ti=yi
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n xi—1
X [Z{ Z A,-g(yl,...,yil,t,-,xi+1,...,xn)}:| . (4634)

i=1 \ti=yi
From (4.6.34) and using the properties of modulus, we have

‘f(X)g(X) - % [g(X) Zf(y) +f(X)Zg(y) + %Zf(y)g(y)

1 n xi—1
< MZ {Z { Y Aif(y17--~,yi1,liaxi+1,--~7xn)|}H
Li=y;
n Xi—
X Z Z |Alg Yi5- 7yi—]7ti7-xi+]7"':xn)|

i

Z [DA Flleki— y,] [iz";|Aig||w|xi—yi|] 7

which is the required 1nequallty in (4.6.31).

Summing both sides of (4.6.26) and (4.6.27) with respect to y over Q and rewriting, we get

x) - Az;f(y) ) [Z{ 5 A ,y,-_l,r,»,x,-+1,...,xn)H 4635

y =1 Ui=yi
and

1 1 Ly R

x)iizg(y)ziz Z Z Alg Vi - 7)’i—17fi7xi+1>~--:xn) ) (4636)
M y M y Li=yi

respectively. Multiplying the left hand sides and right hand sides of (4.6.35) and (4.6.36),

F)e) — — [g(X)Zf(y)Jrf(X)Zg(y) +p (Zf(y)> (Zg(y)>

< |:Z{ lz: Afyl’ Vim0 Xy - Xn }])
xi—1
( |: { Z Alg ViseoosVie1slisXiglyer s X }]) (4637)
y |i=1

From (4.6.37) and usmg he p pertles of modulus, we have

9= [0 L0 00+ (£00) (£

y
n i
(Z [Z { 1A f(v1,-- 7)’1‘17ti7xi+17~--7xn)}‘:|)
y |i=1 fz*}l
xi—1
|
1i=yi

(i
(Z|Af| H(x)) <Z|A,g|| Hi( >>

This is the desired 1nequahty in (4.6.32) and the proof is complete.

we get

=

—_
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4.7 Applications

In this section, we present applications of some of the inequalities given in earlier sections

and hope that they will encourage to open up new vistas for future research.

4.7.1 Applications for cubature formulae

In [8], Barnett and Dragomir used the inequality given in Theorem 4.2.1 to obtain a general
cubature formula. In the following Theorem we present a result given in [8].

Consider the arbitrary divisions [, =a =xp < x; < -+ < Xx,_1 <x,=b and J,, =c =
Yo<y1 < <ym1 <Ym=dand § € [x;,x;11] (i=0,....n—1), n; € [y;,yj+1] (j =
0,...,m—1) (n,m € N) be intermediate points. Consider the sum

—lm=l Vj+1

C(f In,Jm,EM) = Z Zh f(&t)dt
i=0 j=0
n—1m—1 —1m—1
+Z Z / f(s,m;)ds — Z Z hilif(E,1;), 4.7.1)
i=0 j=0 i=0 j=0

for which we assume that the involved integrals can more easily be computed than the

D= /ab /Cdf(s,t)altafs7

andh,»:x,-H — X (i:O,...,n—l), lj =Yj+1—Yj (j:O,...,m—l), é = (éo,...,énfl),
n= (n07' .- 7nm—1)-
With this assumption, we state the following cubature formula given in [8].

original double integral

Theorem 4.7.1. Let f: A — R be as in Theorem 4.2.1 and 1,, J,,, &, nj, &, n be as

above. Then we have the cubature formula

b rd
[ [ #Gut)dtds = by &) 4 RO Dy o), (4.72)
a c
where C(f, L, Jin, &, M) is given by (4.7.1) and the remainder term R(f, I, J,,, €, 1) satisfies

the estimation

IR(f LI €. 1)|

Xt Xip 2
2

1, Yjit i+ ’
le + (T’f Ty
n—1 m—1

fIIDlewa Z h; Z ;. (4.7.3)

—1m—1

< [|D2D) £l Z Z

i=0 j=0
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Proof. Apply Theorem 4.2.1 on [x;,xi1] X [yj,yj+1] (i=0,...,n—1; j=0,...,m—1),
to get

Xitl  [Vj+l

f(s,t)dtds — [1,»/):’“ f(s,m;)ds+h; / f(&,)dt h,-ljf(éi,m)”

2 2
xl"l_xl 1 ity 1
< [ (é H) ] 41,?+<17,i—y12yj+>

foralli=0,...,n—1; j=0,....m—1.

Summing both sides of (4.7.4) over i from O to n — 1 and over j from O to m — 1 and using

|D2D1 f 1|0, 4.7.4)

the generalized triangle inequality we deduce the first inequality in (4.7.3).

For the second part, we observe that

Gi—

xl+xl+1 i+ Y+t

2

1
g Ehi: rlji

for all i, j as above.

Now, define the sum

n—1m—1 Vil . .
Culfilndn) =Y Y hi/ i+ f<x, +2xz+1 ,t> it

i=0 j=0 Jj

ntm_1 i+l yj —|—y —lml X +x; i+
J j+1 i i+1 YjTYj+1
+) Z / ( > Z ;)h,-ljf( TR ) (4.7.5)

i=0 j=0

The following corollary contains the best cubature formula, we can get from (4.7.1).
Corollary 4.7.1. Let f, I,, J,, be as in Theorem 4.7.1, then we have

b rd
/ / F(s,0)dtds = Coa(fsTnsJ) +R(f oI Jon), (4.7.6)

where Cy (f,1,,Jm) is the midpoint formula given by (4.7.5) and the remainder R(f,1,,Jm)

satisfies the estimation

1 n—1 m—1
IRCf A I)| < 1 DD flle Y 1 Y 13- (47.7)
i=0  j=0

4.7.2 More applications for cubature formulae

Below, we shall present an application of one case of Theorem 4.2.2, namely, when all the
derivatives Dy f, Dy f, D>D; f of a function f : A — R are bounded. That is,

1 b rd
f(xay)—m/a/cf(t,s)dsdt
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< ﬁ [i(b_a)u <x_“;b>2
it e (- 5)
g (10~ (- 5)

1 2 c+d\?
x[4(a’—c) +<y— 5 )
for all (x,y) € A.

Using (4.7.8) we have the following Theorem given by Dragomir, Cerone, Barnett and

D11l

D21l

|D2D £, (4.7.8)

Roumeliotis in [37].

Theorem 4.7.2. Let I,,,J,, &, M, hi, 1, &, 1 be as given in subsection 4.7.1 and f: A — R

be as in Theorem 4.2.2. Then we have

b rd
//f(r,s)dsdt:R(f,ln,Jm,g,n)+W(f,1n,1m,g,n), 4.7.9)

where R(f,1;,Jm,&, M) is the Riemann sum defined by

n—1Ilm—1

R(f Ly, 6 m) =) Z hil i f (&), (4.7.10)

i=0 j=0

and the remainder through the approximation W (f,1,,J,,, €, 1) satisfies the estimation

41 (& x,+xl+1>2}

112 Yty g
rURE U b

n—1

(WS Ty In; &, 1) | < (d =) [ D1 f | Z

m—1

+(b—a)[[Daf || Z

J=0

n—1 2| m—1 . . 2
HpaDifl X |5 (5, x‘”’*‘) } MECE <njyf+2yf+l) ]
i=0 j=0
1 n—1 m—
<5ld—c IleIIoth2 Lb-a IszIIoole fHDlemeZhZZF
1 1
<3d=c)(b—a) [V(h)||lew+V(1)|D2foo+ 2||D2D1me(h)V(l)] ., @711

where v(h) = max{h;, i=0,...,n—1} and v(I) = max{l;, j= -1}
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Proof. Apply (4.7.8) on [x;,xi41] x [yj,y41] to obtain

Xit1 YVj+1

f(t,8)dsdt —hil; f(&i,mj)

1 xi+xi )’ Ay )
h%+<§,- ’ 2’“) 12+<njy12yf+l>

4
2 2
Xi+ X, 1 ity
<€l i z+1>] 4ljg+<anJ 2)’/+1)

foralli=0,....n—1; j=0,....m—1.

Summing both sides of (4.7.12) over i from 0 to n — 1 and over j from 0 to m — 1, we get

Xi

<

~

hil| D2 f ||oo

LDyl +

|D2D) f ][0 (4.7.12)

the desired estimation (4.7.11).

4.7.3 Application to numerical integration

In [64], Hanna, Dragomir and Cerone employed the inequality given in Theorem 4.2.3 to
approximate two dimensional integrals for n-time differentiable mappings via the appli-
cation of function evaluations of one dimensional integrals at the boundary and interior
points.

The following application in numerical integration is found in [64].

Theorem 4.7.3. Let f: A — R be as in Theorem 4.2.3. In addition, let /, and J, be

arbitrary divisions of [a,b] and [c,d] respectively, that is,
Iyia=G <G < <Gy =b,
with x; € (&,&41) fori=0,...,v—1, and
Juie=tm<1 < <1y =d,

with y; € (7j,7j1) for j=0,...,u — 1, then we have the cubature formula

b rd n—1lm—1v—1u—1 . ai+j LY
[ =TT Y w7 S5

=0 [=0 i=0 j=0
n—lv—1pu—1 Tigl . ak+mf(x- S)
—1)m x! -/’ (1) (y. g2 J\XirS)
HEDE BN | S 059 =g s

—lv—1u—1 &l ot 1,y
1)"2 ZZY '(v)) / " 1)(x,,t)%y2y])dt+R(f71v7Ju7x,y), (4.7.13)

=0 i=0 j=0
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where the remainder term satisfies the estimation

|R(f71V7‘I[Jvcx7y)|

H anerf
t"a m 1
1 ,(fn+1)_ (3= &)™+ (G =)™

x ,Z [0 = )"+ (T =)™

arH»mf
P Smasm € L=(8):

an+mf
1
' atnasm _ (xifgi)nq+l+(§i+l 7xi)nq+l q
n!m! ):o [ ng+1 ]
1
s <y {(yj—fj)mq+1 + (T —yj)”’q“} ‘
=0 o mq+ 1 ’
n-+m
f 1 1
L,(A); —+-=1 1;
it Sogyn € LB S0 =1 p> L
anerf

|

dr"ads" . .,
W et [( g;) + (§i+1 _X[) + ‘(X,‘ — é,)

i
-1

X Z [0 = )"+ (T = )" + |0 = 7)) = (Tj1
n+m
if WELl(A);
whereX (k 0,. 1i_0 l)Y (l_ .om—1;j=0
(z— vfl)S (J— - .,,ufl)aredeﬁnedby

oy Gt —x) 4 (1) — &)
Xk (xt)* (k+1)! y
Y()( ) (TJ+1 yj)l+l+(_l)l()’j_7j)l+l
Vi (I+1)! ’
and
t=&)"
(1) ( | ) . €8xl
Ko int) = (f*%ﬁl)"
— > 1€ Gil,
n.
(S—Tj)m
- —, syl
S'("/)(yhs): (Si’j?j!Jrl)m / ]]
a0 s € (v, Tjs1)-

The proof is obvious by Theorem 4.2.3 applied on [&;, &1 1]
j=0,...,u—1, and we omit the details.

—y)"

X [Tj,Tj.;,.]], i=0,...
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= (&iv1 —x)"]

]

..., —1)and
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4.8 Miscellaneous inequalities

4.8.1 Dragomir, Barnett and Cerone [29]

Let f : [a,b] x [¢,d] — R be a continuous mapping on [a,b] x [c,d] and f{', Zgy exists
on (a,b) x (¢,d) and is in L, ((a,b) x (c,d)), i.e

H < afxy

then we have the inequality

ab / ! fs.0)dsdi — {(b—a) / eyt

+d=0) [ Fss—(@-0b-asy) \

1
P
dxdy) <oo,p>1,

=@+ (b)) Ty =)+ (d—y) Y7,
< q+1 q+1 ||fst||P:
for all (x,y) € [a,b] x [¢,d], where %+é =1.

4.8.2 Hanna and Roumeliotis [63]
Let f : [a1,b1] X [a2,b2] — R be such that all its partial derivatives upto order 2 ex-

ist and be continuous, i.e., Btjtz;k <oo i=1,2; j=0,...,i; k =i— j. Furthermore, let
1 2

w: (a1,by) x (az,by) — (0,0) be integrable i.e., ffl' fabzz w(ty,t)dtadt; < oo. Then for all
(x1,x2) € [a1,b1] X [az,bs] the following integral inequality holds

I by by
/ / w(t],tz)f(fl,IZ)dIZdtl_f(xl’XZ)/ / w(t1,t)dndn
Jar Sy Jay Jay
P by b
+M/ 1/ ZW(tl,IZ)(xl_tl)dtzdtl
atl ag ap

by b
+M/ 1/ 2W(t1,f2)(xz—t2)dt2d[1
t2 aj ap

1|92 by b
Ha{ / / W(l‘l,l‘z)(xl—tl)zdtgdtl
tl a1 ay
1192 bi by
- H T{ / / W(tl,tz)(xZ — tz)zdtzdl‘l
t2 o /a1 az
A
w(ty,h)|x1 —t1||x2 — 12 |dtrdt, .
H8t18t2 . (t1,12)[x1 — t1||x2 — t2]dtadty
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4.8.3 Hanna and Dragomir [65]

Let f : [a,b] X [¢,d] — R be a function so that the partial derivatives D f(x,y), Daf(x,y)
and DD, f(x,y) exist and are continuous on [a,b] x [c,d]. If |D;f(x,y)| is convex over

first direction,

D, f(x,y)| is convex over the second direction and |D D, f(x,y)| is convex

in both directions, then we have the inequality

’(b_a)l(ci_c)/ab/cdf(t,s)dsdtf(m,yo)

[ID1f (x0,) [0 + [[D1.fleo] |1 a+b\*
< ! 02(b—a) ! [4(ba)2+(xo 5 )
[ID2£ (-, 0) [0 + [[D2f|eo] | 1 c+d\*
2 Z(Edfc) 2 l4(d—c)2+<yo— 5 >

1D1D2f (x0, )|l + [P1D2f (x0,50) | + |1D1D2f (+,30) [l + D1 D2 ]
4(b—a)(d—c)

x Ll;(ba)% (xo a;b>2 [i(dc)2+ <y0 C—zkd>2

for all (xo,y0) € [a,b] X [c,d], where

N

D1 (x0,°)[le = sup |D1f(xo,5)| < oo,
s€[ed]
1D2f(+,50) |« = sup [Daf(t,y0)| < oo,
t€a,b]
[Diflle= " sup  [Dif(t,s)] <eo,

(t.5)€la,b]x[c,d]

|D1Ds f (30, ) = sup [D1D2f(x0,5)] < =,

s€e,d)
[D1D2f(+,30) [l = sup [D1D2f(t,y0)] < oo,
t€la,b)
and
ID1D2f || = sup |D1Dyf(2,5)] < oo.

(t,5)€[a,b]x[c.d]
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4.8.4 Hanna, Dragomir and Cerone [62]

Let 7, J be two closed intervals and f : I x J — R be a mapping so that the partial derivatives

gitm+l a, . a;+n+1 an+m+2 . .
Wi(ﬂ) (i=0,...,n), ngyl) (j=0,...,m) and W(M exist on the intervals

J,I and I x J respectively, where a € I and b € J are given. Let x € ] and y € J and assume

3i+m+1f(a.') 3-i+"+1f(~,b)

(j=0,...,m) and is continuous on [a,x] X [b,y]. Then we have the inequality

are continuous on [b,y] (i =0,...,n),

an+m+ f( )

are continuous on [a, x|

an i (x—a)’ (y—=b)! 9" f(a,b)

‘f()@y) _i:Oj:O il j! oxidyl
x a) &l+m+1f(a S) 1 8J+n+1f(l‘ b)
, / - dxidyn+1 T axgyntT 45 7.j_0 / (x— X 1oy “Sarigy 9
1 an+m+2f
Iy SV /& 2 WO AV S B | B
(n+1) (m+1) (.X (1) (y b) axn+18ym+l oo;[ax]x[b_y]7
. an+m+2f ’ ’
if gyt € Lellad x [b]]
1 n+1 m+L 8"+m+2f
T T (x—a)"i(y = )" | e ,
< { nl(ng+1)am!(mg+1)4 y Pl x[by]
) an+m+2f 1 1
i Serggt € ollad x byl p>1, 4o =1,
1 " . an+m+2f
n!m!<x*a) (r=b) JxnTgymil 1-[ax]><[b.y]7
o gntm2 R
if gyt € Lllad x (b))

where || {[ y:[a.x]x by 1S the usual p norm (p € [1,0]) on the region [a,x] x [b,y].

4.8.5 Milovanovié [76]

Let f : R™ — R be a differentiable function defined on D = {(x1,...,x») : a; < x; < b;} for
(i=1,...,m) and let }3—){| <M; (M; >0,i=1,...,m) in D. Furthermore, let the function
x — p(x) be integrable and p(x) > 0 for every x € D. Then for every x € D, we have the

inequality

Jyposoas| B A g

o '/Dp(y)dy B /Dp(y)dy



Multidimensional Ostrowski-type inequalities 245

4.8.6 Dragomir, Barnett and Cerone [44]

Let the function f and the set B be as in Theorem 4.4.2. Let w : B — R be a nonnegative
and integrable function and [ w(y)dy > 0. Then we have the inequality

Jprorsoa| B f el

X)— B )

/B w(y)dy /B w(y)dy

for all x € B.

4.8.7 Anastassiou [2]

LethCl ( i l[al,b,]) ,where a; < b;; a;, by e R, i=1,...,k, and let Xy = (xOl,...,ka) S
[T, [a;,b;] be fixed. Then

by
/ fZI, Szk)dzy - dzi — f(Xo)
H(b —aj)

=

af
dz;

i x0i — ai)? + (bi — x0;)?
et 2(b; —aj)

The inequality is sharp, namely the optimal function is

=)

k
fO(Z17"'7Zk):Z|Zi_x0i|ai7 al>1
i=1

4.8.8 Anastassiou [2]

Let Q be a compact and convex subset of R¥, k > 1. Let f € C"*'(Q), n € N and
Xo = (xo1,-..,%0) € Q be fixed such that all partial derivatives f, = %, where o =
(yee0p), 0 €25, i=1,.. .k |a| =¥ i =j. j=1,...,nfulfill f(¥)=0. Then

! 72)dz? X D, l(f) L. u .
W/Qf(z)dz—f(xo) gmLW/Q(HZ—XOHI) gz

where
Dyi1(f) = max || fallw,
o:lo|=n+1
and
k

IZ—Xollr = Y |z — xoil-

i=l
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4.8.9 Pachpatte [92]

Let D, D f, g, af 92 be as in Theorem 4.5.1. Let w:D — R be a nonnegative and

x’ax

integrable function and [, w(y)dy > 0. Then we have the inequality

8) [ WO+ 1) [ wir)ev)dy

f(x)g( Z/DWy
) /DW(y)i)j:l [|g(X)|H§)J;Hm+f(x)|‘ gg, J o wldy
\ 2/DW(y)dy ’

for all x € D.

4.8.10 Pachpatte [86]

LetA={l,....k+1},B={l,....om+1} (k,meN)and E=AxB.Let f:E —-Rbea
function such that A; f(x,y), Ao f(x,y), AoA; f(x,y) exist on E. Then

ii (s,1) — 1{ i[f(sl)—i—fsm—i—l Z (lt+fk+lt)]}

s=1 t=1

E

k m

+%km[f(171)+f(17m+1)+f(k+1,1)+f(k+1,m+1 kaZ|A2A]f 5,1)]
s=1t=1

4.8.11 Pachpatte[83]

LetA={l,...k+1} B={l,....om+1}, C={1,....n+1} (k, m, n € N) and G =
AXBxC.Let f:G— R be afunction such that A} f(x,y,2), Ao f(x,¥,2), AsAxAL f(x,¥,2)

exist on G. Then

Y flurvw) — é FOL 1) + et Lmet Tn 4 1)

+%mn Y w10+ fu nt 1) + fu,m+1,1) + f(u,m+1,n+1)]

u=1
+%knf‘, [flk+1Lvn+ 1)+ f(k+1,v, 1)+ f(1,v,n4 1) + f(1,v,1)]
=1

n

Lom ¥ (PG Lmt Lw) + £+ 1, Lw) + £(Lm e+ 1w) + 71,1, w)]
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k

_7k2i[f(lvw)+f(k+1vw)]—§mzz (u, 1, w) + f(u,m~+1,w)]

v=I1w=lI u=1w=1

n
Y (A3 00A L f(u, v, )]

1w=1

M=

—=n Y Y [f(uv, 1)+ flu,v,n+1)] kmnz

u=1v

4.8.12 Pachpatte [87]

Let A; :{1,...7a1+1},...,An:{1,...,an+1} (a17...,an€N) and H=A| x--- X A,.
Let u : H — R be a function such that Aju(x) (i =1,...,n) exist on H. Then

Z { Z Z (1,02, x0) Fu(ar +1,x0,...,x,)] +---+

H xp=1 xp=1

Aap—1

dn Z Z X[, xn,1,1)+u(x17 <5 Xn— lvan+1) }

X]l xnll

where for a suitable function w(x) defined on H the notation

[

;W( Z Z w(xy,.

xp=1 xp=1

is used to simplify the presentation.

4.8.13 Pachpatte [95]

Let f(x), Aif(x) and Q be as in Theorem 4.6.3. Let w(y) be a real-valued nonnegative
function defined on Q and ¥, w(y) > 0. Then for x, y € Q,

IwO)S0)| Ew0) X 14—

1) = Zw0) < ) 7

where for a suitable function u defined on Q, the notation Y. u(y) is defined earlier in

Section 2.6.

4.8.14 Pachpatte [95]

Let f(x),g(x), Aif(x), Aig(x) and Q be as in Theorem 4.6.3. Let w(y) be a real-valued
nonnegative function defined on Q and }, w(y) > 0. Then for x, y € Q,

g(x) §W(y)f )+ f(x) §W(y)g(y)

F0)gx) - 0
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=

Ew(y) LIgll|Aif e+ £ @)l Aiglle] i = yi

<I— ,
2 w(y)
¥
where for a suitable function u defined on Q, the notation Y., u(y) is defined earlier in
Section 2.6.
4.9 Notes

A number of authors have written about multidimensional generalizations, extensions and
variants of the Ostrowsk’s inequality given in (7). The inequality in Theorem 4.2.1 is
due to Barnett and Dragomir [8], which may be regarded as a generalization of the clas-
sical result due to Ostrowski given in (7) for double integrals. The inequalities in Theo-
rems 4.2.2 and 4.2.3 are taken from Dragomir, Cerone, Barnett and Roumeliotis [37] and
Hanna, Dragomir and Cerone [64] respectively. Theorems 4.2.4 and 4.2.5 contains the Os-
trowski type inequalities for double integrals established by Pachpatte in [115] and [125]
respectively. Theorem 4.3.1 deals with the Ostrowski type inequality involving functions
of three independent variables and is taken from Pachpatte [83]. Lemma 4.3.1 and Theo-
rem 4.3.2 are due to Sofo [148], while Theorems 4.3.3 and 4.3.4 are due to Pachpatte [125]
and [134] respectively.

Theorem 4.4.1 contains the multivariate version of the Ostrowski’s inequality (7), first
proved by Milovanovi€ in [76]. The results in Theorem 4.4.2 and Corollaries 4.4.1-4.4.3
deal with the Ostrowski type inequalities for multivariate mappings of the r-Holder type
and are taken from Dragomir, Barnett and Cerone [44] and Theorem 4.4.3 is taken from
Pachpatte [87]. Theorems 4.5.1 and 4.5.2 are taken from Pachpatte [92], while Theo-
rem 4.5.3 is new. Section 4.6 deals with the discrete inequalities of Ostrowski type involv-
ing functions of many independent variables and are taken from Pachpatte [95,125,134].
Section 4.7 is devoted to the applications of some of the inequalities given by Barnett and
Dragomir [8], Dragomir, Cerone, Barnett and Roumeliotis [37] and Hanna, Dragomir and
Cerone [64]. Section 4.8 deals with some miscellaneous multivariate inequalities related to

the Ostrowski’s inequality in (7).



Chapter 5

Inequalities via convex functions

5.1 Introduction

The lasting influence of the fundamental inequalities in (8) and (9) due to Hadamard and
Jensen in the development of various branches of mathematics is enormous. In view of the
usefulness of these inequalities in analysis and their applications, the study of the inequali-
ties of the type (8) and (9) has been focus of great attention by many researchers, interested
both in theory and applications. In the last two decades, a large number of papers related to
these inequalities have appeared, which deal with various generalizations, numerous vari-
ants and applications. This chapter deals with some fundamental results related to these
inequalities, recently investigated in the literature by various investigators. For earlier re-
sults, as well as additional references, see [45,108]. Some applications are also given to

illustrate the usefulness of certain inequalities.

5.2 Integral inequalities involving convex functions

In this section, we offer some new integral inequalities analogues to that of Hadamard’s
inequalities (8), involving the product of two convex functions, investigated by Pachpatte
in [85,97].

The following Lemma proved in [143], see also [108, pp. 61-62], which deals with simple

chaterizations of convex functions is crucial in our discussion.

Lemma5.2.1. Let[a,b] CR (a<b),r€]0,1] and afunction f: [a,b] — R. The following
statements are equivalent:

(i) f is convex on [a,b] and

(i) for all x, y € [a, D], the function p : [0,1] — R defined by p(r) = f(tx+ (1 —1)y) is

convex on [0, 1].

249
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The following Theorem deals with the Hadamard type inequalities proved in [97].

Theorem 5.2.1. Let f and g be real-valued, nonnegative and convex functions on [a,b] C
R (a < b). Then

- a/ Fl)g M(a, b)—l—éN(a b), 52.1)

3
where M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f()g(a)-

b b b 1 1
2f<“; >g(“+ ) b - | FRe)dxt gM(a,b)+ 3N (@), (522)

Proof. Since f and g are convex on [a,b], then for ¢z € [0, 1], we have
flta+ (1=1)b) < 1(a)+(1-1)f(b), (5.23)

glta+ (1—1)b) <rgla)+ (1—1)g(b). (5.2.4)
From (5.2.3) and (5.2.4), we obtain

f(ta+ (1 —1t)b)g(ta+ (1 —1)b)

< fla)gla)+(1=1)>f(b)g(b) +1(1—1)[f(a)g(b) + f(b)g(a)]- (525)

By Lemma 5.2.1, f(ta+ (1 —1)b) and g(ra+ (1 —¢)b) are convex on [0, 1], they are inte-
grable on [0, 1] and consequently f(ra+ (1 —1)b)g(ta+ (1 —1t)b) is also integrable on [0, 1].
Similarly, since f and g are convex on [a,b], they are integrable on [a,b] and hence fg is

also integrable on [a,b]. Integrating both sides of (5.2.5) over [0, 1], we get

i
[ a1 =0b)glea+ (1-pyar < %M(a,b) + éN(a,b). (5.2.6)
0
By substituting ra+ (1 — )b = x, it is easy to observe that
/ Flta+(1—1)b)g(ta+ (1 —1)b)dt / F(0)2(x)dx. (5.2.7)

Using (5.2.7) in (5.2.6), we get the the desired mequallty in (5.2.1).

Since f and g are convex on [a,b], then for ¢ € [0, 1], we observe that

()
f<ta+(;—t)b+ (1 —t)2a+tb>g(ta+(;—t)b+ (1 —t)2a+tb>

< %[f(m—i— (1=1)b)+ f((1—=t)a+1tb)][g(ta+ (1 —t)b) + g((1 —t)a+1D)]
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< = [fta+ (1=0)b)g(ta+ (1 —1)b) + f((1 —t)a+1tb)g((1 —1)a+1b)]

Bl—

1

+5 [@f(@)+ (1 =) f(b)((1 —1)g(a) +18(h))

Ny

+H((1=0)f(a) +1£(b))(1g(a) + (1 —1)g(b))]

[f(ta+(1—=0)b)g(ta+ (1 —1)b)+ f(1 —t)a+1tb)g((1 —t)a+1b))

ENI

+% 2(1=1)(f(a)g(a) + f(b)g(b)) + (1 + (1 —1)%) (f(a)g(b) + f(b)g(a))]. (5.2.8)

Again as explained in the proof of the inequality (5.2.1) given above we integrate both sides

of (5.2.8) over [0, 1] and obtain
a+b a+b
(57)«(%5)

< %/01 [f(ta+ (1—1)b)g(ta+ (1 —1)b) + f((1 —t)a+1tb)g((1 —t)a+1tb)]dt

1 1
—M — . 2.
+ B (a,b) + 6N(a,b) (5.2.9)

From (5.2.9), it is easy to observe that

¥ (“+b> ¢ <”;b) < %/(;lf(ta+(1 —0)b)g(ta+(1—1)b)dr

2

1 1
—M — . 2.1
+ B (a,b)+ 6N(a,b) (5.2.10)

Now, multiplying both sides of (5.2.10) by 2 and using (5.2.7), we get the required inequal-
ity in (5.2.2). The proof is complete.

Remark 5.2.1. If we choose ¢ =0 and b = | and the convex function f(x) = cx and
g(x) =d(1 —x), where ¢, d are positive constants, then it is easy to observe that the in-
equalities obtained in (5.2.1) and (5.2.2) are sharp in the sense that the equalities in (5.2.1)
and (5.2.2) hold.

In the following theorem, we give a slight variant of the corresponding Theorem 2 proved
in [97].
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Theorem 5.2.2. Let f and g be real-valued, nonnegative and convex functions on [a,b] C
R (a < b). Then
3 b bl
W/ / /O flex+(1=1)y)g(tx+ (1 —1)y)dtdydx
- a Ja

< biia/ahf(x)g(x)dﬂr %W(aabHN(a,b)], (5.2.11)

bia/ab'/olf(tx-i—(l —1) (a;b>>g<m+(1 —1) <“;b>>dtdx

< /bf(X)g(x)derl[M(a b)+N(a,b)| (5.2.12)
“b—al, 2 ’ e o

where t € [0, 1] and M(a,b),N(a,b) are as in Theorem 5.2.1.

Proof. Since f and g are convex on [a, b], then for x, y € [a,b] and 7 € [0, 1], we have

flx+(1=1)y) <tf(x)+(1—1)f(y), (5.2.13)
gltx+(1—1)y) <tg(x)+(1—1)g(y)- (5.2.14)

From (5.2.13) and (5.2.14), we obtain
flx+(1=1)y)g(tx+ (1—1)y)

<Pf(x)g() + (1=1)2f(y)gy) +1(1—1) [f(x)g(y) + f(¥)g(x)]. (5.2.15)

Integrating (5.2.15) over [0, 1], we obtain

/01 Flex+ (1= 1)y)g(tx+ (1 —1)y)dr

< 58+ OIS+ g7 (g0) + /g (52.16)
Integrating (5.2.16) over [a,b] X [a, D], we obtain

/ab/ab/olf(tx—i- (1—1)y)g(tx+ (1 —1)y)dtdydx

<50-a [ rwswart [ 101010

| ([ ) ([ ear)+ ([ o) ([(swar)]. 5207

By using the right half of the Hadamard’s inequality given in (8) on the right hand side of
(5.2.17), we have

/a'b/ab/o-lf(tx-l-(l—l‘)y)g(tx—l—(l—t)y)dtdydx
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2 b 1
<5(b-a) / F()gx)dx-+ = (b—aPM(a,b) +N(a,b)]. (5.2.18)
a
Now, dividing both sides of (5.2.18) by %(b —a)?, we get the desired inequality in (5.2.11).

Since f and g are convex on [a, b], we have

f(tx—i—(l—t) (";l’» gtf(x)+(1—t)f<“;rb), (5.2.19)

g(tx—i—(l—t) (T’)) <ig)+(1-1)g (“;b) (5.2.20)

forx € [a,b] and r € [0, 1]. From (5.2.19) and (5.2.20), we have

(s -0 (52) )0 (222))

<Af(x)glx)+(1—1)%f (“;b> . (a;b>

b b
+t(1—1) [f(x)g <a—;—) +f<a;— )g(x)} . (5.2.21)
Integrating (5.2.21) over [0, 1], we obtain

PR T (oo ()
<slrmew+r (450 e(57)]

we e (50) 47 (452 et (5222

Now, integrating (5.2.22) over [a,b] and using the right half of the Hadamard’s inequality

given in (8) and the convexity of the functions f, g; we observe that

// <1x+ (I—1) (a;b>)g(tx+(l—t)(a;b>>dtdx
<3 romonerzo-ar (52)6(45°)
+% [g (a;b>/ f(X)dx+f<aJ2rb> /abg(X)dX}

<3 [ st 50— (r(@) +7(6) (s(a) +2(0)
1 (a)+g(b) fla)+ f(b) fla)+ f(b) (a) +g(b)
A a5 ()
=3 / F)g0d+ ( a)[M(a,b) + N(a,b)]
112(b a)[M(a b)+Nl(a,b)]. (5.2.23)

Now, multiplying both sides of (5.2.23) by m, we get the required inequality in (5.2.12).

The proof is complete.
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Remark 5.2.2. It should be noted that, in [70], Klari¢i¢ Bakula and Pecari¢ have noticed
some errors while calculating the bounds on inequalities in Theorem 2 given in [97]. In
fact, in [97, Theorem 2], § [W} stands in place of the term 3 [M(a b)+N(a,b)]in
(5.2.11) and § (4254) [M(a,b) +N(a,b)] stands in place of the term 1[M(a,b) +N(a,b)]
in (5.2.12), see also [20].

In [24], Dragomir, Pecari¢ and Persson have proved certain Hadamard-type inequalities for
the following classes of functions.

Let  be an interval of R and a, b € [ with a < b. In [60], Godunova and Levin introduced
the following class of functions.

A map f:1— Ris said to belongs to the class Q(I), if it is nonnegative and for all x, y € [
and A € (0, 1), satisfies the inequality

FAx+(1=2)y) < % + % (5.2.24)

In [60] it is noted that all nonnegative monotone and nonnegative convex functions belong
to this class. In [24], Dragomir, Pecari¢ and Persson restricted the above class of functions
and introduced the following class of functions.
A map f: I — Ris said to belongs to the class P(I) if it is nonnegative and for all x, y € [
and A € (0, 1), satisfies the following inequality

FAx+(1=A)y) < f(x)+ f(y). (5.2.25)

Obviously, Q(I) D P(I) and as noted in [60], P(I) also contain all monotone, convex and
quasi-convex functions.
The following two Theorems contains the Hadamard-type inequalities recently established

in [85], involving the product of two functions belonging to the above classes of functions.

Theorem 5.2.3. Let f,g € Q(I) and f,g € Li[a,b]. Then
f <“+b> p (““’) 240 / L) f(x)g(x)dx + 40 [M(a,b) + 2N(a,b)], (5.2.26)

2 2
bia/a L(x)f(x)g(x)dx M(a b)+ N(a b), (5.2.27)
where
Lx) = [W} , xel, (5228)

and M(a,b) = f(a)g(a) + f(b)g(b), N(a,b) = f(a)g(b) + f(b)g(a).
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Proof. Since f, g € O(I), we have forx, y € I (with A = % in (5.2.24))

7(557) <20+ 5001 (5229)

o557 <2leto) 60 (5230

Substituting x = ra + (1 —1)b, y = (1 — t)a-+tb; 1 € (0,1) in (5.2.9) and (5.2.30), we have
7 (“;b) <2lf(ta+ (1 —0)b) + £((1 —1)a+1b)], (5.2.31)

g (a2+b> < 2[g(ta+ (1—1)b) +g((1 —t)a+1b)]. (5.2.32)

From (5.2.31) and (5.2.32), we observe that

f(‘“;b)g(“;b) <A[f(ta+ (1 —1)b)+ f((1 —1)a+1b)]

x[g(ta+ (1 —1)b)+g((1—1t)a+1b)]
=4[f(ta+ (1 —1)b)g(ta+ (1 —1)b)+ f(1 —t)a+1tb)g((1 —t)a+1D)]
+4[f(ta+ (1—1)b)g((1 —1)a+1b)+ f((1 —t)a+1b)g(ta+ (1 —1)D)]

A () 4+ 4Kf<a) +f(b)> (g<a> +g<b>>

t 1—1¢ 1—1 t
fla)  f(b)\ (8(a)  &(b)
+<1—t+t) ( ! +1—t>]’ 6239
where
H\(t) = f(ta+ (1 —t)b)g(ta+ (1 —1)b), (5.2.34)
Hy(t) = f((1—1)a+1tb)g((1—1)a+1b). (5.2.35)

From (5.2.33), it is easy to observe that

rz(l—r)2f<a;b>g(a;b>

<A (1—1)? [Hy(t) + Ha(1)) +4 [2t(1 = )M (a,b) + (£ + (1 —1)*) N(a,b)] . (5.2.36)

Integrating both sides of (5.2.36) with respect to ¢ from O to 1, we have
l a + b a + b 1 2 2
— <4 t7(1—1)°H(t)dt
o (57)(52) <4 [ 2o

-1
+4 / 2(1—1)*Hy (t)dt + iM(a,b) - §N(a,b). (5.2.37)
0 3 3
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It is easy to observe that
1
/ 2(1—1)%H (1) / L(x)f(x) (5.2.38)
0

! 2 2 1
| Ea—nPrd = — / L(x) f(x)g(x)dx (52.39)

Using (5.2.38) and (5.2.39) in (5.2.37) and rewriting, we get the desired inequality in
(5.2.26).
Since f, g € Q(I), we have fora, b € I andt € (0,1),

t(1—=1)f(ta+(1—1)b) < (1—1)f(a)+1f(b), (5.2.40)
t(1—1)g(ta+(1—1)b) < (1—1)g(a)+1g(b). (5.2.41)
From (5.2.40) and (5.2.41), we observe that

P(1=1)fta+(1=0)b)g(ta+ (1 —1)b) < [(1—1)f(a) +1f(B)][(1 —1)g(a) +18(b)]

= (1—1)%f(a)g(a)+1>f(b)g(b) +1(1 —1)[f(a)g(b) + f(b)g(a)]. (5.2.42)
Using (5.2.34) in (5.2.42) and integrating with respect to ¢ from O to 1, we have
1
/ 2(1—1)*H, (t)dr < %M(a,b) + éN(a,b). (5.2.43)
0

Using (5.2.38) in (5.2.43), we get the required inequality in (5.2.27). The proof is complete.

Theorem 5.2.4. Let f, g€ P(I) and f,g € L;[a,b]. Then

f (“;b> 2 (“;b> < bia /‘;bf(x)g(x)dx+2[M(a,b)+N(a,b)], (5.2.44)
ﬁ / ? )2(x)dx < M(a,b) + N(a,b), (5.2.45)

where M(a,b) and N(a,b) are as defined in Theorem 5.2.3.

Proof. Since f, g € P(I), from (5.2.25) withx =ta+ (1 —1)b,y = (1 —t)a+tb;t € (0,1)

and A = %, we have

f<a;b> S flea+(1=0)b) +f((1 —t)a+1b), (5.2.46)
§ <az+b> <glta+(1-0)b)+g((1-1)a+1b). (5.2.47)
From (5.2.46) and (5.2.47), we have

7(457) (557 < rteas (1=00)-+ 701 a4 1)
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x [g(ta+(1—1)b)+g((1 —1)a+1b)]
= Hi (1) + Ho(t) + flta+ (1 —1)b)g((1 — t)a+1b) + (1 —t)a+1b)g(ta+ (1 —1)b)

S H (1) +Ha(1) +2[f(a) + £ (D)][g(a) + (b)), (5.2.48)

where Hj(r) and H,(r) are defined by (5.2.34) and (5.2.35). Integrating both sides of
(5.2.48) with respect to t from O to 1, we obtain

It is easy to observe that

1 1 1 b
/ Hy()di = / Hy(1)dt = —— / F(0)g(x)dx. (5.2.50)
Jo Jo b—ala
Using (5.2.50) in (5.2.49), we get the required inequality in (5.2.44).
Since f,g € P(I), we have

fta+ (1—1)b) < f(a)+ f(b), (5.2.51)
glta+ (1—1)b) < g(a)+g(b). (5.2.52)

From (5.2.51) and (5.2.52), we observe that
fta+(1=1)b)g(ta+(1—1)b) < [f(a)+ f(D)][g(a) +g(b)]. (5.2.53)

Using (5.2.34) in (5.2.53) and integrating with respect to ¢ from 0 to 1 we get
1
/ Hy(t)dt < M(a,b) +N(a,b). (5.2.54)
0

Using (5.2.50) in (5.2.54), we get the desired inequality in (5.2.45). The proof is complete.

5.3 Further integral inequalities involving convex functions

The present section is devoted to some integral inequalities involving convex functions
investigated by Pachpatte in [84].

Let f, g: [a,b] C R — R (a < b) be convex mappings. For x, y € [a,b], we shall define the
mappings F (x,y)(t), G(x,y)(¢) : [0,1] — R given by (see [23])

F(e)(6) = 3 fleet (1= 9) + £(1 -~ +0)], (531
Gl)(0) = 5 [g(ex+ (1 1)) +8((1—x +17)]. (532)

In [23], Dragomir and Ionescu established some interesting properties of such mappings.

In particular in [23], it is shown that F(x,y)(r), G(x,y)(r) are convex on [0,1]. In [143],
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Pecari¢ and Dragomir proved that the following statements are equivalent for mappings
f, g:[a,b] = R:

(i) f, g are convex on [a,b];

(ii) for all x, y € [a,b] the mappings fy, go : [0,1] — R defined by fo(1) = f(tx+ (1 —1)y)
or f((1—1)x+1y), go(t) = g(tx+ (1 —1)y) or g((1 —)x+ty) are convex on [0, 1].

From these properties, it is easy to observe that if f and go are convex on [0, 1], then they
are integrable on [0, 1] and hence fygo is also integrable on [0,1]. Similarly, if f and g
are convex on [a,b], they are integrable on [a,b] and hence fg is also integrable on [a,b].
Consequently, it is easy to see that if f and g are convex on [a,b], then F = F(x,y) and
G = G(x,y) are convex and hence Fg, Gf, F f, Gg are also integrable on [a,b]. We shall
use these facts in our discussion without further mention.

The following Theorem deals with the integral inequalities involving product of two func-

tions, recently established in [84].

Theorem 5.3.1. Let f and g be real-valued, nonnegative and convex functions on [a,b]
and the mappings F(x,y)(¢) and G(x,y)(r) be defined by (5.3.1) and (5.3.2). Then for all
t € [0,1] we have

s [ =00

<

2 | ([0 + 6l as+ o s@eta), 653

s [ - et

<ot [ ([ P06+ Gl ) dr-+ 15 bletb), 53

e [ 1eay

—d

[ I 08+ G o) f0laxdy + o 7 @sta) + 1380
(5.3.5)
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Proof. The assumptions that f and g are nonnegative and convex imply that, we may

assume that f, g € C! and that we have the following estimates

flex+(1=1)y) = f(x) + (1 —1)(y—x)f'(x), (5.3.6)
F(A=0)x+1y) = f(x) +1(y —x)f'(x), (5.3.7)
gltx+(1—1)y) = g(x)+ (1—1)(y —x)g (%), (5.3.8)
g((1=t)x+1y) = g(x) +1(y —x)g' (x), (53.9)

forx, y € [a,b] and ¢ € [0,1]. From (5.3.6), (5.3.7), (5.3.1) and (5.3.8), (5.3.9), (5.3.2), it is

easy to observe that

Fx,y)(t) = f(x) + (y X)f (x), (5.3.10)

1
Gxy)(1) > g(x) + 5 (v — )¢ (%), (5.3.11)
for x, y € [a,b] and 1 € [0, 1]. Multiplying (5.3.10) by g(x) and (5.3.11) by f(x) and then

adding, we obtain

F(e ) (08() + Gl )0 (6) > 27 (g (3) + 30— x)

Integrating the inequality (5.3.12) over x from a to y, we have

[P 089+ 600> [ fstode— Lo f@sta). 5313

Further, integrating both sides of (5.3.13) with respect to y from a to b, we get

/ab(/ij,ym (9) + Gley) ()f x ]dx)dy

(f(x)g(x))- (5.3.12)

> / (b= O)80)dy — 3 (b~ ) f(a)z(a) (5.3.14)

Multiplying both sides of (5.3.14) by 2 57
in (5.3.3).
Similarly, by first integrating (5.3.12) over x from y to b and then integrating the resulting

)2 and rewriting, we get the required inequality

inequality over y from a to b, and rewriting we get the required inequality in (5.3.4). The
inequality (5.3.5) is obtained by adding the inequalities (5.3.3) and (5.3.4). The proof is
complete.

The slight variants of the inequalities given in Theorem 5.3.1, also established in [84], are

embodied in the following theorem.
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Theorem 5.3.2. Let f and g be real-valued, nonnegative and convex functions on [a,b]
and the mappings F(x,y)(¢) and G(x,y)(t) be defined by (5.3.1) and (5.3.2). Then for all
t € 10, 1], we have

1 b
Gar ) eI POE ]
<t [ ([ P00 + Gt el iy
+% [*(a) +8*()] (5.3.15)
1 b
m/a (v—a) [f2(0) +&* ()] dy
b
<ot [ ([ o0+ e 0slar) a
+% (£ (b)+g*(b)] (5.3.16)
i | P e0as < St [ e 00 + G Ostolday
o [Fa) +82a) + £(0) + £20)]. (53.17)

10
Proof. As in the p